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dnemenTnl TeopHH yHkuuii W dyHkuuoHaabHoro amanmsza, A. H Koawmo-
ropos, C. B. ®omun I'mapHas penakuus ¢pH3HKO-MaTeMaTHYECKOH JIHTEpaTypLl
u3n-sa «Hayka», M., 1976 r.

Kuura npepcrasnsier coGofi yyeGHHK, COOTBETCTBYIOUIMII B OCHOBHOM TOH Np9-
rpamue Kypca «Anamua I1I», xoropast npunsara 8 MI'Y u B psije Opyrux yHusepcu-
teros. [Ipesnasnauesa B NmepByl ouepenb A CTYLEHTOB MeXaHHKO-MaTeMaTHue-
CKHX H (HU3MKO-MaTeMaTH4yeCKHX (aKynbTeToB YyHHMBepcuteros. Jis ee ureHus
TpeOyeTcs BAajeHHe OCHOBAMHM MaTeMaTH4eCKOrO aHa/iM3a H JHHeliHofl anreGphl.
IlepBast 4acTb COXEPKHT OCHOBHBIE TEOPETHKO-MHOMeCTBeHHble NMOHSATHA. B raasax
IV u3noXeya TeopHs AHHeHHBIX MPOCTPAHCTB, BKIKHAIOUIAS 3JIeMEHTb TeOopHH
06o6IeHHHX GYHKIMHA. DTH I7aBbl, a TakkKe NMPHUMbIKAOUWIasi K HUM raasa X, mo-
CBAEHHAS] HEKOTOPbIM BONpPOCAM HeMHHefiHero GYHKIMOHANLHOTO aHaau3a, He
MPCANONAraloT 3HaKOMCTBA C NOHSATHEM Mephl M /€0eroBof TeopHell MHTeTrpHpO-
BaHusl. TeOpusi Mepsl, H3MepuUMble (yHKuMM, uuTerpan Jlefera, a Takxe jaederona
TeOopHA AuddepeHIHPOBAHHA H OCHOBHBle CBOWCTBA JIMHEHHBLIX NpPOCTPAHCTB CyM-
MHpyeMbIX Qyuknui uamarawoTes B raaBax V-—VII Tmasa VIII cogmepxur psan
®ypve u unrerpana Pypbe. B rmase IX usjomeHn! OCHOBHble (aKTh M3 TeOpUHA
HHTEerpanbHeIX ypasHenuft. IToMeumenHoe B KoHue Kuuru [lomonHenue cOZepKHUT
KpaTKoe H3j0KeHHe OCHOBHLIX CBeNECHHH 0 6aHaxOBHIX anre6pax M HEKOTOPBIX HX
TIPHMEHEHHs X,

Hnn. 24, 6u6a. 57 uass.
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20203062 11-76 uspateabcTsa «Hayka», 1976,
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OrJABJEHHE

Hpe;mc.nosﬂe K Y€TBEPTOMY H3XaHUIO
Hs NMpeTHUCIOBUA KO BTOPOMY H3JAHHIO .
Hpenﬂcnosﬂe K TpeTbeMy H3Jauuiwo .
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F'masa [
daeMEeHTH TEOPHH MHOKECTB

IousiTie MuOxecTBa. Onepalyu Maj MHOKECTBAMH » . + . . . . . . .
1. OcHoBHbie onpenenenus (13). 2. Omepauuu Haxg mHOXKecrBamu (13).
Oro6paxennsi, Pa3bHeHHs HA KAACCHE . .+ « &« v « & v v & v o v o . .
1. Oro6paxenne MuoxecrB. O6mee noustue ¢yuxnma (16). 2. Pas6ue-
gue ua Kaacchl. OTHomeHps sKkBUBadeHTHOCTH (18),

DKBUBAMEHTHOCTb MHOXecTs. [IOHSTHEe MOIHOCTH MHOXKeCTBa . .
1. Koneunnie u OeckoHeunbie MHOXecTBa {21), 2. Cuernnie MHOMKe-
ctBa (22). 3. DkBUBANEHTHOCTE MHOXKeCTB (24). 4. HecuetHocTs MHOXKe-
cTBa JLeHCTBUTeNbHHIX uHces (26). 5, Teopema Kanropa — Bepumn-
teina (28). 6. [TonsaTHe mMomHOCTH MHOXKecTBa (28).

Ynopanouennoie MHOXeCTBa, TpaHCOHHUTHBIE yHCAd . . . o . . . . .
1. YactHuHo ynopagouennnle Muoxectsa (31). 2. Oro6paxkeuns, cox-
pansomye nopaxok (32). 3. [IopsiAKOBHE THHH. YTIOPSAAOUEHHBIE MHO-
xectBa (33). 4. Ynopaaouennas cyMMa YIOpALOUEHHBIX MHOKECTB (34),

5. Bnonne ynopspoueHHble MHOXKecTBa, TpaHchunutHEle umcna (34).

6. CpaBHenne nopsaAKOBHX uHces (36). 7. AkcHoma BHGODA, TeOpema
Llepmesto ¥ 1pyrue 3KBMBaJeHTHHE HM yTeepkziesns (38). 8. Tpanuc-
¢buHuTHan uagyruus (40).

CHCTEMBI MHOMKECTB + « + o o 4 o 4 v 4 o v v o v e e e e e e e o
1. Koabuo mHoxects (41). 2. IMoaykoabno Muoxects (42). 3. Koasuo,
NOPOKAEHHOEe TOJYKOAbuOM (44). 4. o-aare6pni (45). 5. Cucremb
MHOXKeCTB U orobpaxeHna (46),

IF'nasa II
MerpuyeckHe u TONOJOTHYECKHE NPOCTPAHCTBA

TToHsiTHE METPHYECKOr'd MPOCTPAHCTBA .

1. OnpeneneHne n OCHOBHHE NMpuMEpPH (48.)..2.. Her}pép;.xﬁﬂf:xe. o"ro‘6;;a-.

XKEHHST METPHUECKHX mpoctpancTs. Msomerpus (55).
CxoanMoceTb., OTKPHITHIE M 3aMKHYTHIE MHOXeCTBa . . . .

1. Ipepensueie ToukH. 3amukanue (56). 2. CxoauMocTs (58‘)..3.' Iaor-
unie noamMuHoxecrsa (59). 4. OTkpHITHE M 3aMKHYTHie MuOKecTBa (60).

5. OTkpHITHE U 3aMKHYThie MHOXKECTBA Ha npaMolt (62).
IMomueie MeTpuueckHe ITpPOCTpaHcTBa .

1. Onpenesenre H TPHMEPH NOJMHBIX METPHYECKHX MPOCTPAHCTB (66).

2. Teopema o BJIOKEHHHX mapax (69). 3. Teopema Bapa (70). 4. [To-
noJsHeHHe mpocrpancTsa (71).

10
12

13
16

21

31

41

48

56

66



§ 4.

§ 5.

§ 6.

§7.

§ 8.

§ L

§2.

§ 3.

§ 4.

§ 5.

OTJTABJTEHHUE

[TpHHUHI CKUMAIOIHX OTOOPaKeHHA H ero npuMemenus . ., . . . . ,
1. Tpuunun cxkuMamoouux otoGpaxkennft (74). 2. Ilpocrefimne npumene-
vus NPUHNMNA cxHMaowHX oro6paxkenu#t (75). 3. Teopemmt cymect-
BOBaHHA H €JHICTBEHHOCTH fJjs nH(depennyatbubix ypaBHeHud (78).
4. [IpHMeHeHHe TNPHHOHNA CXKHUMAOWHX OTOGPaKeHHH K HHTErPaNbHBIM
ypasHenusim (81).

TonoMOrueckHe MPOCTPAHCTBA &+ o & « & o o o s 4 & & o o o o « o 4
1. Omnpepesenne ¥ TNpUMEpPH TOMOJOTHYeCKHX mpocrparcts (83).
2. Cpapuenne rononoruit (85). 3. OnpenesdioliHe CHCTEMBI OKPECTHO-
creil, Basa. AkcaoMBl cyetHocTn (86).-4. Cxonsilmivecs mocnefoBaTendb-
nocrd B T (90). 5. HenpepriBubie oro6paxkenus, I omeomopdusm (91).
6. AKCHOMH OTHAGJHMOCTH ?94). 7. Pasnuunbe cnoco6ni 3agaHHs TOHO-
JOTHd B IpOCTpancTBe, Merpuayemocts (97).

KOMIAKTHOCTD « « & 4« « & s o ¢ o o o o & o 6 v v o m o v o o o
1. Housitue xomnaxkrsocTd (98). 2, HempepoiBupie 0OToGpaxenus
koMnakTHeix npocrpancts {101). 3. Henpepuipubie n moayHenpepsisubie
GYydKIHM HAa KOMOAKTHHX NpoctpaHcTBax (101). 4. Cuernas KOMmakr-
Hocth (103). 5. [TpeakomnakTusie MHoxecTBa (105).

KOMOAKTHOCTb B METPHYECKMX MPOCFPAHCTBAX . + o + & & o & & o+ o+ .
1. [Tosnas orpaenaennocts (106). 2. KoMnakTHocTh # moJias orpanuyesy-
no:1e (107). 3. [IpenkoMuakTHHE NMOAMHOXKECTBA B METPHYECKHX MPOCT-
paHerBax (109). 4. Teopema Apyena (109). 5. Teopema [Teano (111).
6. PaBuomepHasi HenpepHBHOCTb. HempephiBHbie OTOGpDaxeHHsT MeTpH-
yeckux komnaktoB (113). 7. O6o6wennas teopema Apnesna (114).
HenpepriBubie KPHBHE B METPHYECKHX APOCTPAHCTBAX . . . & + & & &

Fnasa I

HopmupoBauHme H TONONOTHYECKHE JHHEARHWE NPOCTPAHCTBA

JIMHEHHBIE OPOCTPAHCTBE ¢« « & & « o o & o o = & & o + o v o o o o s
1. Onpenesenve u npumepsi gunefinpix npocrpancrs (119). 2. Jinuefinas
sasucumocts (121). 3. Tloampoctpanctsa. (122). 4. Pakrop-mpocrpau-
ctea (123). 5. Jlunefinsie byurnuoHanst (124). 6. TeomerpHyeckuit
CMBICH JHHedRHOrO ¢yHKnuoHaxa (126).
Boinykiable MHOXKeCTBZ H  Bhimykjabie  QyHKuuouansu. Teopema
XaHa—DBanaxa . . . . . . . 0 0 i e e e e e e e e e e e e e
1. Buinykiabie MHOXeCTBa M Binykjasie Tedaa (128). 2. OxHOpPOZHO-BhI-
nykaee ¢ysrguonatst (130). 3. Pyukumonan Murekosckoro (132).
4, Teopema Xana — DBanaxa (134). 5. OTAeJHMOCTh BHOYKJbIX MHO-
JKECTB B JHHefHOM mpocrpaucTee (137).
HopMHpOBaHHBIE MPOCTPAHCTBA . + &+ & o & v+ + o 4 o o o o o & o o+ &
1. Onpenenenne ¥ npuMepH HOPMHDPOBAMHLIX mpoctpancTs  (139).
2. Moanpoerpakersa HopmupoBanvoro npocrpaHcra (140). 3. ®akrop-
NPOCTPAHCTBA HOPMUpoOBaHHoro mpocrpasxcraa (141).
EBKJIUAOBB HPOCTPAHCTBA .« « « « &« & & o « « o . e e e e e
Onpenenenue eskauiosuix npocrpancts (143). 2. ITpumepnt (145).
CyumiecTBOBaNHE OPTOrOHANLHLIX Oasucos, oproroHamusanna (147).
HepapencrBo Beccessi. 3amkuyrbie oproroHajgbhbie cHereMH (149).
ITosubie eBRIMKOBE nmpocTpancTsa, Teopema Prcca — @uumepa (152),
TunbbepToBo npocrpanctBo. Teopema 06 u3omopousme  (155).
. [oxnpocTpancTsa, opToroHaibHbe KONONHEHHS, npsAmas cymma (158).
XapakTepuCTHUecKOe CBORCTBO €BKIMpoBHX npoctpaHets (161).
. KoMmnaekcHbie eBkaI#A0BbH mpocTpaHcrsa (164).
Tonosoruyeckne JuiueAHBIE NPOCTPAHCTBA « o+ » o & & o o + o o o + &
1. Onpenencune u upumeps (167). 2. Jlokanbnas BmIykJIOCTh (169).
3. Cuerdo-HOpMUpOBaHHBIe upocTpaHcTBa (170).
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OTrJTABJIEHHE

FnraBpa 1V
Jlunefinie GyHKIAOHANM H JHHefHBIE OMEPATODH

HenpepHBHHE JHHeAHbIe QYHKUHMOHAMEL . . . . . . . . . . . . . . .
1. HenpepuBuuie auuefivbie G YHKUHOMANH B TONCAITHUECKHX JHHEPHBIX
npoctpauctsax (174). 2. Jlnuelible (GyHKUHOHAJNB HA HOPMUPOBAHHEIX
npoctpauctBax (175). 3. Teopema Xana — Banaxa B HOPMHPOBAaHHOM
npocrtpancree (179). 4. JlunefiHre GyHKHHOMANBI B CUETHO-HOPMHPO-
paHHoM npocrpaucree (181), '
COnpsAKEHHOE NMPOCTPAHCTBO + « o &4 « « « o + + o 4 s 4 o s s o o »
1. Onpeaenenne conpsaxeunoro npocrpaucrsa (182). 2. CusnbHas TONO-
AoTHs B conmpsizkeHHOM mpocrpanctse (182). 3. TIpumepr compsiKeHHBIX
npoctpadcts (185). 4. Bropoe conpsikenHoe mpoctpanctBo (199).
Crnabasi TONOJOTHS H cj1a6as CXOOMMOCTB . o .+ . « .« & & « o « « . -
1. CraGas TOmOJIOTHA M CJIa6asd CXOMMMOCTh B JIHHEHAHOM TOMOJOTHYe-
ckom mnpoctpanctBe (192). 2. CrnaGasi cXOZHMOCTb B HOPMHPOBAHHBIX
npocrpaucreax (194). 3. CnaGasi TOnOJOrHA W cJiaBds CXOZHMOCTb
B compsxkenHoM npocrpancrBe (197), 4. Orpaumuensee MHOXeCTBa
B conpsiKEeHHOM npoctpaHcTee (199).

OGOOIEHHBIE DYHKIHE  + v v v v ¢ o o o 0 0 v o o v v v s w0 u s
1. Pacwupenne mnomwsitua ¢yukyguu (203). 2. ITpocTpancTBo OCHOBHHIX
byukuni (204). 3. OGo6wmennsie byskuun (205). 4, Jefictsust Hag 0606-
meHHEME GyaknuaMu (207). 5. JlocratodHoCTh 3amaca OCHOBHBIX (YHK-
ouit (210). 6. BoccranoBiaeHde GYHKuuM no npoussopuoit. Huddepen-
LMaJbHbBIE YPaBHEHHS B Kaacce OGoGumeHHbXx ¢yukuuil (211). 7. Heko-
rTopuie 0606wennust (214).

JIHHEANBIE OMEPATOPH « ¢ « & « v v v« 4 e v e e e e e e e e
1. OnpeneneHne H npuMepH JauwefiHHX omepatopos (218). 2. Henpe-
PHIBHOCTb H orpanHuenvocts (222). 3. CyMMa u mnpousBeneHue omepa-
Topos (223). 4. O6paruuit onéparop, ofpatmmocts (224). 5. Comps-
JkeHHHe oneparopnt (230). 6. ConpsixeHuH#H onepaTtop B €BKIH10BOM
npocrpancrse. Camoconpskeruse omeparopu (232). 7. Cnekrp omepa-
Topa. Pesosnsenra (234).

KoMnakTHbie OmePaTOPHl . + v v « o & v o o 4 0 o o+ . e e e
1. Onpenenende H NpuMepH KOMIAKTHHX omepaTopoB (237). 2. OcHOB-
HHE CBOACTBa KOMMNaKTHbX omnepatopoB (241), 3. CoGerBenubie 3Haue-
HHSl KOMNaKTHOro omneparopa (244). 4. KoMnaktHee onepatopsl B THJb-
6eproBoM npocrparcrBe (245). 5. CamoconpsikeHHbHe KOMIAKTH bie
onepatopu B H (246).

'nmaBsa V
Mepa, uamepummne GyHKUHH, HHTErPAA

Mepa MIOCKHX MHOMKECTB . . . . &+ « s 4 0 0 v o v v e u e w o
1. Mepa sinemenTapHbHX MHOMKecTB (251). 2. JleGerosa mepa miockux
MHoxecTs (256). 3. Hekoropuie nomoszenus u o6o6menns (262).
O6mee nousiTie Mepnl. [Ipogoskense MepH ¢ nmoayKodabua Ha KOJBLO.
AZNUTHBHOCTE H G-aAKHTHBHOCTD . . . « v o 4 o v o 4 o s v o 0 u .
1. Ompenenenne Mepn (265). 2. Ilpoxoskenue MepH ¢ NOXYKOMbLA
Ha NOPOKAEHHOE MM KOJbno (266). 3. o-ammurusuocts (268).
JIe6eroBo NPOROMKEHHE MEDPHL & « & 4 v 4 v v v 4 v s o e e e e
1. Jle6eroBo NpPOAONIKEHHE Mephl, ONpEIGJeHHOR Ha HOJMyKOJMbLE
¢ enunnuedt (271). 2. TlponosxeHne MepH, 3agaHHON Ha MOJYKOJIbHE
6e3 emmunus (274). 3. Pacmupenne NOHSITHS H3MePHMOCTH B CJayuae
o-KkoneuHol MepH (276). 4. Tlponommenne mepm mno JKopmany (279).
5. OxHO3HaYHOCTh MPOXOJIKeHMs MepH (280). .
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HamepuMbie GYHKHHI o « v o v v v v v v v v v o 0 o 0 o 0 o s o s 282
1. Ompenenende H OCHOBHHE CBOHCTBZ H3MeDHMHX GyHKuHi (282).

2. JlefictBu nal u3MepuMHMH OyHkuuamu (283). 3. Sxpusanent-
Hocth (285). 4. CxogumocTh mouTH Beiony (286). 5. Teopema Ero-
posa (287). 6. CxopumocTs no Mepe (288). 7. TeopeMa Jlysuua. C-cBoii-
ctBo (291).

Hurerpan JIeGera . . . . . v v v v v v v v v v e e e e e e e e 291
1. Ipocruie Gynkuuu (292). 2. Hurerpan JleGera past npocTHX (YHK-

puit (292). 3. O6mee onpepeteHue uuTerpana JleGera ua MuOKecTBe
Koneynoll Mepnt (294). 4. 6-afAMTHBHOCTD U a6CONIOTHAS HENPePHBHOCTh
uurerpajia Jle6era (298). 5. IlpenenpHHl mepexox MOL 3HAKOM HHTEr-
pana JleGera (302). 6. Unterpan JleGera Mo MHOXKECTBY GeCKOHEuHOR
mepnt (306). 7. Cpasuenue wuurterpajta JleGera c¢ HaTerpajom Pu-
mana (307).

[TpsiMEle TNpPOM3BefeHHS CHCTEM MHOKecTB H Mep. Teopema Dybunm 310
1. Mpoussenenast cucrem MHOXecrB (310). 2. [Tpoussexenus mep (312).

3. Beiparkenne mJIDCKOA Mepbl uepe3 HHTerpaJt JMHEHRHOR Mepbl ceye-
HUf M reOMeTpHueckoe onpejeteHue HHTerpana JleGera (314). 4. Teo-
pema @y6uun (316).

F'nasa VI
Heonpenenennm#t uurerpan JleGera. Teoprs auddepeHuupoBanusn

MonoTonnbie GyHKuuH. JxubdepeHuupyeMocTh uuTerpana no BEpXHEMY
MPEAETY « v v v v v e e e e e e e e e e e e . o e e e e 321
1. OcuoBubie cBoficTBa MOHOTOHHBLIX OYHKnu#t (321), 2. Tubdepenun-
pyemoctb MoHOTOHHOA GyHknwu (324). 3. Ilpomssopnas HHTerpasa

no Bepxaemy npegeay (331).

. QydKnuu ¢ OrpaHHYEHHBHIM H3MEHEHHEM . . . . . . . . e e e e e 332
. IlpousBonunas weonmpenesieHHOro uHterpaja Jleera. . . . . . . . . . 337
. BoccranoBnenne GYHKUMA [0 ee NPOU3BOAHOA. AGCOMIOTHO HelpPepHiB-

HBIE QYAKHHH . . v v v v v v v v v o o e e e e e e e e e e 339

. Hurerpax Jle6era kak GyHKuHs MHOXKecTBa. Teopema Pagona—Hukonnuma 34%

1. 3apsapu. Paznoxkenne Xana u pasioxenue Kopaana (349).

2. Ocuosubie THOB 3apsifnos (352). 3. AGcoaoTHO HenpephiBHLIE 3a-
psinbi. Teopema Papona — Hukonuma (353).

Muterpad CTHATBECA . . . . v . v « v v v v v e e o e v e a0 356
1. Mepnt Cruateeca (356). 2. Huterpan JleGera — Ctuatbeca (358).

3. HekoToprie npumeneunss ueTerpata JleGera — Crunrbeca B T€OPHH
BepostHoctet (360). 4. HMurerpan Pumana — Cruarseca (362). 5. ITpe-
KedbHBfl mepexox Nox 3nakoM uHrerpasa Ctuatbeca (366). 6. OO6wui
BM JUHEAHEIX HENPEPHiBUBIX ¢ YHKIHOHAJIOB B NPOCTPAHCTBE HelPePHB~
"X yukuui (369).

IF'nmaea VII
MpoctpancTea cyMMHpyeMwX yuxuui

FpoctpaneTBo Ly . . . . . v v v e e e e e e e e e s 375
1. Onpeneneunte u ocHOBHEIE cBoficTBa npoctpancrsa Ly (375). 2. Beony
WIOTHHE MHOXKecTBa B Ly (377).

TIpocTpadcTBO Ly . . . . v v o v v v v v v e e e e e e e e - 380
1. Onpepencune u ocHoBHble caoficrsa (380). 2. Canyyait GecKomeumo#
Mephr (384). 3. Beiony naorubie MuoxkectBa B L. Teopema 06 nHsomop-
duame (385). 4. Komnaekcwoe mnpoctpactso L, (387). 5. Cxoaumocts

B cpeAMeM KBajpaTHUHOM M €e CBA3b C APYTHMH THNAMH CXOAHMOCTH

(G yHKIHOHAABHEX RocaegoBaTesbrOCTel (387).
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OpToroHajbHEe CHCTeMB YHKuuil B Ly, Pagu mo oproronamsbumid
CHCTEMAM .+ « v + 4 o o o b o v e b e e e e e e e e e
1. TpuroHomeTpuyecKas cucrema. TpuronoMerpuyecknit pas Pypoe (390).
9. TpuromomerpuueckHe cHcTembi ua orpeske [0, zn] (393). 3. Psa
®ypbe B KoMmieKcHoR ¢popme (394). 4. Muorounenn Jlexanzpa (395).
5. OpToronajbHHE CHCTEMH B INpoHM3BeieHHAX. KpaThe psaan
®ypee (397). 6. Muoroyaeus, OPTOTOHAJbHHE OTHOCHTENBHO AAHHOI'O
Beca (399). 7. Oproronanbhbi#i 6asuc B npocrpaHctBax L, (—c0, o)
u L. (0, ®). (401). 8. Oproronanshible MHOTOUJEHH C JAUCKPETHHIM
BecoM (402). 9. Cucremnl Xaapa u Panemaxepa — Yomma (404).

IF'nasa VIII
Tpuronomerpuueckue paan. IlpeoGpasosanHe Pypbe

VcaoBus CXOEMMOCTH paga @ypbe . . . . . . . . . ... ... ..
1. JocrarouHble ycJOBHA CXOBMMOCTH psifa Pypee B Touke (406).
2. YcaoBusl paBHoMepHOH cxopuMoctu psaxa Pypbe (412).

Teopema Defiepa . . . . . . . . . Lo e e e e
1. Teopema ®@etiepa (415). 2. IToaxoTa TPUTrOHOMETPHUECKOH CHCTEMHL.
Teopelxgil Besiepwitpacca (418). 3. Teopema ®Pefiepa gan mpocTpaHcTBa
Ly (419).

HMurerpan @yppe . . . . . . . L. o e e e e e e
1. OcrosHas Teopema (419). 2. Huterpaa @ypbe B KOMIJIEKCHON
dopume (422).

TIpeo6pasoBaune ®ypbe, cBOACTBA M MPHUMEHERMS . . . . . . . . . .
1. IIpeo6pasoBanue @ypre u ¢opmyna ob6pamenus (423). 2. OcHOB-
ubie cBolctBa mpeoGpa3doBanua Pypne (427). 3. TloaHora QyuRuH#
dpwmura u Jlareppa (431). 4. ITpeoGpasoBatne Pypbe GLICTPO yOhiBAW-
mux GeckoHewHO nubdepeHuApyeMbix oyaknuit (431). 5. [IpeoGpaso-
Baune Q@ypre u cBeprka ¢yskunt (432). 6. IIpuMenenue npeo6pa3sosa-
uust Pypbe K pelleHnio ypaBHeHHs TemwyonpoBofHocty (433). 7. Tlpe-
o6pasoBaune Pypbe GYHKyuid HecKoJMBKHX mepeMenHwnix (435).
TIpeo6pa3oBatue Pypbe B npocrpauctee Ly, (—oo, c0) . . . . . . . .
1. Teopema ITnanwepens (438). 2. ®yukuun Spmura (442).
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[Tpeo6pasoBanne Pypre 0606meHHbBIX QYHKOHI

...........

F'masa IX
Jlunefiupie HUTETPAJIBHHE YPABHEHHSA

Ocnosuuie onpenentenus. Hekoropuie 3amaum, npuBopsmue K uHTer-
PaJbHEIM YPABHEHMAM .+ 4 4y 4 & + v & o 4 v v e e e e e e e e .
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Huterpanpubie ypaBHeMHS QODEATONOMA . . . .+ . . « o o « o o o . .
1. Hurerpansusiii onepatop -®pearoasma (460). 2. YpaBuenusi ¢ cum-
Merpuueckum snpom (463). 3. Teopewmn Ppexronbma. Cayualt BHPOK-
Jenunix angep (465). 4. Teopemu ®pearosbMa pas ypaBHeHHH# ¢ MPoOH3-
BOLHEIMH sinpamu (467). 5. Ypasmenuss Boabreppa (472). 6. Marer-
panbHble ypaBHeHHs mepBoro poxa (473).
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APEAUCJOBUE K YETBEPTOMY H3JAAHHIO

dt10 H3faHue BHIXOAHT YyKe rocie cmepru Cepres BacuiabeBnya
domuna. OH ycnen, OAHAKO, NMpojelaTh BCK OCHOBHYIO paboTy mno
ycoBepumeHcTBoBanuio kuurd. CyuiectBeHHO mepepaboTaHa necsitad
rnaBa. B neft no6as/ied naparpad, nocBsllleHHBIH TeopeMe O HesiB-
HOM (DYHKIHH U U3MeHeH nmaparpad «DKcTpeManbHbie 3ajadu». ITH
HM3MEHEHHs! MOBJEKAH 3a co60il Hec6X0AUMOCTh U3MEHeHUH B yeTBep-
Toli raBe (cleAcTBHs u3 TeopeMbl Xana — Banaxa u teopemnb ba-
Haxa 06 o6paTHOM omneparope).

Texer xuurd 6bi1 npocmorped B, M. AnekceeBuim u B. M. Tu-
XOMHPOBBEIM, KOTOPbIM §1 BBIPAxKalo HCKPeHHIOW 6/1aroflapHoOCTb.

A. Koamoeopos



H3 IIPEJll/ICJlOi}“ﬂﬂ KO BTOPOMY H3JXAHHIO

[lepBoe nznanne «dneMeHTOB TeOPHH GYHKUHA ¥ DYHKIHOHANb-
HOTO AaHANW3a» BBLILIJNO JBYMs OTHAENbHBIMH BHIIyCKaMu B 1954 u
1960 ronax. IlosiBienHe 3THX BHIMYCKOB GBIJIO CBSI3aHO C BKJOYe-
nueM B Kouile 40-x rofioB B MpOrpaMMy MexaHnHKO-MaTeMaTHUeCKOro
daxynbrera MI'Y xypca «Ananus IlI», o6bepuHsiBlIero 35eMeHTHE
TEOPHH MepHl H TeopHH (YHKLUMH, HHTErpajibHble YPaBHEHHSH, CBeje-
HHs M3 (QYHKIHOHAJBHOrO aHAa/N{3a, a N03XKe M BAaPHALHMOHHOE HC-
ypcaeHue. JToT Kype, unrasmuiics 8 MY cnepsa A. H. Koamoro-
POBBIM, 4 TMOTOM M APYTHMH JekTtopamu, B ToM uyuciae C. B. domu-
HBIM, BOlleJl B JaJbHeHlleM B MPOTPaMMBl U JPYTHX YHHBEPCHTETOB.

B cBoe Bpemsi 3amena B MI'Y oTnesbHBIX KypCcoB TeopuH QYHK-
OHH JeACTBHTENBHOrO MEePeMEeHHOr0, HHTErpa/ibHBIX YPABHEHHH H
BAPHAIMOHHOTO HCYUCJEHHUS efMHBIM KypcoM «Ananus l11» susBana
6onbiune cnoph. [Tepen xKypcom Gblia moctapjeHa 3ajadya NpUyYHThH
CTYJEHTCB K JBOHHOMY 3DCHHIO: C OJHOH CTOPOHH, CJEIHTh 34 BHYT-
peHHel JIOTHKOR Da3sBUTHS TEOPHH MHOXKECTB, oOLIell Teopyuu Henpe-
PBIBHBIX 0TOOPaKeHHUH MEeTPHUYECKHX M TONOJOTHYECKUX NPOCTPAHCTB,,
JIHHEHHHIX NPOCTPAHCTB # QYHKIHOHAJNOB H ONEPATOPOB HA HHUX, YH-
CTOH TeOpHH Mephl H MHTETPHPOBAHUS B OOUIHX <«IPOCTPAHCTBAX C
MepoH», ¢ APYroH, —He yNycKaTbh M3 BUAY OOCAYXKHBAEMYIO 3THMH
Gonee aGCTpPaKTHBIMH 00aCTsIMH MaTeMaTHKH npobJjeMaTHKy Kjaac-
CHYECKOTO W Jaxe NMPHUKJALHOTO aHaMU3a.

[Tpu pewenuu 3Tof 3afayd MH B NJAHHPOBKE KHHUTH OTAAEM
npeanouteste abCTPAKTHOM JMHHM mnocTpoedusi Kypca. Ot obuweir
TeOpHH MHOXKecTB (rsnaBa I) MoXKHO nepefiTu K MeTpPHYECKHM H TO-
MOJIOTHYECKAM NPOCTPAHCTBAM H UX HENDEpPHIBHBIM OTOGPAKEHUSM
(rsiaBa 11) nubo HemocpeACTBEHHO K MPOCTPaHCTBaM ¢ Mepolt (Ges
TONOJIOTHH) M HHTEerPHpPOBaHHIO B HUX (rv1asa V). B rmasax Il u IV
H3yualoTCs JIMHeHHHEe NPOCTPAHCTBA M JHWHeliHBE (YHKIHOHAABI U
onepatopsl B HuX. OT 3THX TJ1aB BO3MOKEH NPSMOil Nepexol K rna-
Be X (HeauHelnble nuddepeHiupyeMpie onepaTope H QyHKUHO-
Haau). B raase VII uzyyalorca nuHelinble mpocTpanCcTBa CyMMHpye-
MbIX OyHkuuil. JIume B rnasax VI u VIII BHuManue, no cyulecTsy,
COCpefoTOueHO Ha (DYHKUHMAX AEHCTBHTENBHOTO MEepPEeMEHHOTO.
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XoTs B NEPBYIO OYepelb B Halllell KHUTe H3Jjaralorcs obiiue mo-
HATUA TeOpUH DYHKIMA U (YHKUUOHAJNBHOTO aHasju3a, BHUMAaHUE K
NpUMbIKaIOeN clofa KIacCHYeCKol npo6ieMaTHKE yuTaTeNb MOXKeT
TPOCNEeNUTh MOYTH BO BCeX rnaBaXx. Bkmouenue B kuury rnas VI
(Teopusi auddepenunponanus), VIII (tpuronoMerpuyeckue psaab u
unrerpan ®ypoe) u IX (nunelinbie uHTErpanbHbie ypaBHeHUs) HpH-
BOIHUT K TOMY, YTO Cefyac Halla KHUTa OXBAThiBaeT BCIO NPOrpammy
npunaToro B MI'Y kypca «Ananus III», kxpoMme BapuanuoHHOrO HC-
yHucaeHus. Mpl He BKIIOUHIIH 3TOT pasfies B HAlly KHHUTY, OTPaHHYHB-
HIUCHh JHIIb H3JOXKEHHEM B rjaBe X CaMblX [EPBBIX IPEACTABJIEHHN
0 HeJIMHeHHOM (GYHKIHOHAJBLHOM aHaJuse.

B HOBOM M3JaHMH, KaK H B NE€PBOHAYANLHOM, 3HAUHTENbHOE Me-
CTO 3aHuMaeT -06ias Teopuss Mepbl. B nocnennee Bpems nosiBHUIOCH
JIOBOIbHO MHOTO H3JIOKEeHHH TEeOpHU HHTErPUPOBAHHS, OCHOBAHHOH
Ha cxeMme [lanuens, He HCNosb3yIOllell anmapata TeopHHu Mephl. Mul
roJiaraeM, oJHaKo, 4TO TEOPHS Mephbl AOCTATOYHO BaXKHa M caMa Mo
cebe, HE3aBUCUMO OT BBeJeHWs NMOHATHS HHTerpasa, H 3acJyXupaet
"BKJIOYeHHs] B YHUBEPCHTETCKUH KypC.

BknoyeHne HOBBIX IV1aB 3aMeTHO YBeJIHYHAO 00bem Kuurd. Cra
Ppble IMaBHl TOXKE CYUIeCTBeHHO HepepaGoTaHbl H B HHX BKJIOYEHBI
HOBble naparpadsl (HanpuMep, O HOPSAKOBEIX THIIAX H TPAHCPHHHT-
HBIX YHCJIaX, TONOJOTHYECKHX NPOCTPAHCTBAX, OGOGLIEHHBIX (YHK-
UMsx 4 jap.).

IlepepaGaTbiast Hallly KHHTY ¥ BKJIIOYasl B Hee HOBbie pPa3jesibi,
MBI CTapajuCh, OAHAKO, COXPAHUTb B Hell TOT CPABHHTENLHO 3SJe-
MEHTApHbIH CTHJIbL U3JIOKEHHS, KOTOPbIH Obll BblIEpKaH, KAaK HAM
KaXeTcs, B [lepBOM H3naHuu. Mbl HajeeMcs, 4yTO OHA HaifijeT CBoe
€CTeCTBEHHOE MeCTO B YHHBEPCHTETCKOM IIpenojJaBaHHH Hapsay c
JpYrUMH DYKOBOACTBAaMH, B uacTHOCTH, ¢ kHuroil [. E. Ilunosa
«MaremaTuyeckuii aHa/u3, CrHeLUaNbHEI Kypc», B KOTOPOi GoJee
ToAYepKHYTa aHAJMTUHYECKas CTOPOHA fesa, a HHTePeC K MeTpHue-
CKHM M TONOJIOTUYECKHUM [POCTPAHCTBAM, MEpPaM H T. J. KaK CaMo-
CTOSATeNIbHbIM O0'bEKTaM KyJbTHBUPYETCS B MeHblIeH CTeleHH.

A. Koamoecopos
C. Pomun



NPEAUCNOBHE K TPETbEMY U3JAHHIO

[Mpu noAroToBKe HOBOrO W3JaHUSI Mbl COXPaHUNH OOWHH mJas
KHHTH ¥ [0CTapaJiuCh He yBeJUuHBaTh ee 06beM. BMecre ¢ TeM Bech
TeKCT KHHMIH ObL1 3aHOBO IPOCMOTPEH # OTpeAakTHpoBaH. DBosbuiyio
noMollpb B 3Tol pabore HaM okasan @. B. Ilupoko. B rnasax [ u
IV cpenmaHbl HEKOTOpble NEpeCTAHOBKH H H3MeHeHMs, obseryaioiiue,
Ha Hall B3rJSIA, epexof oT OoJiee NPOCTHX NMOHATHH K BoJsee C/oX-
HbiM (HanpuMep, oT GaHAXOBBIX IIPOCTPAHCTB K Ooviee 0OILUM B
ra. IV). [JdoBonbHO cyliecTBeHHO IepepaboTaHO U3JI0XKeHHe TEOpHH
mepsl (rn. V).

B nocnennue roasl B kKypc «Ananus I1I» yacro Braoyalorcs sine-
MeHTHl Teopud GaHAXOBbIX anre6p u cnekTpanpHoro axHanusa. Ilo-
3TOMY Mbl COYJH LeecooOpasHbHIM BKJIIOYHTb B Hally KHHTY Hanu-
cagHoe B. M. TuxoMHupoBbM [NONONHEHHE, NOCBSNIEHHOE 3THM BO-
TIpOCcaM.

A. Koamozopos
C. domun



FrNTABA 1
3JIEMEHTbH! TEOPUHW MHO)XECTB

§ 1. MonsTHe mHoXecTBa. Onepauun Haj MHOXKEeCTBAMH

1. OcHOBHble onpenenenus. B MaTeMaTHKe BCTpeyaloTcs camble
pasHoOGpasHble MHOdecT8A. MOXKHO rOBOPHTL O MHOXKECTBE rpaHe
MHOTOT'paHHHKA, TOYeK Ha MPAMON, MHOXKeCTBe HaTypasbHbIX YHCeN
u T. 0. [loHsTHe MHOMXKeCcTBa HACTOJbKO ofilee, YTO TPYAHO HaTh
eMy Kakoe-nmu00 OmpejeseHue, KOTOpoe He CBOAHJIOCH Gbl MPOCTO K
3aMeHe CJIOBa <MHOXKeCTBO» ero CHHOHHMaMH: COBOKYIHOCTb, coGpa-
HHe 3JIeMeHTOB H T. II. )

PoJib, KOTOPYIO MOHSITHE MHOXECTBA HrpaeT B COBPEMEHHON Ma-
TeMaTHKe, ONpejessieTcsl He TOJBLKO TeM, UTO caMa TeOpHsl MHOXKeCTB
cTasa B HacToslllee BpeMsi BecbMa OGIIHDHOH M COJepKaTenbHOM
NHCIHITHHON, HO IJ1aBHBHIM 00pa3oM TeM BJIHSHHEM, KOTOPOe TeOpHs
MHOKeCTB, BO3HHKIIAS B KOHIlle NPOINJIOTO CTOJeTHS, OKa3biBajaa H
OKa3biBaeT Ha BCIO MaTeMaTHKy B uejoM. He craBs cBoell 3anadei
CKOJIbKO-HHOYIb TOJIHOE H3JI0XKeHHe 3TOH TeOpHH, Mbl 31eCh JIHIIb
BBeJleM OCHOBHble 0603HaueHHsl H NpHBeLeM NepBOHayaJbHble Teope-
THKO-MHOXeCTBeHHble NOHSTHS, HCNOAb3yeMble B JafbHEALIEM.

MmuoxecTBa Mbl GyfeM 0603HAuaTh NpoNHCHbIMH GykBamu 4,
B, ..., a ux sJeMeHTH — MaJbiMH @, b, ... YTBepXieHHe «3aJe-
MEeHT @ NPUHAJNEXUT MHOXecTBY A» CHMBOJHYECKH 3aNHCHIBACTCS
tak: a= A (wan A > a); 3anucy a g A (wn A P a) osnavaer, uto
sieMeHT a He npuHamaexut A. Ecnu Bce s1eMeHTH, U3 KOTOPBIX CO-
crout A, BxoasaT u B B (npuueM cnyyait A = B He uck/woyaercs),
TO Mul Ha3blBaem A nodmHogcecTéom MHOKecTBa B u numem A < B.
Hanpumep, uensie yucia o6pasyloT NOAMHOMXKECTBO B MHOXKECTBE
BceX NeHCTBUTEJIbHBIX YHCeJI.

HHorna Mbl He 3HaeM 3apaHee, COLEPIKHT JIH HEKOe MHOMXKeCTBO
(HanpuMep, MHOXKeCTBO KOPHell JJaHHOTO ypaBHeHHs) XoTs Obl 0auH
aneMenT. IlosTOMYy Henecoo6pa3Ho BBeCTH IOHATHE NYCTO20 MHOXe-
CTBa, T. €. MHOXKECTBAa, He COAepkKallero HH ONHOTO 3JjeMeHTa. Mer
G6ynem o6o3HauyaTh ero cuMBosioM . JI10Goe MHOXKECTBO COLEPIKHUT
& B kadecTBe NOAMHOXecTBa. IIoIMHOXKeCTBa HEKOTOPOrOo MHOIKe-
CTBa, OTJHYHbIE OT Hero camMoro u oT &, HaskBawTCA COOCTEEH-
HblmU,

2. Onepauun nap mHoxectBamu. Ilycte 4 u B — npousso/bHble
MHOXecTBa; uX cymmotl, unu ob6vedunenues C = A U B nassiBaercs
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MHOXECTBO, COCTOfllllee U3 BCeX 3JeMEHTOB, IpPHHAMJIeKAN[HX
xoTs1 Obl OfHOMY U3 MuoXecTB A u B (puc. 1).

AnanoruyHo omnpefensieTcss CyMMa J1060r0 (KOHEYHOTO HJH
GeCKOHEYHOro) YHCJa MHOXeCTB: ecJH A, — NpOU3BOJIbHBE MHOXKe-

CTBa, TO HX CyMMa UAa €CTb COBOKYNHOCTb 3JIeMEHTOB, KaXKIblH
a

M3 KOTOPHIX NPHHAMJIEKUT XOTS Gbl OMHOMY H3 MHOXKeCTB A,,.
Hasosem nepecewenuem C=A N B mHoxects A u B MHOXe-
CTBO, COCTOsIlllee U3 BCeX 3JIEMEHTOB, NpHHAJJeXalux Kak A, Tak

A 8

L=4n8
Puc. 2.

u B (puc. 2). Hanpumep, nepeceyenve MHOXKecTBa BCeX YeTHBIX YH-
Cesl ¥ MHOXeCTBA BCEX YHCEJs, AeJFHIUXCS Ha TPH, COCTOHUT H3 Bcex
LeNbiX uYHces, Jedsimiuxcsi 0e3 ocraTka Ha wmecTb. [lepecevenuem
A1060ro (KOHEUHOro UM GEeCKOHeYHOro) YHcsia MHOXKecTs A, Ha-

3biBaeTcss COBOKYIIHOCTHb ﬂAo, ICMEHTOB, IIpuHaAeXxamux Ka-
a

KAOMY H3 MHOXecTB A,.
Onepauuy Cj10XKeHHS W HepeceyeHHs] MHOXECTB IO CaMOMY CBO-
eMy OrpejleJleHHI0 KOMMYTaTHBHBI U aCCOLUHATHBHEL, T. €.

AUB=BUA, (AUBUC=AU(BUO),
ANB=BNA, ANBNC=AN(BNC).
KpoMe Toro, oHH B3aHMHO AUCTPUOYTHBHEL:
(AUBNC=(ANCAUBNO), (1)
(AnBUC=(AUC)NBUC). (2

IeficTBUTeNILHO, TPOBEPHM, HampuMmep, nepBoe M3 3THX pa-
Bencts !). IlycTh 3/eMeHT X NpHHAJJIEXKHT MHOXKECTBY, CTOSIIEMY B
nesoll yacty paseHctBa (1), 1. e. x=(A U B) N C. Jto o3unayaer,
uTO x BXOAUT B C W, KpOMe TOro, 10 KpaliHeli Mepe B ONHO H3 MHO-
)keets A unn B. Ho Torga x npuHaaseXut Xotsi Gbl OHOMY H3 MHO-
x®ectB A N C unu B NN C, T. e. BXOAUT B NPaBYyIO YacTb pacCMaTpHu-
Baemoro pasencta. O6parHo, nycts x (A N C) U (B N C). Torna

') PaBencTBO ABYX MHOKecTB A == B mnoHuMaercs Kak TOXIECTBEHHOe pa-
BEHCTBO, T. €. OHO O3HAYAET, UTO KAM/bIH 3MeMEHT MHOXecTBa A NpHHAAJEKHT
B, u unaoGopor. Muaue rosops, paBeuctso A == B DaBHOCHWJIbHO TOMY, YTO Bbi-
nosHens o6a BKmouenni: A< B u Bc A,
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xeANC um x B N C. Cnenosarensio, x = C u, KpoMe TOro,
x BxoguT B A wumu B, T.e. x=A U B. Tagkum ofpasom,
xe(A U B)N C. PaBenctBo (1) nokasano. AHaJOTHYHO NpoBepsieT-
csl paBeHCTBO (2).

OnpepenuM AJs MHOXeCTB olepalHio BbiYuTaHHA. Mbl Ha3oBeM
pastocrero C = A\ B MHOXecTB A u B COBOKYNHOCTBb TeX 3JeMeH-
T0B U3 A, KoTophle He cofepxkarcs B B (puc. 3). I1pu stom, BooGte

4 B

C=4NB

Puc. 3.

roBopsi, He npennosaraercs, yto A D B. Bmecro A \\ B unorna nu-
wyr A —

Unorpa (Hanpumep, B TEOPUU Mepbl) YA0OHO paccMaTpuBaTh Tak
HA3bIBAEMYIO CUMMETPUXECKYH) pasHOCTy NBYX MHOXecTB A u B, ko-
Topasi onpejessiercs Kak cyMma pasunocrei A\ B u B\ A (puc. 4).
CumMmerpuueckywo pasiocte C MHoXectB A u B Mbi Gyzem oGosHa-
yaTh cuMBosioM A A B. TakuMm o6pasom, 1o onpeleseHuIo,

AAB=(AN\B)U(B\ A4).

Vnpaxnenue. [Nokasars, 4o

AA B=(AUB)\ (A(B).

YacTo npUXOMHTCS paccCMaTpUBaTh TOT WJIM HHOH 3amac MHO-
KeCTB, ABASIOUUXCS MOJMHOXKECTBAMH HEKOTOPOrOo OCHOBHOIO MHO-
XKectBa S, HampuMep, pas3/HYHble MHOXKECTBA TOYEK Ha YHCJIOBOMH
npsimoii. B atoM ciyyae pasnocth S\ A HaswiBaloT Oonoanenuem
MHoxectBa A u o6osnavaor CA unu A’

B TeopHu MHOXKECTB M ee NPUJIOKEHUSX BecbMa BaXKHYI0 pOJIb

HrpaeT TaK Ha3blBaeMbld IPUHIUHUIN NBOHCTBEHHOCTH, KOTO-
Pbiif OCHOBAH Ha CHEeAYIOUIUX ABYX COOTHOLHEHHUSX:

1. Honoanenue cymmol pasuo nepecedenuro GonoAHeHul
SNUAa=(1(5\ 4. 3)
a
2. Honoanernue nepecevenus pasHo cymme 0onoaiHeHul

S\.DAG=LGJ(S\AG). (4)
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IMpuHIKN ABOACTBEHHOCTH COCTOHUT B TOM, 4TO K3 JIOGOro pamet-
CTBA, OTHOCSILEroCs K CHCTeMe MOAMHOXeCTB (PHKCHPOBAHHOTO MHO-
Kectsa S, COBepIHIeHHO aBTOMATHYECKH MOXET GbiThb MO-
JIy4eHO Jpyroe — ABOUCTBEHHOE — PaBEHCTBO NyTeM 3aMeHbl BCex
paccMaTpHUBaeMblX MHOXECTB HX JOIOJHEHUSMH, CYMM MHOMKECTB —
nepecedeHUsIMH, a NepeceyeHuldl — cyMmamu. IlpuMepoM ucmonnso-
BaHUA 3TOTO NPUHIMIIA MOXKeET CJIYyXKHTb BHIBOJ TeopeMsl 3’ U3 Teo-
pemsl 3§ 2 rn. IL

IlpuBeneM no0Ka3aTeanCTBO CoOTHOWeHuA (3).

Ilycts x= S\ U Ay DTO 03HayaeT, yTO X He BXOAUT B 00beIu-
[1

nerne |J A, T. €. He BXOAMT HU B OIHO 3 MAONKECTB A,. Caenona-
a

TeJBHO, X NPHHAAJENKHT KaMKIOMy M3 RonosHeHu#i-S \ A, u moToMy
x e [)(S\ Ay). O6patho, nycts r = [ (S\ 4,), T.e. x BXOAUT
a a

B Kaxaoe S\ A,; Torla X He BXOR4T HU B ONHO M3 MHOXKECTB A,
T. e. He TPHHAIEKHT UX Cymme | A,, a rTorga xES\UAa. Pa-
o

a
BeHCTBO (3) nokasano. CooTHoweHue (4) 10KA3bIBAETCA AHAJOTHYHO.
(ITpoBeauTe nOKa3aTeNbCTBO.)

HasBanne <«cHMMeTpHUecKas pasHoCTb» gan oncpauuy A A B e coBceM
yaauno; 5Ta ONepalHa BO MHOTOM allanOruyHa Onepauiy B3ATHA CYMMB MHO-
xects A U B. Hdefersurensno, 4 U B osiiauaer, uTo M CBASHIBAEM HEUCKAIOUAIO-
WUM HJM> ABA YTBEPXKIEHHA: <«IJIEMEHT MPHHALJEXKHT A» H <«3JAeMeHT NpHHAX-
Jdexur B», a A A B o3Hauaer, 4TO Te Xe caMbie ABa YTBEPKIEHHA CBA3HBAKTCH
UCKMIOHAIOWUM «AAH»: 3jieMeHT X npunamjexur A A B Toria H TOMbLKO TOrAa,
KOTAAa OH NpHHAJJERHT Au6o roasko A, nubo roaske B. MuoxkectBo A A B
MOXHO GBIJIO Obi HA3BaTb «CYMMOH mO MOAyJIO fiBa» MHOxKecTB A u B (Geperca
o6befHHEHHEe STHX IBYX MHOMKECTB, HO 3JEMEHTH, KOTODhie NPH 5TOM BCTPEuarT-
Cs1 ABAXKAM, BHOPACHBAIOTCS).

§ 2. OroGpaxennd. Pa3bneHus Ha KJaccol

1. Oro6pamenne mMHOMecTB. OOuiece noHsaTHe yHkuun. B ana-
Ju3e nouaTHe QYHKINY BBOAUTCS ciefyloiiuM obpasom. Ilycrs X —
HEKOTOpOe MHOXKeCTBO Ha yucJoBoH npsamoi. [oBopsT, uTo Ha 3TOM
MHOXeCTBe onpeneneHa GYHKUHSA f, ecnu KaXKIOMy 4HHCay
x = X 1oCTaBleHO B COOTBETCTBHE OIpefiesleHHOe 4HcIo y = f(x).
IIpu stom X naspiBaetrcsi 064acTe/o0 onpedeserts NaHHOA GYHKIUH,
a Y — COBOKYNHOCTh BCeX 3HAUeHHH, NPUHHMaeMbiX 3TOH (YHK-
ek, — ee 064acTor0 3Hauerull.

Ecnu Xe BMECTO YHCJOBBIX pAacCMATPHUBATh MHOXECTBA Kakoil
YTOLHO NPHPOZbL, TO MBl IIPHAEM K CAMOMY oOLIeMy NMOHSTHIO (PyHK-
uuu. Iycre M u N — nBa npousBosbHbIX MHOXecTBa. ['0BopAT, utO
Ha M onpenenena Qynkuus [, npuHumaiomas 3HaueHus us N, ecnn
KaXKIOMY 3JieMeHTY ¥ & M nocraBjieH B COOTBETCTBUE OJHH H TOJIb-
KO OAHH 3JaemeHnT y u3 N. JIng MHOXKeCTB NpPOU3BOJIbHON NPHPOIH
(xag, BIpo4YeM, H B CJyuyae YHCJIOBBIX MHOXECTB) BMECTO TepMHHA
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«(pYHKLHS» 4aCTO NOJIb3YIOTC TEPMHHOM «oTOOpakeHHe», TOBOPS
06 oToGpaxkeHuH OAHOrO MHOXKecTBa B Apyroe. Ilpu cnennanusanuu
npupons MHOXKecTB M u N BO3HHKAIOT ChelHanbHble THNBL (YHK-
1uil, KOTopble HOCAT 0coOble HAa3BaHHUSI «BeKTOP-PYHKIHS», «Mepav,
«(pYHKIHOHAN», <ONepaTop» U T. A. Mbl CTOJNIKHEMCS] ¢ HHMH B 1aJlb-
HelllleM. .

Ins oBosnavenns ¢yHkuuu (otobpaxkenus) us M s N Mo 6y-
ZleM 4acTo NoJsib30BaThes 3anucsio f: M — N.

Eciu a — aneMeHT us M, To oTBeyawmmui emy snement b=f(a)
u3 N HasbiBaeTcs ero o6pa3on (npu oto6paxenuu f). CoBOKyIHOCTD
BCeX TeX 3JeMeHTOB @ u3 M, o6pa3oM KOTOPBIX SBJSiETCS JaHHbI
aneMeHT b e N, paseipaercas npoobpasom (unu, TOUHEe NOAHBIM
npoobpasom) snementa b u o6osznavaercs f~1(b).

IMycts /A — HekoTopoe MHOXecTBO H3 M; COBOKYMHOCTDb
{f(a): a = A} Bcex snementoB Buia f(a), rle a = A, HasuBaercs
obpasom A u oGosHauaercss [(A). B cBow ouepenp Anst KaxIOro
MHOoXecTBa B us N onpelensiercs ero (moausiit!) npooGpas f1(B),
a uMenHo: [~1(B) ecTh COBOKYIHOCTh BCEX TeX 3JeMeHTOB Uz M, o6-
passl KOTOpPHIX npuHajnexar B. Moxer okasaTbCs, 4TO HHM OJHH
ageMenT b u3 B He uMeer Hemycroro npoo6pasa, Torjia u npoo6pas
f~1(B) GyneTr mycTHIM MHOXKECTBOM.

3nech Mbpl OTPAHUYUMCS PACCMOTpPEHHEM CaMbiX OGIIUX CBOHCTB
oToOpakKeHu.

BeeneM cienyiomyno TepMuHOJOTHIO. Mb GyneM rOBOPHTH, UTo |
ecTb oTo6paxKeHue MHoXecTBa M «Ha» MHOxecTBO N, ecan (M) =
== N; Takoe oToOpakeHHe HA3BIBAIOT TAKXKe cropvekyueld. B oGuiem
cayyae, T. e. Koraa f(M)c N, roeopsit, uto [ ectb oTo6paxenne M
«B» N.

Ecnn ans mo6bix ABYX pa3/HuHBIX 3/1eMEHTOB X| U X2 U3 M ux
o6passl y; = f(%1) H ys = [(X2) TakXKe pasnauyHbl, TO [ Ha3blBaeTCs
unwvekyued. Orobpaxenue f: M — N, koTopoe ONHOBpPEMeHHO siB-
JsieTcsl CIOpPbeKIHed M HHDbeKIHeHl, Ha3biBaeTcsi Ouekyuelli wunu
83aUMHO OOHO3HAUHbIM COOTBETCTEUEeM MexOy M u N.

YcTaHOBUM OCHOBHBIE CBOHCTBA OTOOpaXKeHHUM.

Teopema 1. [Ipoobpas cymmot 08yx MHOJMCECT8 paseH CymMme
ux npoobpasos:

= (AUB =f""(AUf " (B).

HokxasaTtenbcTBo. [1ycTh 3meMeHT X NpPHHALNEXHT MHOXKe-
ctBy f-'(A U B). 310 o3Hauaer, yto f(x)= AU B, 1. e. f(x)= A
unu f(x)< B. Ho Toraa x npunagnexur no kpafiHell Mepe OfHOMY
u3 MHoxecTB [~ (A) wan f~1(B), 1. e. x= [ (A) U f1(B). O6paTHo,
ecmu x < [1(A) U [1(B), To x npuHaANeRHUT no KpaiiHell Mepe of-
HoMy u3 MHoxecTB f1(A) u f-1(B), 1. e. f(x) npunamIeRUT XOTS 6b
onHoMy u3 MHoxecTB A mau B, cieposartenbHo, f(¥)= A U B, Ho
Torza x< ' (A U B).
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Teopewma 2. [1poo6pa3 nepecevenus 0syx mHoIecT8 paseH ne-
pecetenuro ux npoobpasos:

F~hAnBy=f"@@nf ' (B).

JokaszatenpcTBo. Eciu xef"(AﬂB), To f(x)= AN B,
T.e. f(x)=A 1 f(x) =B, crenosatensho, x <[ (A u x = f_l (B),
T.e. xef AN (B).

O6patho, ecim x <= ' AN F71(B), 1. e. xef“l(A) nrxe f—l (B),
to f(x)=A u [(x)=B. HUnaue rosops, [(x)= ANB. Caenosa-
TEeJIbHO, X & f_l (AN B).

Teopemsl 1 u 2 ocTalTCs B cujie JJs1 CYMM H IiepeceyeHHH Jio-
6oro (KoHeyHOro HiH OecKOHeYHOTO) YHC/IAa MHOXECTB TakK XKe, KaK

U CJelyiolias TeopeMa.
Teopema 3. Ob6pas cymmor Osyx MHONCECT8 paseH cymme ux

06pasos:
f(AUB)=F(AUI(B).

HdoxkasatenbctBo. Ecmn y=f(A U B), To 310 03Hauaert, 4To
y = f(x), rae x NpHHALNEXKUT O KpaiHed Mepe OJHOMY H3 MHO-
xectB A u B. CnepoBatensho, y = f(x)= f(A)U f(B). O6parno,
ecmn y = f(A) U f(B), o y = [(x), rlle X IPUHAJMIEXHUT NO KpafiHeir
Mepe onHoMy u3 MHOoXecTB A u B, 1. e. x&= A U B u, cnenoBateinb-
Ho, y = [(x)= (A U B).

3ameruM, 4TO 06pa3 nepecedenus O08Yx MHONMECT8, 8000uie 20-
80psa, He cosnadaeT ¢ nepecedenuem ux obpasos. Hanpumep, nycrs
paccmarpuBaeMoe oToGpakeHHe NpepcTaBJigeT cOOO MPOEKTHPOBA-
HHe IJIOCKOCTH Ha ocb x. Torna oTpesku

0<x<1, y=0,
0<x< 1, y=1

He nepeceKaloTcsl, a B TO XKe BpeMs ux 06p33b1 CcoBNajaaroT.

Ynpaxueune Jokamure, 4yT0 Npoo6pas AOMOJHEHHs] PABEH AONONHEHHIO
npoo6pa3a. BepHo JH ananoruuHoe yTBepXKAEHHE AJs 0o6pasa AONONHEHHA?

2. Pa36uenne Ha kaaccol. OTHOLIGHHA JKBHBAJEHTHOCTH. B ca-
MBIX pa3/IU4HBIX BONPOCAX BCTpPeHarTCs pa3bueHus Tex MJH HHBIX
MHOYKECTB HA TONAPHO Hemepecekalompecs noiMHoxecrsa. Hanpu-
Mep, IJIOCKOCTh (paccMaTpPHBAEMYIO KaK MHOXECTBO TOYEK) MOXKHO
pa36uTh Ha NpsiMble, MapasJeNbHbie OCH X, TpexXMepHOe IPOCTPaH-
CTBO MOXKHO IPeACTaBUTh KaK ofbeJHHeHHe KOHIeHTpHYECKUX chep
pasyIMYHBIX paauycoB (HauyuHas ¢ r = 0), XKuTesel AaHHOTO roposa
MOHO pa30UTh HA Ipynibl 10 HX TOAY POXKAEHHS H T. IL

Kaxnpiit pas, Korna HeKoTopoe MHOXKecTBo M npeicTaBieHo TeM
HJIM HHBIM CNIOCOOOM KaK CyMMa CBOHMX NONAPHO HelepeceKaromuXcsa
NIOIMHOXKECTB, Mul FOBOPHM 0 pa3buenuu mnowcectéa M na Kaaccol.






