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Ot penaktopa nepesoja

oAnre6pa® C. Jlenra npH3BaHAa C/AYXHTb B OCHOBHOM
TeM K€ LEeJAM, YTO W H3JaHHas Yy Hac IBaAUaTh JeT Hasal
U craBuiag Tenepb OuOaMOrpaduuecKod peiKOCTbI0 IBYXTOM-
Has ,CoBpemenHas anrebpa* Bau nep Bapaena. O6 srott
NpeeMCTBEHHOCTH, KaK ¥ O COXEPXKaHUM BCeH KHHWIM, LOCTa-
TOYHO NOAPOOGHO TOBOPHTCHA B NMpPelHC/JOBHM aBTOpa. Uutares,
HECOMHEHHO, MOYYBCTBYeT, 4YTO YMeJNO NONLOOpaHHbIH CBexui
MaTepuan, a TakXe $I3bIK U CTH/Ab U3JMO0MKEHHS BIOJMHE CO-
3ByuHH anareOpe ILECTHLECATHIX I'0LOB — OGCTOATENbCTBO OCO-
OeHHO LEHHOE I/ MOJOABIX MATEMaTHKOB.

Ho6pocoBecTHad paboTa MNepeBOLUMKA CNOCOGCTBOBAIA
YCTPAHEHNIO HETOYHOCTeH H ONedyaTroK, MOMUMO TeX, CIIHCOK
KOTOPHIX Oblal /M00e3HO MpUCIaH HaM aBTOpOM. boJsee 3Hauu-
TeJIbHbIC HCMPaBJCHUS B COOTBETCTBHU C MOXXEJaHHWIMH aBTOpa
Oblau BHeceHbl B 1. XI.

CBOOOIHBIH # MecTaMM IHYT/AMBBIA TOH KHHUTH OTYACTH
CMAT4eH MOLCTPOYHBLIMH HPHMEYaHUAMH.

A. H. Kocmpurun



[lpeanciioBue

Sl mpeanouxTalo Ha3bBaTh ee TaK [a6CTPAKT-
HOIt aare6poil], a He coBpeMeHHOH aare6poi,
MOTOMY 4TO OHA, HECOMHEHHO, 6yneT WHUTh LOJAro
¥ B KOHIE KOHIOB CTaHeT JpeBHeH a.ireGpon.

®. Cesepu (JIbexk, 1949)

ODTa KHHra MOXeT CJyXHTb OCHOBOH TOLOBOro Kypca aare6pel A
ACMHPAHTOB. .

K coxanenulo, o6beM MaTepuana, KOTOPHM cJyllaTelb B Hieane
Ao/ieH Obl1 OBl yCBOMTHL 3a rol, YTOGH MOAYYHTh HalJeKallyld NOAro-
TOBKY TO afire6pe (He3aBHCHMO OT TOTO, IO KaKOMY NPEIMETY OH Creuua-
JM3UPYETCs), TpeBbIlaeT (MBHYEeCKHE BO3MONKHOCTH JIEKTOPA B TeyeHHe
rogosoro kypca. CienosaTeabHo, KHHra HOJMKHA CORepXaTh GOJblie
MaTepuala, 4eM B LEHCTBHUTEJAbHOCTH MOXeT ObITb U3JOMEHO B ayJUTOPHH.

[Topanok usyueHus: pasaMyHBHIX TeM XOMYyCKaeT MHOT OYHCJ/EeHHEIE BapHa-
uuu. Hanpumep, x teopuu noneti u Teopuu [amya MOmHO npucrynurh
€pasy ke MoOCAe TOro, KaK NaHbl OCHOBHblE ONpelLe/ieHHs, OTHOCALIHecs
K rpynmaM, KOJbLaM, TOJSAM, MHOrOY/JeHaM OT OIHOH NepeMeHHOH u
BEKTOPHBIM npocTpaHctBaM. Ilockoibky Tteopus Tanya oueHb OBHICTPO
€031aeT BHNevaT/aeHHe ray6uHbl, STOT NMyTb BeCbMa NpHBJEKATeJeH BO MHO-
FUX OTHOLUIEHHAX.

MoxHo Takke TnOC/He O3HAKOMMAEHHS € OCHOBHEIMH ONpELe/ieHUAMH
Hauatb C JMHEHHON anre6ph, OCTaBUB TeOPHIO noJjefi Ha Oosee nosnHee
spems. [/iaBBl KHHIM HanucaHbl TakuM 06pa3oM, uToOb OOecHeyuTh Hau-
6oab1yI0 THOKOCTL B STOM OTHOIUEHHH, U 5l 4ACTO COBEPIIAI0 MPECTYIIeHUe
npoTHB OypOakuaMa, NOBTOPSAS KOPOTKHE PacCyXAeHHs I Onpelenenus,
yTo0bl CAeNaTh HEKOTOpHle mnaparpadusl WM [VaBbl JOTHYECKH HE3aBHCH-
MBIMH JPYT OT JApyTa.

B usnowenun teopun Tlanya s ciaenyio ApPTHHY, HO C HesHAayuTe/b-
HEIMH MOaMpHuKkauuamMu. YToOb NPOUYBCTBOBATL Pas/iMuMs, YHUTATEb MOKET
€ MoJb30H mis cebs oOparuThcs K HeboabON KHuxke Aptuna. Kpome
TOrO, UUTATEMO CTOWJAO O O3HAKOMUTLCA C HM3/MO0KEHHEM, OCHOBAHHBLIM
na teopeme Ilwexobcona— BypOaku, monesHoli B HecenapaGe/bHOM Cay-
yae. OnHako craHaapTHBIM CAyyall AOCTATOUHO BakeH B GOMbUIMHCTBE
NpUJIOKEHNH, uTo6bl ONPAaBAATL KJACCHUYECKOE H3JOKEHHEe, KOTOpOoe s
31ecp BhIOpad. :

[lockonbky anreGpe HayuMad MeHs ADTHH, YyBCTBO OGSI3AHHOCTH MO
OTHOLUEHHI0O K HeMy MNpPOHM3LIBAET BCIO KHUTY. B Meublielt cremenu sro,



8 NPEIUCJIOBHE

BO3MOXHO, OTHOCHTCSI K pasieqy JuHeliHO# anre6pel W npeacTaBieHni.
rie BiausHne BypOaku asnserca Gosee pelaiouiuM (B CONEpKaHHH, a He
B crThie nanoxennsa). Onnako B Be6ope MarTepuasta s Goiee pasbopuus,
vyem DBypOaxu., ¢ BLITEKAaOMUMH OTCIOAA HPEHMYIUECTBAMM M HeZOCTAT-.
KaM{d MeHbllleH SHLUUK/IONEILHYHOCTH.

OGecneunB W3MOMEHHE MaTepuasia, KOTOPHIH HH TPH Kakux 06CTOS-
TeNLCTBAX He MOXKeT OblTh ONylleH B OCHOBHOM KYDCE€, MOMXHO 3arev
Ha BbIOOp DPasBUBATL €r0 B PA3JHYHBIX HaNpaBleHusX. HeBo3MOXKHO H3/0-
KHTb MX BCe C OIMHAKOBOH moJaHOTOH. TouHblt MOMEHT, Korza Jekrop
noxeJjaerT OCTaHOBUTbCHA B JIOOOM M3 ITUX Hanpapienuit, Gyler 3aBuceTh
OT BpeMeHM, MecTa M HactpoeHus. Hanpumep, raaBbl 0 BelleCTBEeHHBIX
nonax W a0COJMIOTHBIX 3HaueHHAX MOryT ObTb €e3 ylepba onyiueHbl
VJIH K€ TIPOUMTAHBI CAYIIATENAMH CaMOCTOATeAbHO. TO e caMoe OTHOCUTCS
K rjase O Npexctapaenusx rpynn. Teopema Butra 0 kBaspaTHuHBX (opmax
Takxke MOxer Owth onywena. Oamaxo mo0as KHMra, npecielymolias
Te Ke UeJd, YTO M Halla, NO/KHA BKJOUYaTL Ha0OD 3THX TeM, BelyLUuX
Bray0b, HO Da3BUBAEMBIX POBHO HACTONILKO, uToOH M36exaTh NOAHON
3aMyTAHHOCTH ¥ M3JHUIUHEro YBeJHueHUs 4ducaa ctpanuu. [To sceM 3TuM
BOMPOCAM HE MOMET OWTb LOCTHTHYTO Jaxe BHyTPEHHeH yAOB/ETBOPEH-
HOCTH aBTOpa, He TOBOPS yX O BceoOuweM coriacuu. B koneuHom cuere
KOHKpeTHble pelleHHs OTHOCHTeJNbHO TOFO, YTO BKJIOYAThb M YTO He BKJIO-
YyaTbh, TMPUHUMAIOTCA UCXOAS U3 coobOpaweHu# oO6ie CBA3SHOCTH M 3CTe-
THYeCKOro pashosecusa. Hampumep, s ymblmienHo nsbekan upeaMepHOro
yrayGaennst B KOMMYT4aTHBHYIO aireGpy. $1 He MOr mpeBpailaTth OCHOBHOM
Kypc anre6pbl MCK/IOYHTENbHO B TPEHHPOBOYHBIH NOJHrOH 1is Gy iyuuux
anre6pauveckux reomerpos. OJHAKO BCAKHH MpPenofAOWME 3TOT Kype
MOXeT HAJOXHTb HAa MaTepHaa OTHEeYaTOK CBOeH WHIMBHIYAJIbHOCTH W
¢ GoJblutell CHIOH, ueM y MeHS, BHIAAMTL OLHW TEMBI 33 CYeT APYIMX.
B npeanaraemolt kuure Her HHYero, uTO BOCMPENATCTBOBAAO Obl 3TOMY.

CTpyKTypa KHATH BCe ellle yIMBHTEJbHO HATIOMMHAET Ty, KOTOpas
Obina npunawa e# AprunoM, Hérep u Bau zep Bapaenom npumepno
TPULLATL JeT TOMYy Hasax. $1 ueaukoM coraaced ¢ Ban nep Bapnenom
B BOMpOCe O BKJIOUEHHM B yuefnoe nocofue TaKOro pPoZa TEOPHH Npel-
CTaBJeHHH KQHeuHbX rpynn. Bpuny mporpecca, zocrurnyroro Bpayspom
33 HMCTeKIIMe TPHAUATL JIET, OKas3aJOCb BO3MOMXHBIM 1aThb 00Jee NOJHOe
M3JNOKEeHHe, YeM 3TO MOT clejath Ban nep Bapaen B cBoe Bpems.

VMeloTcs nocTaTouHbie OCHOBAHMA, YTOOH BKJIIOUATH B KYpPC GOJblue
MaTepHala O JMHeHHBIX IpyNnax M WX NPelCTaBJeHHAX, YeM 5 3TO CyMed
Clenarb, NBITAACh COXPAHMTh PasMep KHHIH B PadyMHBIX npeienax. Oco-
GeHHO JIerKo 3TO OCYIMECTBHTh C ACHHPAHTaMM, MMEIOIMMH HaIMeXKaLLyIo
NOArOTOBKY MO JUHEHAHOU aarefpe co cBOMX cTyAeHueckux aer. K cyactbio,
TeTiepb  HMeeTcs HECKOJbKO y4yeOHMKOB, MNOCBSALEHHHX ajare6pam Jlu u
rpynnam JIu, Tak 4ro s He uyBCTBYIO ceGs C/AMIIKOM BUHOBATHIM, OTYCTHB
9TH TEMbl (CM., B uacTHOCTH, samucku Ceppa ,Aare6pn JIu u rpyn-
bl JIn“y,
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Y10 kacaercqd npeapaputelbHHX CBeIeHUH, TO 4 mpelnodaraiw TOJbKO,
4TO uydTaTeJb 3HAKOM C OCHOBHBIMH MareMaTHYeCKUMM NOHATHAMH (T. €. IO
CyLIleCTBy\ C MHOXEeCTBAMH M OTOOpaeHUdIMU), a TaKXKe C UEJbIMH H
pauuoHaJbHbIMKU uuc/aamM. BoJjee noxpob6HOe OMNHCaHWE TOrO, 4TO Mpef-
noJjaraerTcs U3BeCTHBIM, NMpUBEJEHO HHXe. B Hecko/dbkux cJjyuasx ompe-
LeMUTEJH HMCHOMb3YIOTCA paHblie MX (OPMAJbHOTO HM3JOXKEHHd B TeKCTe.
Do/MbIIMHCTBY uuTatedefl onpefeduTenu yxke OYAyT H3BECTHB, H MH
noJsaraeMm, 4TO ILJf yJAYYIeHUA CTPYKTYPH BCedl KHUTH MOXHO NMO3BOJIUTH
cebe Takde HeOOJiblliMe OTKJOHEHHS OT MNOJHOFO YHOPALOuUEHHA JOT'HYE-
CKUX CBA3eH.

Hew-Hopr, 1965 Cepoic Jlenz



IlpeaBapurenbHble CBelEHHSA

Mpl npennonaraeM, 4TO 4MTaTeNL 3HAKOM C MOHATHEM MHOMECTBA U
cumosamn 1, U, D, <, €. Eciu A, B— MHOXecTBa, TO 3aluch
A — B o6o3nauaer, uro A couepxurcss B B, HO MOxeT W coBnajzaTh ¢ B.
To ke caMOe OTHOCHTCH K 3anucH A D B.

Ecmn f: A— B — ortoOpaxeHue OIHOFO MHOXECTBA B JIpyroe, TO
Mbl THLIEM

X —> [ (x)

nast 0003HaveHns Aefictua f Ha sneMeHT X u3 A. Mbl pasnnuaeM cTpesku
—> H r—>.

Mycrs f: A— B— Hexoropoe orofpamenne. Mbl rosopum, uro f
UHBEKMUBHO, eClH U3 X %=y caenyer f(x)=~ f(y). Muol rosopum, uro f
clopseKmusno, ecnu Liaa Kakaoro b€ B cyuwecTByer aaeMeHT a € A,
tako#t, uro f(a)=~. Mb rosopuM, uto f GuexmusHo, eClu OHO OIHO-
BPEMEHHO CIOPbEKTHBHO M HHBEKTHBHO 1).

[Monmuoxectso A MHOxecTBa B HasbBaeTCs COOCMBeHHbIM, €CJINA
A =+ B.

[ycts f: A— B — orobpaxeHue n A’ — HoIMHONeCTBO B A.

Oepanuyenue f na A’ ectb oroGpamxenne A’ B B, 0603Hauaemoe
cumposom f A"

Ecau f: A—>B u g: B—>C — otofpameHus, TO HX KOMNO3UUUSA
£ o f onpelensercs cooTHolerneM (g o f)(x) = g (f (x)) Baa Bcex x € A.

Mycts f: A—> B — orobpaxenne 1 B’ — nonmuoxectso B B. Yepes
F7U(B’) MB 0603HauaeM MOIMHOKECTBO B A, COCTOALlEe U3 BCEX Tex
x€ A, ana kotopwx f(x)€EB’. Mbl HasbiBaeM ero npoo6paszon MHO-
xecrea B’. CoorBercrBeHHO f(A) Ml HasbiBaeM 06pa3om orobpameHus f.

JAuazparina

A-LsB

N\ /
N g
C

!} B npumeHeHuH K OTOOPaweHUAM MHOXKECTB C 3aJaHHON CHCTeMoH aare-
OpavyecKHX onepauuii B pycckoit uTepaType HapsAAy ¢ TEPMHHAMH ,MHBEKTHBHO®,
»CIOP'BEKTHBHO® H ,6UEKTHBHO® yNOTPEOUTENbHB TaKXKe COOTBETCTBEHHO TEPMHHbL
«MOHOMODHO®, ,3nuMOpPdHO* u ,u3oMopdHO“. — [T pun. peo.
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Ha3HIBAETCH KOMMYMAMUBHOH, eCan Lo f=Hh. AHAIOTWYHO IHATPAMME

A-L>B
do

HAa3bIBAETCA KOMMYTATHBHOH, ecu g o f == o@. Mu OyieM HHOT1a UMeTH
neno ¢ 6onee CHOMHBIMM IMArpPaMMaMH, COCTOSLIUMH M3 CTPENOK Memiy
pasanuHbiMu oObekTamu. Takue [auarpamMmbl HasblBAlOTCA KOMMYMAmMus-
Holmy, ecai B JIOOOM cayuae, KOT1a MOXHO Npo#TR OT OAHOTO OObekTa
K IpyroMy IO LBYM Da3MUUHBLIM TOCHAEAOBATE/LHOCTAM CTPEIOK, CKaMeMw

7 1, Lo

AL 4, A

n

&

A5y, Ly Emoipg o,

COOTBETCTBYIOILHE KOMIIO3HLUMH COBMajaloT:
fn«1°fn—2° oo fi=8n 1°8n9° +.. ° &1

Do/biiiHCTBO HAWMX AuarpaMM OyJieT COCTOATh M3 YKA3aHHBIX Bbillle
TPEYTOJbHUKOB HJM KBAAPATOB, U LS NPOBEPKH KOMMYTATUBHOCTH TAKUX
IMarpaMM JOCTATOYHO YOEeAMTbCH, UTO KaXKABIH TPEyroJbHHUK M KBaapar
B HUX KOMMYTAaTHBEH.

Mbl npeimosaraeM, YTO 4YHTATeJ b 3HAKOM C UEJAHIMH M PalHOHajb-
HBIMH UMCAaMHM, MHOXECTBA KOTOPHIX O003HAYAIOTCA COOTBETCTBEHHO 4YEpes.
Z v Q. Bo wmHorux npuMepax Mbl MNpeimoJaraeM TaKe, YTO 4YUTaTeNo
M3BECTHH BelUIeCTBEHHble M KOMIJEKCHBIE YHC/a, MHOXECTBA KOTODHIX
ofosHauatorcs uepes R u C.

[ycre A w [ — npa muoxecra. [lon cemedicmson aneventos B A,
3aHYMEPOBAHHBIX TNOCpeicTBOM [, mOHUMAOT otoldpawenne f: [-— A,
Takum obpasom, niaa xawporo (€17 3aman saevear f(i))EA. Xora
CeMeHCTBO eCTb He YTO MHOE KaK OTOoDpameHue, Mul HACTO MbLICJAUM €ro
KaK COBOKYNMHOCTb O0BEKTOB M3 A U 3aNHUCHIBAEM €ro Tak:

o

HJH
{ai}iel'

ynorpebasis  cUMBON @, BMecTo f(§). Mb naswiBaem [ muoocecmsom
unoeKcos.

Mbl mpeanoJnaraeM, uTO YHTaTe]b 3HAET, YTO TaKOE OTHOLIEHHE SKBHU-
BaseuTHoCTH. IlycThb A — MHOMECTBO C 3a13HHBIM Ha HeM OTHOLieHHeM
SKBHBAMEHTHOCTH, E — HeKOTOPBHI! KJ4CC IKBUBAMEHTHOCTH 3/EMEHTOB
us A. Muoraa mul OyleM onpeleaaTb OToOpaeHHe KJIACCOB IKBUBAJIEHT-
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HOCTH B HeKOoTOpoe MHOXecTBO B. UTo6b oOmpeznenTh Takoe orobpa-
weHue Ha kaacce E, Mbl OyleM 3auacTyio CHavaJa 3al1aBaThb ero 3HaueHHe
Ha HEKOTOpPOM 3ieMeHTe x €& E (HaspBaeMOM mpeicTaBuTe]eM kJacca E),
a 3areM INOKa3biBaTh, YTO OHO He 3aBMCHT OT BbHIOOpa NpencTaBHTeJs
x € E. B Takom cayyae roBOpAT, YTO [ RpasuAbHO onpedeneHo.

Ham Oyayr BcTpeuaTbcsi NpOu3BeleHHs MHOMECTB, CKaxeM KOHeuHble
nponssenenus AX B um A X ... X A,, n npousseieHuss cemelcTB
MHOXECTB.

Mer Gyaem nosab3oBarbes aemmolt Llopna, koropyio Mbl ceHtuac cdop-
MyJinpyeM.

MuoxecTBO A Ha3siBaeTCH (4ACMUHHO) VHOPAOOHEHHbLM, €CIN MEKLY
HEKOTOPBHIMH TapaMH 3JeMeHTOB 3alaHO OTHOLUeHHe X <y, Y/IOBJETBO-
psioliee ciaenyiowuM ycaosuaM. as Bcex x, vy, 2€ A

nMeeM x < X;

ecin Xx <Ly H y<L2 T0 x 2

ecit X <Ly H V<X, TO X=y.

[TonmuoxecTBo T B A HasbiBaeTcsi COBepwerHO (WIN AUHeIHO0) yNo-
PSILOYEHHBIM, eCJN A BCAKOW napbl ajeMeHToB x, yE€T Oyrer v < x
na x < y.

Mycts S — noamuoxectso B A. JlioGol snement b€ A, yaosrerso-
psiomui ycaosuio x<(b ans Bcex x €S, Gyzem HasbiBaThb BepxHel
rpaHbio NOIMHOXKeCTBa S B MHOXecTBe A.

YnopsiouenHoe MHOXeCTBO A Ha3blBaeTC UHOVYKMUBHO YROpAOO4eH-
HbiM, €C/IN BCSIKOE €ro COBEpPLIEHHO YNOPALOYeHHOE MOIMHOXECTBO UMeeT
BEPXHIOIO TpaHb B A.

dnemenr a€ A, ans koroporo w3 x€ A n a < x crenyer a—x,
HA3bIBAETCH MAKCUMAAbHbLM dleMenToM MHOKecTBa A. (Takum o6pasowm.
MaKCHMaJbHbI# 03HAuaeT ,OTHOCHTE/bLHO MaKCUMA/bHLIA®, a He ,a6COMOTHO
MaKCHMaJbHBIH® )

Jenna lLlopna yreepmiaer: ecau A-—— ynopsadoweHnoe MHONCECMEO
U ecal OHO UHOYKMUBHO YnopsodoieHo u He nycmo, mo 8 A cyue-
cmeyem no kpaiineid Mepe 0OUH MAKCUMOAAbHOLL 34eMeHM.

Mpi OyzeM TaKike HCHOJb30BATH YTBEPXKIEHUWS O MOLIHOCTAX, Hano-
a006He caenyloLHX,

IMycts A — GeckoHeyHoe MHOKecTBO. Torma MHOMXECTBO BceX KoOHeu-
HBIX mNoAMHOMXecTB B A uMeeT Ty Xe MOWHOCTb, yro u A. Ecou D
cuetHo, 10 A X D umeer Ty #e MOWHOCThH, 4T0 M A. MOMHOCTD Mbi
OyleM MHOrIa COKpaleHHo o0o3HauaTb cuMBoJoM card. Mmeem

(card (A)  card(B) u card (B) < card (4)) Baeyer
card (A) = card (B).
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Boimre npuseneH Kparkud nepedeHb yueGHbX nocobuit m MoHorpaduit no

aarebpe. Bypbaku Bcerja Haubosee MOROH M He3aMEHHM JJs CChIAOK. JIxekoGCOH
uznaraer Teopuio [anya ¢ nosunuit treopemn {xeko6cona — BypOaky, nosesnof,
MIOMUMO BCEro mpoYero, MpH PaCCMOTPEHHH YHCTO HecemapabeabHbIX paciuupeHui.
Unuratemo cacayer npobexarb BCe 3TH KHHMH, YTOOb! O3HAKOMHTBCHA C TOUKAMH
3peHusl, OTAMYHBIMH OT HPHHATHIX B HACTOAUIEH KHHTE.

) 3peanouxofi orTMeueHa Jaureparypa, JHAoGaBJEHHAad NpH IEPEBOJE. —

{Tpum. peo.
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B »sToit uacTH BBOAATCA OCHOBHBIE TOHATUS aiareGpHl, W
rnasHas TPYRHOCTh JJI HAUMHAIOLIErO 3aKJI0YdeTcs B OBJa-
JeHdu PasyMHBIM CAOBApHbLIM 3aNacOM 3a KOPOTKOE Bpems.
Hu oaxo u3 HOBeIX MOHATHH camMo no cebe He sBAseTCs
TPYLHBIM, HO HX MOCJEA0BaTeqbHOE HAKOMIEHHE MOXET HHOrIA
110K23aThCl TAKKHM.

Yro6bl TOHHMATD TNOCASLYIOME uYaCTH KHHTHM, uMTaTedDb
10 CYLIeCTBY JAOJKEH 3HAaTh TOJbKO OCHOBHBIE ONpenelenns
9TOH nepso#t yacTH. Pasymeercs, Ta WM HHAA Teopema MOKeT
B JajbHeillileM HCI0Jb30BAaTbCH B OTAEJbHEIX MECTax, HO B we-
J0M MBI CTPEMRJNCL H30eraTh AJHHHBIX UENOYEK JOTHYECKHUX
3aBUCUMOCTEH.
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Mpynnsl

§ 1. Moroudwt

Mycts S — MuowkectBo. OTOGpaxceHue

SWS—S

HA3HBAETCS MHOTAA 3aKoHOM Komnozuyuu (Ha S B cebs). Ecmu x u
v — 3aeMenTsl 13 S, To o6pas mapel (X, y) TNPH 3TOM OTOOPaXCHHH Ha-
3bIBAETCH TAKKE WX npou3sederuesm OTHOCHTEJLHO 3aKOHA KOMITO3WLUH
u Gyler ofo3HauaThca duepes xy. (Muorza Mbl nuileM TaKxe X -V,
a BO MHOTMX CAyuasx yaAOOGHO HCTOJb30BaTb W aliMTHBHOE 00O03HaueHue
W mucaTh, TakuM oOpasom, x-+y. B stow cayuae Mmbl HasbiBaeM 3Jje-
MeHT Xx-+vy cymmoii x u y. OOGbuHO 0o603HAYEHHE X -y UCHOJB3YIOT
TOABKO B TOM CJyuae, KOT1d BBIIOJHAETCA COOTHOLIEHHe X -y =y x.)

Mycth S — MHOXeCTBO, HaleleHHOe 3aKOHOM kommosuuuu. ITponsse-
JeHMe SJeMeHTOB X, Y, Z M3 S MOXKHO COCTaBHTb IBYMS CNoOCoGaMu:
(xv)z 1 x(y2). Ecm (xy)z=x(yz) ang BCcex x, y, Z u3 S. 10 Mul
TOBOPUM, YTO 3aKOH KOMIOSHIHMM QCCOHUAMUBER.

Anement e u3 S, Tako#, uTo ex == x = xe 11 BceX X €S, Hasbl-
paercss edunuunoim daemenmonm. (Korna 3akoH KOMNO3UUMH 3aNHUCHIBAETCS
ANNMUTHBHO, EIMHUUHbLIM 3JeMeHT o0o3HauaeTcs uepes O u HasbiBaeTcs
HV.ae8blM 34e MeHmoM.) ELMHHUHBIA 3J1eMeHT elMHCTBEH, MOCKOJIbKY eCc/H
¢/ — Ipyrofl elUHUYHBIR 3IJEMEHT, TO MO MPEINONOKEHHIO UMEEM

B GONbIIMHCTBE cCJy4deB eAWHUWYHBIA 3jaeMeHT 0003HauaioT mnpocto |
(sMecTo €). B Goabuwieft wacTH STOH raaBH, 01HAKO, Mb OyleM THCATb e,
uToGbl u36eKaTh MYyTAHULB NMPH IOKA3aTeJbCTBAX OCHOBHBIX CBOMCTB.
Monoud — 310 Muoxectso G ¢ aCCOUMATHUBHBIM 3aKOHOM KOMIMO3HLUMH,
06/ NAI0MWUM eAMHUYHLIM 3/IeMEHTOM (TaK uTo, B wyacTHOCTH, G He mycTo).
Mycts G — MOHOML M Xy, ..., X, — 3neMentht us G (rie n— uenoe
ghcno > 1). Mbl ompelenuM HX NpOH3BEAEHHE MO UHAYKUUU

n

]_llxv=xl Cee X=Xy L X)X,
yv=
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Cnpasedauso caedyouee npasuio

m n min
R | e L

ymsepxcoalouee no CYWECnmey, HMmo Mol Moxcem A00uM cnocobon
paccmasaamp CxoOKku 8 HaweM npou3sefexuu, He UIMeHAs €20 3Haye-
Hus. JlOKa3aTenbCTBO JIETKO TNOMYYaeTCsl HHAYKLHEH, H Mbl IIPeAOCTaBASEM
€ro YMTaTeJI0 B KauecTBE YNPAKHEHHS.

n m+n
Bmecro Vl—llxmw MHIYT Takxke 1;11 Xy
= m

Y106HO CYHTaTh, YTO NMYCTOe NpPOM3BEAEHHE PABHO EIMHHYHOMY 3Je-
4]

~

MEHTY. Taxum OGPHBOM, o onpeneneHnIo ll X, =¢e.
ve=1

Moxno Omao 6w onpeneantn 6ojee obuiMe 3aKOHH KOMIO3ULMH,
T. . orobpamenus S )X Sy—> S5 ¢ NPOU3BOALHLIMU MHOKECTBAMYU, MONKHO,
Lajee, ONpeNeNuTh aCCOUMATHBHOCTb H KOMMYTATHBHOCTb B JIOGOH CuTya-
UMK, La9 KOTOpO# 3T0 mMeer cubicad. Hanpumep, 119 KOMMyTAaTHBHOCTH
HyXeH 3aKOH KOMIO3HIHH

fi SX ST,

TAe 1BAa WMCXOAHBIX MHOMKECTBa OLWHAKOBH. Kommymamusnocms TOria
034auaet, uTo f (X, y)=/(y, X), Hau xy==yx, eC¥ ONyCTMTL B 06O3HaYe-~
Huax f. Yro Kacaercs accouMaTHBHOCTH, TO Mbl NPeJOCTABJSEM UYHTATEADd
HaliTy HanGonee -001IyI0 KOMOUHALMIO MHOXECTB, NPU KOTOPOH OHa pabo-
taeT. Hmike HaMm BCTpeTaTcs creuMasibHble C/ydau, CBA3AHHBIE, Hanpumep,
¢ oro6paxeruaMi S X S—S u SX T —»T. 3necs npousseaenue (xy) 2
umeer cmpica npu x €S, y€S n 2z €T. Ipoussencnue x(yz) TaKwe
MMeeT CMBICT AJSl TaKHX 3JEMEHTOB X, Y, 2, W, CJelOBaTeNbHO, HMeeT
CMBICJ TOBOPUTbL OO acCOUMATHBHOCTH HAWIEr0 8aKOHA KOMIMO3WIMH, KO.b
CKODO /i BCEX YKa3aHHBIX BHILE JEMEHTOB X, Y, Z BHINOJHEHO paBeli-
cTBO (xy) 2 = x (y2).

Ecsu sakon xomnosnumu, ompenenennbit na G, KOMMyTaTHBEH, TO Mbl
TaKxe GyleM roBOpHTb, uTo caM monould G Kommymamusen (wan abeqes).

ITycmys G — Kommymamusueli MOHOUO U Xy, ..., X,— 34eMeRNbL
u3 G. ITycms $— Guexmusnoe omobpaxcenue MHONCECMBA AL X
wucen (1, ..., n) Ha ce6a. Tozda

n n
11 xp == v
v=1 v=1

Mo nokaxeM 9TO yTBepkieHne no Huaykuud. Jag a==1 ono
ouesuano. Ilpeanonoxum, uro oHo Bepuo aas n— 1. Ilycte & — raxoe
neaoe yucao, 4to P (R)==n. Toraa

n k-1 n—-k kR~1 n-~k
Illxw (v)=111 Xp vy * Xy k) * III Xy (k+v) == III Xy (v) * III X (k+v) * X (k)
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Onpeneaum otobpaxenne ¢ Muoxecrsa (1, ..., n—1) B cebGa dop-
MyJaaMu
eV =y, ecmn v <k,

W) =v9v+1), ecm vk .
Toraa

n k-1 n—k n-1
Ill Xp vy = III Xow:* III Xok-1+v) * Xn== III Xo ) * Xn,

yTO MO MHLYKHWM PaBHO X,, ..., X, KaK U TpebOBaJOCh.

Mycts G — xommyTaTuBHb# MOHOWL, [ -— HEKOTOPOE MHOXKECTBO, U
nycre f: [-—> G — rakoe orobpawenue, 410 f({)==e 411 MOYTH BCex
i€l. (Bnech u HUKe nowmu 8ce O3HAYACT BCE, KPOME KOHEHHOZ0 HUCAA.)
Ifycrs /,— noamuoxectso B [, cocrodiiee U3 Tex i, Add KOTOPBIX

f()+e. Ton
gm)

Mbl 6y]leM MOHUMATb NPOU3BCIACHUEC

I ro.

icl,

B3aTOe B JMOGOM TnNOPsLKe (ero 3HAa4YeHHE He B3aBHCHT OT MOpsdKa Mo
npelblAylieMy 3aMeuaHuio). PasyMeercs, MycTOe NpOH3BENEeHHE DABHO e.

Korza G sanuchiBaeTcs alZMTHBHO, TO BMECTO 3HAaKa NDOU3BeLeHWd
Mbl NHMIIEM 3HAK CYMMbI 2 !

HMwmeerca psn  ¢opmanabHbiXx npaBua oOpallieHHs C NPOHU3BeLeHUAMH,
KOTOphle OBLIO OBl CKYYHO TOJHOCTBbIO NepeuucasaTts. IlpuBesem ToJibKO
onut npumep. Iycrs [, J— asa Muoxectsa u f: [ X J— G — oro6pa-
}eHHe B KOMMYTaTHBHbII MOHOWI, TNpPHHAMalOllee 3HAYEHHE e LAA TOuUTH
Bcex map (i, j). Toraa

L ra p)=T I 7 ¢ »):
ieliLjes jeslies
JlokasaTeJbCTBO MPELOCTaB/AsSeM YUTATEJI0 B KaueCTBE YIPamHeHUs.

Mp 6yneM uHorza mucath Hf(i), onyckas {€/, ecan scHO, O Ka-

KOM MHOXKeCTBe MHIAEKCOB HIAET Deub.

IMycrs x — saement wmonouuma G. [as Beskoro ueqoro n > 0 Mol
onpeneanM x” kak
II =,

1

TaK uTO, B uactHOCTH, X?=e, x!==x, x’=xx, ... . Ouesuito,
Xt =x"x™ u (x")"=x"". Kpome TOro, B CHAy acCOUHMATUBHOCTH
ans moGHX ILByX SJEMEHTOB x M y MmoHouzaa (, Takux, UTO Xy == yX,
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nmeeM (xy)" = x"y". dopMasbHOe 10KA3aTEJLCTBO npenocTaBAseM 4uTa-
TEMI0 B KaueCTBE YIIPANKHEHHS.

Myers S, S’ — nBa noamuoxectsa Mononna G. Mel noHnMaem Nox
8§’ moamMHOKeCTBO, cocCTofllee U3 BCEX SAEMEHTOB BHIAa Xy, rie X €S
u YyES'. Tlo uHIYKUMH MOKHO ONpeneauTh NPOU3BEieHHe JOGOTO
KOHEYHOTO YWCJIa TOAMHOXECTB, NPHYEM HUMeeT MEeCTO aCCOUMAaTHBHOCTB.
Hanpuwmep, ecin S, §’, S”—noamuoxecrsa B G, 1o (S§7) §7=S (8'S").
3ametum, yro GG =G (notomy uro B G MMeeTcs eNMHWUYHBIR 3JIeMeHT).
Hans x € G mb onpeteany xS wak {x}S, raze {x}—muoxecrso, cocrosi-
uiee M3 OAHOrO 3aeMeHTa x. Takum obpasom, MHOXMecTBO xS cocTour
M3 BCeX 3/MEeMEHTOB BHIa Xy, rie yg£ S,

IToomonoudon mowonza U wasbizaercs noamuoxectso H B G, co-
lepwalllee eIUHUUHLIA BAeMeHT e u Takoe, uto xy € H, ecmt x, yEH
(vbl ToBOpUM, uTO H 3aMKHYMO OTHOCHTEbHO B3AKOHA KOMMO3MLAH).
flcno, yto moaMoHonn H caM sBASETCS MOHOMAOM OTHOCHTEAbHO 3aKOHA
KOMNIO3HLMHK, HHIYUMPOBAHHOTO 3aKOHOM KOMMO3uUuH Ha C.

Has Beskoro sjementa x MoHonza U nmOAMHOMKeCTBO cremened x"
(n==20, 1, ...) ectp noamonoun 8 G.

TlpiMEP MoOHOMAA. Mbl npeanosaraeM, 4YTO uHTaTedb 3HAKOM C Tep-
MHHOJIOTHEH 3JaeMeHTapHOH Tomosoruu. [lycrs M — MHOKecTBO Kiaaccos
roMeoOMOP(HbIX APYT APYry KOMIAKTHHIX (CBA3HBIX) NopepxHocTe#h. Omnpe-
nequm caoxenne B M. Tlyctes S, S8 — komnaktasie nosepxuoctu, D —
maJeHbkn# auck B S u D’ — manenskndt auck B S’. Tlycts nanee C,
C’ — oxpywuoctu, obpasywowue rpauuusi D w D', a D;, D;— suyt-
pennoctn nwckoB D u D’ coorsercrsenwo. Ilpukaenm S — D, x S'—Dj

oroxaectsuB C ¢ C’. MOXKHO mokaaark, uTO MOAYYAOULAACH NOBEPXHOCTh.
He 3aBHCHT C TOYHOCTHIO 10 rOMeOoMOpP(H3MAa OT NMPOH3BOJA B BhIGOpE,
HMelolerocs B npenplayueM nocrpoenud. Ecan o, ¢° 0603HauaoT kaaccsl
nosepxuocTel, romeoMopdueix mnosepxHocTAM S u S’ cooTBeTcTBEHHO,
TO Mbl OepeM B KauecTBe O —- 0’ KJACC NOBEPXHOCTH, TOJAyyeHHOH yxa-
3aHHBIM MNpPOLECCOM CKJEHBAHHA. MOXHO moKasarb, YTO TaK oOnpelneiet-
HOe cJloenHe omnpenedsier Ha M CTPYKTYPY MOHOM[IA, HYJEBBIM 3JeMeH-
TOM KoToporo Oyier kaacc oObluno#i IByMe pHOH cdepn. Kpome rtoro,
ecay T 0603HAuaeT KJACC TOPA, a T — KJIACC NPOEKTUBHOH NJAOCKOCTH,
10 BCAKHH 3aeMeHT O u3 M uMeeT eIMHCTBEHHOe HPEACTABIEHUE B BUIE

=nt -+ mmn,

rie n— uejaoe uncio >0, a m=0, 1 um 2. CnpaBenuBo paBeHCTBO
3n=1 4.

(penbiaywuit npumep BkJIIOYEH 0O ABYM INPHYHHAM: BO-TEPBHIX,
yToObl CKPAcuTb HEH3OENKHYI0 CKYKy 9TOro maparpada; BO-BTOPHIX, YTOGHI
TIOKa3aTb YMTAaTeMqI0, YTO MOHOHMIBI CYLIECTBYIOT B npupoie. HeT Hyx ib
TOBOPUTL, YTO 3TOT NPHMEP HUKOMM 0Opa3oM He OyAeT WCMO/b30BATHCH
B OCTaMbHOH uyacTH KHHUTH.)
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§ 2. I'pynnot

I'pynna G — 310 MOHOML, B KOTOPOM IS KawiOro siemedta x € G
cyiecTByeT 3sjeMeHT y € (U, Takol, uTO Xy ==yx =e. DneMeHT y Ha-
aniBaercs o6pamuom K x. OGpaTHEIA 2MeMEHT eAUHCTBEH; AeHCTBUTEIbIIO,
ecan y' — Apyroit obpatHeIl K X, TO

V=ye=y (x)=@yx)y=ey=y.

Mbl  ofo03HauaeM 35TOT OOpaTHHIK 3JeMeHT ueped x~! (MM yepes — x,.
KOr1a 3aKOH KOMNO3WUUWM 3alUChIBAETCS alXUTHBHO).

Jnag mo6oro moOJOKUTENLHOrO LEJOr0 YMCJAA # Mbl noJdaraeM x~"—
= (x~1" Tlpu 3roM 0OblYHble MpPaBUJA OMEPHPOBAHHA € TMOKA3aTeAAMH
BHIMOJIHAIOTCS [ BCeX MLeJbIX 4YHCeJd, a He TOALKO I8 LEeJbX 4Yhces
>» 0 (kak 310 OHLIO AaA MOHOMIOB B § 1). TpuBManbHOE KOKA3aTeLCTBO-
NpeloCTaB/IACTCA YNTATEO.

Mbi Morn 6Bl TakKe ONpele/uTh JeBble eIHHHLL M JeBbe 06paTHble
(oueBHAHBIM cnocoboM). Jlerko n0Ka3aTh, 4TO OHU SABJSIIOTCH HA CaMOM
nese elMHMUAMKH M oOpaTHbIMM COOTBeTCTBeHHO. HMmenno:

ITycmo G — MHOMCECMBO ¢ ACCOUUAMUBHOLM 3AKOHOM KOMROUUULY,
e — aesasn edunuya 04 3mozo 3axona. [Ipeonoaoxcum, umo y rasnc-
0020 3.1emenma ecmo nesuiii o6pamusiii. Tozd0a e—edunuya u BcAKULL
nesulll obpamupl ssasemcs maxoce oopamusin. B wacmuocmu, G —
epynna.

g nokasateabcTBa PacCMOTPHUM  TNPOM3BOJBHHIA 3aement @ € G H
ero Jesnift obparumift b€ G, ba—ce.

Hmeem

bab —=eb=10.

Ymuoxenue cleBa Ha JeBbIH o6paTHmM naa & aaer
ab=—ce,

JpyruMH CJOBAMH, b sABAseTcs TaKkxe NpaBeM oGpaTHbiM k a. Kpowme
TOTO,

ae—aba —ea—=a,
CJie10BaTeNbHO, € — Tpasas eiuHuLA.

Ipumep. Ilycto G ~rpynna u S — nenycroe MHOXecTBO. MHOMeCTBO
oroGpaxennit M(S, G) apaserca rpynnoH; uvenHo, AJa MOGHX ABYX
o1o06paxennit f, g wmuoxectsa S B G onpeleanMm orobpaxenne fg

PABEHCTBOM
(Jg)(x)=[f(x) g (x)

-1 -1 -1 N
n oroGpaxenne [ papenctBoM [ (x)= f(x)” . TpuBMambHO npose-
paercst, wro M(S, G) —rpynna. Ecan G iosuyraruBHa, To TaKoBa ke
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# rpynna M(S, G), ¥ npu alIMTHBHON 3amucH 3akoHa Komnosuuud B G
TaK JKe 3aMUCHIBAIOT W 3akoH komnosuuuu B M(S, G), tak wro nuuyr

f—+ g Bmecto fg m —f BMecTO i

IMpumer. Ilycth S — Henyctoe MHOMECTBO, G — MHOXECTBO GUEKTHB-
apx otoGpaxenuit S na cebs. Torma G -—rpynna, npuyeM 3aKOH KOM-
NIO3ULHH — OOBIYHAT KOMNO3ULHS oToOpaxkenud. ExuHuunsim anemeurom G
ABJAETCS TONKIUECTBEHHOE OTOGPAMEHHe MHOKECTBA S, & rpynnopnie CBOH-
£TBA TPOBEPAIOTCH TPUBUANLHO. DieMents rpynnsl G HaswBalTcd nepe-
LMAHOBKAME MHOKECTBA S.

ITpuMEP. MHOXECTBO paLMOHAMbLHBIX YHcea 00pasyeT IPymAy OTHO-
CHTEIBHO CJOXKeHHs. MHOMXECTBO OTAMUHBIX OT HY/S PAUMOHAMLHLIX YHCes
0fipagyeT rpynny OTHOCUTENbHO YMHOXeHHA. AHaJAOTHUHBIE YTBCDKIEHHS
CNpaBeliMBbi AJf BELIECTBEHHHX M KOMNJEKCHBIX yhces.

[lycts G — rpynna. ITodepynnoii H rpynnst G HasbiBaeTCs NMOJIMHO-
wectBo B U, collepikaliiee eJMHUUYHBIHA 9JeMEHT U 3AMKHYTOE OTHOCHTENbHO
BaKOHA KOMIIO3UUMH W B3ATHS OGDATHOrO 9JeMeHTa (T. €. 9TO NOAMOHOMI,
Takof, uro x~1€ H, ecau x € H). Tloarpynna nasniBaetca mpusuaabHoi,
€CAY OHAa COCTOUT M3 OLHOTO eIMHWYHOrO 3JemeHta. Ilepeceuenue Jo6oro
HENYCTOro ceMelicTBa MOATPYNA ecTh MOArpynna (TpUBHAIbHAA NPOBEPKA).

Mycrs G, G’ — vowounast. l'omomopgusm MOHOUAOB (MIM TPOCTO
romMomopduam) G B G’ — aro oroGpaxenne f: G —» G’, ynosaeTsopsioiiee
yeaoBulo  f(xy)= f(x) f(¥) mas Bcex x, y€ U u mepeBofsllee elu-
ununbift saeMent mououaa G B enmumunbift saement G'. Ecoim G u G/ —
rpyniuel, TO 2omomopgusm zpynnet G B G’ — 3T0 MPOCTO MOHOWAHBIN
roMOMOpPQHU3M.

Mpt uHorza Oymem rosoputbh: ,nycth f: G—> G — romomopduam
rpynn“, umes B BHiy: ,nycts G, G' —rpynnu u f — romoMopduam
rpynnel G B G'*

Iycrs f: G -> G’ — romomopdusm rpynn. Torna

fa)=fw™h

JIefCTBUTEALHO, €Cau e, e,—-elll/IHl/NHbIe agementsl B8 G nu G’ coorser-
CTBEHHO, TO

e =[fle)=[(xx")=[f(x)f(x7D.

Kpowme roro, ecan G, G’ — rpynnn u f: G — G’ — Takoe oToOGpaxeniue,
yro f(xy)=f(x) f(y) ana Bcex x, y us G, 10 f(e)=¢'. [e#crau-
TeabHO, f(ee)= f(e) U Takxe paBHO f(e)f(e). YMHOmenue Ha oO6par-
bl K f(e) nokaswiBaer, utc f(e)=¢'.

lyers G, G’ — monounn. T'omomopduam f: G — G’ HassiBaercs
usomoppusmon, ecan cywectsyer romomopdusm g: G’ — G, rtako#t, uro
Jog n go f—roxnecrsednble oto6paxenus (8 G’ u G COOTBETCTBEHHO),






