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IIPENCJ/IOBIE KO BTOPOMY M3IAHUIO

Ilpn noproroBke BTOPOro WM3JAaHUA MBI HECKOJLKO pPeEOp-
raHu3oBagnm MaTtepman Kuurn. B wacrnoctu, ObIM H3BATHI
npocTele 3ajaunm Ha Bolunmcgenne. OHum OyAyT BKIIOYEHHI B
roToBAmKiica HaAMH CcHeNUaJbHBIA COOPHUK 3aJad W yHpask-
neHuil no GyHKOUOUAJBIIOMY aHamn3y. B To 3Ke BpeMs MBI
nocTapajnch YTOUHHTH M HECKOJbKO YIPOCTUTH TeOpeTHye-
CKMe 3aJadun.

Pacmmpen Tteopernmuecknit pasfgen wuura. JloGaBienbl
npuoxeHna (QYNKIUOHAIBHOIO alajn3a B MaTeMaTHYecKOM
IPOrHO3NPOBANINHA, a TaKKe MaTeMaTHueckas MOJelb KBaH-
TOBOII MexaHWKH. B Goupmem o0beMe H3I0KeHa COEKTPAIb-
nasg Teopus, Jo06aBjieHa Teopus pPACIHINPEHNII OIepaTopoB.
B nacrogmem BuJe KHHra HOJHOCTHIO OXBATHIBAET HPOrPaM-
My KauAuTaTCKOro 9K3aMeHa o (YHKIMOHAJIBHOMY aHAJIH3Y.

IlepBoe m3manwe KHUTKM OBLIO [epeBeeHO Ha AaHIIMII-
ckuii, (paHuy3cKUil, UTANLAHCKNN W BEHTePCKUil S3BIKMH.
Ilpn mojroToBKe 5THX HepeBOJOB OBIIO C/ENTaHO JOCTATOYHQ
MIOro nenpasnennii u mobasienmuii. Bee omm yureHmr B Ha-
crofgmeM naganum KHUrH. HpoMe TOro, CymiecTBeHHO Imepe-
paboTaubl yrasauis K pemieHHNI0 3afad.

A. A. Kupuaaos, A, J]. 'suwuanu



NMPEANCJIOBIE

V¥ixe mpocTeiilmas MareMaTHyecKas aGCTpaKOuA ABJIEHUIT
peanbHoil AeficTBUTeNTBHOCTH — IpAMAasg JNHHA — paccMaTpii-
BaeTCsd C DA3HBIX TOUYEK 3peHHA pa3dM4HBRIMI MaTeMaTHue-
ckuMn guenunnnaamn. Tak, agxredpamueckuil moaxox K usy-
YeHUI0 3TOr0 00'bEKTA COCTOUT B ONMCAHUN €r0 CBOHCTB KAk
MHOKeCTBA, K 2JeMeHTaM KOTOpOro MOKII0 NPHMEHATH «ore-
pauuuy, ¥ B MOJYUeHHI ero ajrefGpanvyeckoil MojIenu HA ocC-
HOBAHII 3THX CBOIICTB, adCTparHpysachr OT CBOHCTB TOIOJIO-
rinveckux. C gpyroii cropoubl, Tomojsorus aberparupyerca
or anreGpanueckoii cTpyKTypbl o6bexTa U cTponT (opMalb-
HYIO MOJeNL NPAMOIl JIMIIM, BBIJEJAAsd B KauecTBe OCHOBbI
MOIedIl ee HenpephIBHOCTL. AHaji3 paccMaTpHBaeT NPAMYIO
1 (yHKOIK Ba npaMoil B elnHcTBe Becell CcHCTeMBI UX al-
re6pamuecKuX U TOIOJOCHYECKNX CBOIICTB, M[OJYyYyasd CBOII
OCHOBHBIE BBIBOJIbI MYTEM 11CIIOJL30BAHMA B3aLMOCBA3M anrco-
panueckoil U TOMOJOCHNYECKOll CTPYKTYP.

Takan e kapTuna nabuaioaerca ¥ Ha 0ojee BBICOKHX
crymeuax aberpaknni. AjnreGpa umayuaer auHeiiHble Npoct-
paucTBa, rpynnsl, Kogapua, Modyau u 1. 1. Tomosorus —
pasinyHoro poAa CTPYKTYpPHl Ha NpPOU3BOJLHBIX MHOMKECT-
Bax, OpujaloLIe MaTeMaTHYeCKIil CMbICJH OOHATHAM [1pe/jeia,
HenpepsiBHOCTH, oRpecTHoCcTr 1 T. A. DyHKIMIIonaawupiil
aHaJIu3 paccMaTpPUBAET TOMOJOTIUeCKHe JIHeHNbIe IpocTpaH-
CTBA, TONOJOTHYECKHE T[PYIIILl, HOPMIPOBAHHBIE KONbLlA,
MOIyJH mpelicTaBIeHUIl TONOJOTMYECKUX TPyHId B TOMOJOTII-
YecKHUX JUHEHHBIX HpOCTpaHcTBax W T. 1. TakuM obpasod,
OCHOBHBIM MpPEAMETOM M3yueHUs (QYHKIIIOHAJBHOTO aHajI3a
ciaelyeT C€YUTaTh OOBEKTHI, HAJeJeHHBIE COIIACOBAHILIMII
ajare6panvdeckol 1 TOMOJOTUUYECKOI CTPYKTYpPaMU.

Rypc dyurnnonanbnoro amanusa, BIepBbie MPOUHTAHHBII
Ha MexaHnKo-maremartuueckoM gaxynsrere MI'Y A. H. Koa-
MOTOPOBBIM U TpPagUOVOHHO BRJIIOYAOmuii B cebs TEeOopHI0
Mepnl m mHTerpana JleGera, B OCHOBHOM MOCBSIEH KJIaCCH-
YecKuM pasjenraM QYHKINOHAJILHOro amanusa. llpepmaarae-
Mag uyuTaTesio KHHrA ABIAETCHA PE3yJNbTAaTOM MONMBITKU 0600-
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MeHAA W CACTeMATH3alM ONBITA NpPENofaBaHAA AaBTOPAMH
3TOr0 Kypca Ha MeXaHHKo-MaTeMaTHUecKoM (QaxKyaIbTers
MTI'Y =z mpeciexyer clenymmue LMejd.

Nsnomnts HEOOXOOUMBI® TEOpETHUECKHe CBejeHHA MO
Kypcy OQyHKOHOHAABHOTO AaHAIZH3a B 00beMe HpPOrpaMMEI
MaTeMaTHYeCKAX (aKyJabTeTOB YHHBEPCHTOTOB.

CrabmnTh OpenofiaBaTesielf, YATAOMUX JEKIOAE X BeAy-
mux ynpakHeHnA Oo JyHKOIHOHAABHOMY aHalm3y, a TaKKe
CTY[GHTOB, M3yJalOIIAX 9TOT HpeAMeT, mocobmeM, OpraHH-
9YeCKM coefmHEAIOMNM B cefe yueGHOHK W 3aJavuHOK € HOCTa-
TOYHO MOAPOOHHIME YKasaHEMAMHA K PeINIeHHAM 3ajad.

HaTts unTaTemio mpefcTaBieHHe O HEKOTOPHIX BdIEMEHTax
anmapaTa, NCIOJNB3YeMOro MJIA pemeHWA 3aJaT COBPEMeH-
HOro (DYRKOMOHATLHOTO AHANM3A (KATETOPWH, (DYHKTOPHI,
OpoCTpaHCTBA KOTOMOJOTHMil, XapaKTepsl rpynn # T. 1.).

Crabpurs umraTens uoco6neM, OPUTOMHEIM JIIA caMo-
CTOATEABHOI0 U3yUYeHAA KIAaCCHUECKIX INIaB PYHKOMOHAIBLHO-
ro aHain3a X OCBOGHAA METONWKA pEIIeHAA COOTBETCTBYIO-
mux sajad.

Kanra memmtca Ha Tpm TecHO cBA3aHHBIE MeMAy coboit
9acTH — TeOpHMI0, B3ajlaud M YKAa3aHNA K pemeHA0 3ajad.
CooTBeTcTByIOmMHAe pasfensl KaMmoil n3 Tpex wacrteit o6memu-
HeHsl 06muM HassaameM. ['1aBsI mofipasnesiAOTCA HAa maparpa-
¢b1, a maparpads! (Kak DpaBmio) — Ha OYHKTHL (KpoMme rJia-
ol I). Cmcrema mesnemMA KHUIH HA DYHKTH MOKeT OBITH pe-
KOMEH/[0OBaHA B KAYECTB® CXeMbl OPUMEPHOr0 paclpefeleHHs
MaTepuaja o CeMUHAPCKUM BaHATUAM, IJle HA MaTepHAJ Kaji-
IOTO TYHKTa OTBoguTcA 1—3 3aHATAA B 3aBUCHMOCTH OT
HANpaBIeHHOCTH KypCa, YPOBHA HOATOTOBKA CTYMeHTOB M UX
nntepecoB. IJo KamxOMy OYHKTYy DpHBOJATCA 3ajadd pas-
JMYHOM TPYMHOCTH, OpWYeM Te, KOTOpHE COCTABIAAIOT He-
00X0UMBIli MUIHAMYM, IOMEUEHbl KPYIKOUKOM, a CIOMKHBIE —
ssesnouxoii. HeGombmioe umeimo ocoGo TPYAHBIX 3amad oTMe-
YeHO [BYMA 3Be3J0uKaMu. PermeHmA 5THX 3affad MOTYT GBITh
M3JI0MEeRH mpemojaBaTelieM Jau00 MIPeIIOMKEHEl CTyIeHTaM
Kak TeMbl WHAABAAYaJdbHEIX MorIanoB. C JApyro#l CTopoHHI,
3aaYl € KPY'KOYKOM pasyMHO DEKOMEHAOBAaTh IJIA MHUCh-
MEHHBIX KOHTPOJBHBIX pabor.

Astopn 6marogapunt C. M. Arasmy, A. B. 3enesmacko-
My # A. B. TpycoBy 3a moMoOIIb B COCTABIEHNH yKa3aHMii
K peimeHMAM 3ajad.

A. A. Rupuanos, A. J]. I'suwuanu



PASOET I

TEOPHUA

FTABA 1

CBEJEHHIA 13 TEOPII MHORECTB
n TonoJiornmn

§ 1. Ornomenns. Axcuoma BbiGopa u demma I{opna

IIyers X — muomectso, R — mogmuoxectso B X X X,
ToBopar, uro Touku « u y us X mHaxomaTcs B oTHoweHuu R,
n ounryt xRy, ecan (z, y)E AR.

Ilpumepsr ornomernnil. 1) OrHomenne paBeHCTBA!

R=Ax={(z, z)|lz=X}.
2) OrHomenWe WOpAAKA HA BEIIECTBEHHOI mpsaMOii:
R={(z, y)lz=y).

3) OrHomeRne nuHeiinOil 3aBHCEMOCTH B JHHEHHOM IpoO-
crpanctBe L max momem K:

R={(z, y)ly=0 mubo z=A>Ay, A=K}.

Ornomenne R Ha3bIBaeTcA OTHOULEHUEM 3IK8UBANEHTHO-
cTU, ecii OHO 00JiafaeT CBOMCTBAMIL:

1) pedanercusnocru: (z, 2)=R Vre X (um
R > Ax);

2) cummerpuurocTu: (2, yY)€sR=>(y, )= R (nmm
R’ =R, rue R’ o3HauaeT TPAHCNOHUPOBAHHOE OTHOUlEHUE:
R'={(z, y)I(y, x)= R});

TpausuruBuoctu: (z, y)€R n (y, 2)=R =
=(z, 2)€R (umm R°-R<R, rie 3HAK ° 03HAYAET KOMNO-
auyuro otHowenuil: R, o R, = {(z,2)| 3y: (2, y)=R,, (y, 2)S
€ R,}).

ITyers R — oTHOIIEHYMe KBUBAJIEHTHOCTH. B aToM ciyuae
OyneM mmcats x ~ y BMecTo xRy W roBOpuTh, 9TO Z dKEUEA-



aenten y. Obosznaunm uepes R (x) COBOKYHHOCTH BCeX aire-
mentos u3 X, oskBuBasentunix z. M3 ceoiicrs 1), 2), 3)
BBITEKAeT, 4TO IOAMIOMecTBa Buja R (x) ucuepmsiBalorT BCe
X u nomapuo gu6o He mnepecexalTca, Jubo COBOAJAIOT.
AT MOIMHOMKECTBA HA3BIBAIOTCH KAACCAMU 9KGUEANEHTHOCTU.
CoBOKYIHOCTH KJIACCOB 3KBHBAJEHTHOCTH o6Go3Hauaercsa X g
u HasbiBaetca iakTopuroncecreor X mo orHOmenmo R.

IIpumeps. 1) Ilpoexrusuoe npocrpanctso P(L), cBsa-
3a1U110€ ¢ NMAaHHBIM JHHeiineiM mpoctpanctBoM L. 2) Daxrop-
npoctpancrBo L,/L, nuuefiHoro mpocrpauctsa L, mo mof-
npoctpaunctBy L, (ana z, y € L, cumraeM, 410 = ~ Y, €CJIH
z—y<L,). 3) CoBokynHOCTs BBIUETOB 1o Moay:wo n. 4) Co-
BOKYIIHOCTh TIOJOKUTENBHBIX PANMOHAJLHBIX MJN BCex Ie-
JBIX YHCEJ] KaK KJIACcCOB 3KBHBAJEHTHOCTH Oap HATYPadbHBIX
YIcet.

Ornomenne R na muokecTBe X HA3LIBAGTCSA OTHOWEHUEM
yacTUH020 nOopadka, ecaun oHo obiamaer cBoiicTBAMM:

1) rpansurusuocru (R°R<R);

2) amrucuMverpuunocrtn (RNR < Ayx).

Buecro 2Ry 06BIUYHO MUIIYT £ =2 Y I TOBOPAT «Z CJHEAYyeT
3a y». 3HaR > (4HTAeTCH «T CTPOTO CJIEIYeT 33 Y») MHI
OyieM ynorpebusars mis  ofo3naueHns oTHomeHHs R, =
= R\Ax. Takum o6pasoM, £>y o3Hauaer 2=y u T FY.
Ecu, KpoMe TOro, BHIIOJHAETCA CBOHCTBO

3) RUR'=XXX (1. e. nio0ble 1Ba BJIEMEHTA CPABHH-
¥oI), TO oTHomeHie R HaspiBaeTCsi OTHOWeHUeM nOpAJKQ.

IMMpumeps. 1) OGoiunoe OTHOmIEHME MOpPSIKa Ha Be-
miecTBeHHOI mpaAvoil. 2) OTnomrenne BRIIOYENHS A MOJ-
MOOKECTB [aHHOTO MHOKECTBA (9TO oTHOUIEHWe 0603HAYAIOT
3HaKOM <), KOTopoe fABJfeTCA OTHOUICHMEM YacTUYHOTO MO-
paika (umo He mopaAika). 3) OTHomenue JAeJUMOCTH JJA
Teaslx gicea (06BIYHO 0003HAUaeMOe 3HAKOM |), TakiKe sB-
JIAONIeeCs OTHOIIEHIIEM YACTUIHOTO DOPAIKA.

IToammoecTBo Y B UYaCTHYHO YOOPANOYEHHOM MHOMKe-
crBe X Ha3BLIBAGTCHA 02pAHUUEHHBIM ceéepry (CHU3Y), ecan
OHO [IOIyCKAeT Maxcopanty (MUHOPAHTY), T. €. TaKoil sie-
ment r X, uro y <z (coorsB. y =) muA Beex yEY.

MuosectBo X ¢ oTHolIeHNeM YacTUYHOro mnopsagxka R
HAa3bIBAETCA HANPABAECHHBLIL MHOXMcecTeom, ecin R obmamaer
coiictBom R’ e R=XX X (gpyraMu ciaoBaMu, A1 JIO0BIX
z m y uz X Haiigercs ajeMeHT 2z, ciegyiouyiii m 3a z, m 3a
y). Lean (X, R) — HanpaBieHHOe MHOecTBOo, M — mpous-
BOJIbHOEe MHOKeCcTBO, To orobpasenne X B M HaswsBaercA
HANPABAEHHOCTbIO HIN ceTvlo B M. JTo moHATHe ABJAeTCA
000611eHneM DOHATHA MOCJeI0BAaTENbHOCTH, K KOTOPOMY OHO

i0



cpoanTcd, ecan X — HaTypamabHbIT pAZ ¢ OOBIYHBIM OTHO-
lIeHEeM MopAJKa.

B kypcax BhicmIeli MaTeMAaTHKH HEpeIKO TOBOPAT, 49TO
IOHATNE MHOJNCECT8A «ABJIAETCA IACTOJIBKO OOLIIM, 4TO eMy
TPYAHO HATh KaKoe-IA0O ompejesiienie», W MOITOMY OrpaHU-
uyMBaIOTCA YKa3aHueM psAfa CHHOINMOB: 11a60p, COBOKYMHOCTS,
cemeiictBo u T. . Ha camoMm fese cymectsyeT crporas Teo-
pus MHOKECTB, B KOTODOil 9TO NOHATHE TOYIIO ONpeJensercs
(pasymeercs, He cBeAéHHeM K JpyruM, Gojee mpOCTHIM WJIN
00IUM NOHATHAM, a OMHUCANHEM TeX CBOICTB, KOTOPHIMH 00-
lajaeT mouATHe MHoMkectBa). [lpm oTOM oOKaspiBaercs, uToO
BoBce He BCAKNE «HAbOp», «COBOKYIHOCTB», «CEMEHCTBO» M
T. A. MOMHO cuMTath MHokecTBoM. (Hampmvep, momsartme
MHOKECTBA BCEX MHOKECTB, KaK M3BECTHO, NPOTHBOPEYHBO.)
TeM 1e MeHee CyIeCTBYIOT HENpOTHBOPEYIBBIE TEOPHHU C JO-
CTaTOUYHO OOTATHIM 3aMACOM M HOKECTB.

Jlna GoapmmHCTBA pas3flesioB MaTeMaTHKN [0CTATOYHO,
utTo0bl paccMaTpPUBAaeMblii 3a1aC MHOKECTB CONEPIKAT XOTA
661 01HO OecKoHeumoe MHOYKECTBO H JOMyCKald CJIelylomlne
onepanuu:

1) ob6vemgumenne U X,

o

za
2) nepeceuenne (] X,

3) pasmocts X\Y;

4) nmocrpoenine Mmuoskectsa ortodpaskenuit X B Y, o6osma-
yaemoro Y¥;

5) upoussejenie IL X,

Az

31ecs X, Y, A un Bce X,, a = A, gBIAK0TICA MHOMKECTBa-
MH, 1 MBI IIpelIoJaraeiM, 4To pesyJbTATOM ONepaluH TaKkKe
ABJACTCA MHOMKECTBO.

Ilocneauan onepanns 3acay:Kipaer 0osiee NOAPOGHOIO
o6eyskleHnda. llycrs A — HeKoTopoe MHOMRECTBO H KaiKIOMY
aleMeHTy oo € A mocTaBieHo B COOTBETCTBIE HEMYyCTOE MHO-

HecCTBO Xa. ITo OINpeJeNIeHITIO, 3JIEMEHTOM MHOMKeCcTBa H Xa
a=A

ABIsAETCA Takoe oTofpaskenne a—z, MHOkectBa A B (J X,
az4

uto 2z, € X, m1a Bcex a<A. Ecan muomectBo A Gecko-
HEeYHO, TO CYIeCTBOBaHHE TAKOro oTOOpajkeHHA HEOYEBHIHO
(1, Kar celfyac M3BeCTHO, He MOKET OBIThH BBIBEIEHO W3 €ro
CYIIeCTBOBAHNA A KOHeYHBIX A H IPYrHX ecTeCTBeHHLIX

axcmom). Tootomy yrteepiieune o neuycrore 1] X, s
A

a=
HEMYCThIX Xa OpHHAMAKT B KayecTsBe CAMOCTOATENBHOH aK-
cuoMmbl, Oua goJayuilia Hagpanle akclomol sbtéopa HIN ak-
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cuomwy, Ilepmeso. TlpuBeseM 1Ba yTBepKAeHHA, IKBHBAJICHT-
Hble aKcHoMe BbIOOpA.

Jemma Ifopua. Ecau 6 uactuuno ynopadouernHom
muoxcecree X acakoe ynopadouenroe noOMHONECTEO 02PAHU~
ueno ceepry (crusy), 7o 6 X ectb zora 6bl 00uH MakCu-
MAAbHBUL (MUHUMAABHBLL) dAEMERT Xo.

3amevanue. TepMUH «MaKCHUMaJbHBIT dJleMeHT» He
03HavaeT, 4T0 I, =z JiA BceX £ =X (Takofl 3JeMEHT MBI
fyneM HasbiBaTh Hauboabvwunm). MakcmManbHOCTH X, 03HA-
yaer auuib, 4To B X HET 3jeMeHTa, CTPOTo CAERYI0mero 3a .

Teopema Ilepmeno. Kawadoe muoxecrso MoxHO
6nOAHE YROPAJOUUTL, T. €. G6eCTU HA HeM TAkOe OTHOULe-
Hue nopadka, npu KOTOpoM al060e nodMHONCECT80 cOOepHUT
HaUMEHbWULL dAeMEHT.

O6a >TH yTBep)KIeHWA ABJIAIOTCA, IO CYmecTBy, 0000-
IieHreM I13BeCTHOr0 NPIHINIA MaTeMaTHYecKoil MHIYKII
U 3aMEHAIOT 5TOT HPWHIUO B TeX CIAydYasdx, Korga IpHXo-
JIUTCA HMeTh /[eJ0 ¢ HecUeTHHIMH MHOMKeCTBaMH.

Ynrarenmo, skenamoneMy noapodHee NO3HAKOMHTBCA C OC-
HOBAMH TEOPHH MHOKECTB, MBI pEKOMeHJyeM IIPOCMOTDeTh
«CBojiky pesyabTatoB» Kuurn [6], a TaxkiKe mpeAncioBHA
aBTOpa M pejakTopa nepeBoja K IToll KHHUIe; CM. Tak-
e [20%],

§ 2. Merpuueckne mpocrpaHcTBa W UX NPHIOKEHNA

Bakueiimne mOHATHA aHajn3a — npefen M HENpPepbIB-
HOCTh — ONMpPAIOTCA HA IOHATHE PACCTOSHUA MeKAY TOUYKa-
MH uuciaoBoir ocu. Dopmanuszanusa 3TOro HOHATHSI NPUBOJUT
K olpe[ejeHHi0 MeTPUUYECKOr0 MPOCTPAHCTBA.

Onpegmenenne. Merpuueckum npocTPamcrTéoM Ha3bl-
BaeTca MHOMKecTBo X BMecTe C BellecTBeHHOH (QyHrmueir d
Ha X X X, oGnapapoueil cBoiicrBaMn:

1) d(z, y)=0; d(z, y)=0, ecin u TONBKO ecad T = y;

2) d(z, y)=d(y, ) (cMMMeTpPHUYHOCTS);

3) d(z, y)+d(y, z2)=d(x, 2) (HepaBeHCTBO TpEYyroJb-
HHMKA).

QOyuxnua d HasbBaeTCA PACCTOAHUEM HIN METPUKOL
ma X.

Ms nmpefiocraBisieM 9HTaTenld YOeIMTLCHA, 4TO ompeje-
JleHHA mpefiesia 9HUCI0BOIl MOCHE0BATENbHOCTH H HEIpPephIB-
HOCTH BeIIeCTBeHHON (PYHKIUH OT BellleCTBeHHOro apryMmeH-
Ta MOMKHO JIOCIOBHO NEpeHeCTH Ha I0CJIeJ0BATeNbHOCTH TO-
9eK METPHUYECKOTO IpOCTPAHCTBA M OTOOpasKeHAA OLHOTO
MeTPHYeCKOro IpPoCTPaHCTBA B APYToe.
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IIprBesieM ele HECKOJABKO ONpEeeNeHMt, CBA3AaHHEIX C
[OHATAEM pACCTOAHMA W MMEIOIINX CMBICH B JIOGOM MeTpH-
4YECKOM IPOCTPAHCTBE.

SaMEHYTbIM WapoM C MEeHTPOM @ M PAJUyCcOM I' B METpH-
yeckoM npocrpancTtse (X, d) HasbiBaeTCA MOAMHOMKECTBO B
X, cocrosmee M3 TOYEK ¥, HAXOAAIIMXCA HA PACCTOSHAW <T
or toukn a € X. Msr Gydem oGosmawars aror map B(a, r).
Ecan B ompesieleHMH 3aMKHYTOro Inapa 3aMeHHATbh HEDPAaBeH-
ctBo d(a, r)<r Ha cTporoe HepaBeHcrso d(a, z)<r, TO
MONYYUTCA ONpejeNeHNne OTKPbiTOZ0 wapa, 0603HAYAEMOro
o

B(a,r).

Touka a Ha3bIBAETCA TOUKOU NPUKOCHOBEHUR IJIA MHO-
smecrsa A, ecim gua moboro r>>(0 B mape B(a, r) ecrs
TOYKN MHOKecTBa A.

MeuosectBo A Ha3bIBaeTCA 3AMKHYTHLIM, eCIH OHO CO-
JIepKAT BCe CBOM TOYKHM NMPHUKOCHOBEHMS, W OTKDbITHIM, eCIH
BMeCTe C Ka)KAOH TOYKOH @ OHO COJepKHT HEeKOTOphIi map
B(a, r) ¢c r>0.

Unrartenio, KoTopbiii BmepBble 3HAKOMHTCA C JTHMHA IO-
HATHAMY, NO0NE3HO OyJeT CcaMoCTOATeNbHO JA0Ka3aTh, dTO
3aMKHYTHIfi Inap SABIAETCA 3aMKHYTHIM MHOMKECTBOM, a OT-
KPBITBIH I1Ap — OTKPBITHIM MHOKECTBOM.

Merpuueckoe mpocTpaHCTBO X HA3HIBAETCHA NOLHBLM, 6CIH
BcAKaA (yHJaMeHTanbHaA OOCIEJ0BATEeIHHOCTh MMEeT Ipe-
menx B X.

Ilonubie mpocTpancTBa 061afal0T Ba)KHBIM  CBOMCTBOM:
B HHX CIPaBeIJNBH /iBA YTBep:KOGHHsA, CIY’KaIlWe OCHOBOMN
IJA BbIBOla MHOTOYMCIEHHBIX (TEOpeM CYIIEeCTBOBAHEA» B
aHajiuse.

Teopema o crarusammuxca mapax. Hycrs
{B,} — nocaedosaresvHocTs 3aMEHYTHLT wapoe 6 MeTpuye-
ckom npocrpancree (X, d), obuaadarowas ceoiicTeamu:

1) Bi,>B,>...2B,>... (1. e. Kawdwuli wap codep-
auTcs 6 npedvidyuem);

2) paduycvl wapoe cTPeMATCs K HYa10.

Tozda ecau X — noaroe npocrpancreo, To ece wapsl B,
uMerT posHo 00nYy 00WYI0 TOUKY.

Ilpoanun cxumaomux orobpaskernuit. Hycrs
f: X = X — orobpaxenue MmeTpuueckozo npocTpancrea 6
ceba, obaadaroujee ceolicTeoM: das HekoTopozo uucaa A <1
6bINOAHAETCS HEPABEHCTE0

a(f(z), f(y))<Ard(z, y)

Oan gcex z, y= X,
13



Toeda ecau X noawo, 10 oTobparxcenue [ umeer posHO
00ny HenodeuixcHyw Touky zx=X (T. e. Taryo, HuTO
j(z)=1x).

Ilo cymectBy, st fBa YTBepH/JIeHUA ABIAIOTCA Xapak-
TePUCTHYECKHAMY CBOHCTBAMM IIOJHBIX IPOCTPAHCTB (CM. 3a-
nauay 18). OnHako wacTo MPUXOAUTCA UMETh AeJo ¢ HeIoJ-
ubpiMu npoctpancTBaMu. CyimecTByer sameuaTeabHas KoOll-
CTPYKIMA, [03BOJAOINAA H3TOTOBATH M3 KamJOr0 HEIOJIOro
HPOCTPAHCTBA COOTBETCTBYIOIee €My MOJHOe MPOCTPAHCTBO,
NPHUCOeTNHAA «HEA0CTAIOIMe» TOUKM.

Onpenenenne. Ilycrs X — merpiiueckoe mpocrpan-
ctBo. [lonoanenuem X Ha3pIBaeTCss METPHYECKOE IPOCTPAlL-
cTBO Y, obGiamaroliee CBOMCTBAMMU:

1) Y — moxHOe mpocTpamcrao;

2) B Y ecrn moaMHOKeECTBO Y,, HsoMeTpuunoe X;

3) Y, nnorno B Y (r. e. 3ambikaune Y, coBmagaer ¢ Y;
JPYTMMHK CIOBAMHU, Kajmlasa TOYKa M3 Y sasaserca Ttoukoil
OpUKOCHOBeHUs A Y,).

Ilpumep. MuomecrBo R BemectBenusix umcea aBaf-
ercsa momojHeHMeM MHO3KectBa () panumonajpHbIX uymcea C
OOBIYHBIM PaCCTOTHUEM.

Teopema 1. Kawdoe merpuueckoe npoctpancreo X
donyckaer nonoanenue Y. [uaa aobbix deyr nonoanenuii Y’
u Y” npocrpancrea X cywecreyer usomerpus Y' na Y”
ocrasasouas Ha mecte Touku X.

Jloxka3aTeabCTBO COCTOMT B ABHON KOHCTPYKIIH [10II0J]-
wenud. Ilyers F — Muomectso -Bcex ¢yHIaMEHTAJbHBIX MO-
caegosarenpuocreit Touexk u3 X. Ecan z ={z,} u y ={y.} —
nBe TOuKu 13 F, To ymcioBasg mociael0BaTedbHOCTh d(ZL,, Y.)
6yneT pyHnavmentambHoll, Tak Kak |d(Z, Yn)— d(Tm, ym)| <
< d(Zn, xm)+d(Yn, ym) 3dnaunr, 9Ta DoOCJeI0BaTeIbHOCTh
uMeer mpefeld, KOTOpblil Mbl oGo3HaunM d(r, y). Benuunna
d(z, y) obnagaer moyTH BCeMH CBOIiCTBAMH pacCTOAHNA.
B caMoy geie, HepaBeHCTBa d(x y)=0, d(z, y)<d(z, z)+
+d(y, z) u pasencrsa d(z, z)=0, d(z, y)=d(y, z) nerko
HOY4YaloTCA OpeJesbHBIM [epexo oM [13 COOTBeTCTBYIOIIHX
HEPABEHCTB W PaBEHCTB, IJ€ BMECTO Z, Y, Z CTOAT Tn, Yn, Zn-
He Boimosmmsiercss mnmb cBoiicTBo otaeaumoctu: d(z, y)=0
He 03HauaeT, BOOGILe rOBOPSA, UTO T =

BBenew Ha F ormomenne R = {(z, y)ld (z, y)=0}. U3
HOpuBeAeHHBIX BbIIe CBOHCTB Beawdnubl d(z, y) caeayer, uTo
R — otnomenue sksuBaientHoctu. Ilonomum Y =F 5 u on-
pemennm paccrogrne Ha Y, mnonaraa d(R(z), R(y))=
=d(z, y). IIpoBepka KoppeKkTHOCTH DTOr0 ompesdelenusa mpe-
ToCTaBIgeTCA YATATCNIO,
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Tloxaskem Ttenmepn, uto Y — momonnenue X. [asa atoro
pacemorpuM oroGpaskenne ¢: X — Y, Kotopoe KamIoii TOUKe
Z CTABHT B COOTBETCTBHE Kiacc ¢(x), cofepsarniiit nocTosH-
nyio (1, creqoBaTelbHo, yH1aMENTAILHYI0) MOCIEI0BATENb-
Hocety ¥ = (7, 2, %, ..., Z, ...). flcHO, 4TO OTOGpakeHme @
n3oMmeTpnano. Mer oGo3mauum uepes Y, o6paz X mnpu 0T106-
pakennu ¢. [anee, myctb y — no0oit asmement u3 Y u
{z,} € F — karan-aubyp nociemoBaTeJbHOCThL M3 Kjacca J.
Torna

lim d (¢ (zn), y) = lim lim d (2, z,,) = 0.

n-oo n- m-

10 3HAYUT, YTO Y ABIAETCA OpeIelioM MOCIeJ0BATENbLHOCTH
{cp(x,,)} M, 3HAYNT, TOUKOIl mpuKocHOBeHUA Wi Y.
Horamenm moamory Y. Ilycrs {y.} — pynpamenrampHas

nocaegoBateabHocTs B Y. Tak kak Y, maorHo B Y, Mo3KHO
yKaszath Takyo nocielosarenabHocts {gp(z.)} B Y, uto
d(@(za), Yya)—> 0. fcno, uro {y.} n {¢(z.)} cxomarcs wmim
pacxomsares oguospemento. Ho mocnegosarensrocts {@(z,)}
AMeeT CBOHUM NOpeesoM TOYKY Y — KJIAcC MOCJeJ0BaTesbHO-
ctu {z,}. B camox Jene,

lim d (¢ (z,), y) = lim lim d (z,, 2,,) = 0.

n->00 n

—00 M-

IMycts teneps Y u Y” — nsa mononuenna X u ¢': X —
o "
—7Y,, @'t X—>Y,— cooTBeTCTBYIOLIE N30METPUYECKIE OTO-

”

Gpasmennsn. Pacemorpunm orobpascenue Yo =¢ (") 'z Y,

¥/
B Y,. OHOo WM30METPHYHO W, 3HAYAT, HepeBOIUT (hyHTaMeH-
TajbHbIE OOCHEN0BATENILHOCTH B (QyHaaMeHTanpusle. Ilo-
'’
crkoabky Y’ n Y” momubl, pyngaMenTanbable DOCHE10BaTENb-

r’ "
mocrn B Y, (Y,) sBuAoTca cxoasumumMucs B Y'(Y”). 310

” 4

[03BOJISET 0JHO3HAUHO IIPOJIOJIKUTEL H30MeTpUIo Po: Y — Y,

mo uzomerpun P: Y’ — Y’ monaraa ¢ (lim yn) = lim ), (yn).
n—-oo

n—->o00
Teopema moxasama.

ITpaxkTuueckn nomojiHeHHe dame CTPOUTCA C HOMOIIBIO
JIpYTOil KOHCTPYKIIH.

Teopema 2. Ilycte M — noanoe meTpuueckoe npocr-
pancreéo u X — nodmuoxecréo 6 M. Toeda X noano To20a
U ToAbKO TO20a, Koeda ono samknyTo 8 M. B uacTHocru,
8 rauecree nonoanenus X MoXHO 634Tb e2o 3amviranue e M.

(ITo moBomy mokasartenbcTBa cM. 3afiagy 25.)

MMpusmep. IMomonnmenwem wunrtepsana (a, b) oruocu-
TeIbHO OGHLIYHOTO paccTOAHHA ABIAETCA OTPE3OK [a, b]— 3a-
MbIKaHnMe uHTepBana (a, b) B R.
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IlonsiTMe METPHYECKOr0 IPOCTPAHCTBA MMeeT MHOTO XO-
pomo W3BECTHHIX HIpUJIOKeHWit B aHammae, AAddepeHnnanb-
HBIX YDaBHEHHAX, Teopnn (QYHKOWHA M JDYrMX pasjelax Ma-
TEMATHKH.

HampnMmep, conenualbHBIE KIacC MeTPHYeCKHX MpOCT-
paHCTB HCHOJNL3YeTCA B MPHUKIAJHBIX HCCIEOBAHUAX IO
pacmosEapaHHi0 00pasoB M MaTeMaTHYIeCKOMY HPOrHO3MPO-
BaHWIO. IIpuBefieM COOTBETCTBYIINWE OHpe/leleHHA.

O6o3maumm dgepes {2, MHOKECTBO BCeX BEKTOPOB @ ==

=(w(1), ..., @(r)) c nBOMuUHBIMH KoopAMHATaMu @ (i)

(i=1, ..., n). Beegem B Q. wMerpuky mo ¢opmyae
n

@@ @)= Bolo@—o' @ me 0=(0 ... 0,
=1

6:>0 (i=1, ..., n)— BexTop BecoB. Merpuueckoe mpo-

crparcTBo (Q., d°) HaspiBaeTCs npocTpancTéom XemmuHea.
JTo mpPOCTPAHCTBO MHrpaeT BaKHYI pOIb B AJCOPHTMHTE-
CKOM DAacmo3HAaBAHAM.

Ipusenem npumep. Ilycts W — KoHeuHOe MHOKECTBO 00B-
extos, t= [T, T,]— mapaMerp, nMeloImit CMBICI BPeMeHH
(T, < =). Ilpennonomum, aTo mpn Beex ¢ mmeercs pasGme-

.
mme p(¢): W= L1 W;() wmuoxecrsa W mHa r mHemepece-
i=1
Kalomuxcsa KiaaccoB. VIERIME cioBaMH, 3afaHo oToOpaskeHHe
¥, WX[T(), Ti]'—’{i, vy 7‘}.

B xamppiit MoMeHT BpeMeHm o0mexTnl w < W xapakre-
pU3YIOTCS 3HAYEHMAMN HEKOTODPHIX JBOMYHBIX [apaMeTpos,
1. e. uMeerca orobpamennme ®: W X[T,, T.]— Q.. (xomn-
POBKa).

Ilycts ¢urcmposan MOMeHT BpeMeHH £, B KOTODHIi pe-
maerca 3amaua. Mcxonmyio mHpOpManwio B AAHAMAYECKOI
3afiade PacIO3HABAHAA COCTABJIAIOT JAHHEE O MOBEJEHAH CH-
cteMu Ha orpeske spemen: [T, ¢]. Takaum oGpasoM, Pyuk-
gor ¥ m @ npepmonaraloTcd H3BECTHBIMHA Il HEKOTOPHIX
nogmuoskectB m3 W X[T,, t], coctasaas Martepmam oGyge-
mng O(t).

PaccMoTpuM fpyroit MOMeHT BpeMeHH &, TakoH, aT0 <<
<t'<T, Tlom pewenuem Ounamuueckoii sadauu pacnosHa-
64HUA WM NPO2HO30M TOHHMaeTcd anfOPUTMHYECKOE Ompe-

T
neinenne kiaccudpuxamum W = I W;(t') ma ocmoBe Mare-
i=1

puana o6yuenns O (t). NusiMn caosamu, II(Z, t') ects mpor-
HO3 HEM3BECTHLIX HA JAHHLI MOMeHT 3HaueHHmit GyHKmEn ¥
Ha MHOMKectBe W X {t'}.
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