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NMPEJVC/IOBHUE

Kuura sBasieTcsi paciuMpeHHHIM H3JIOXKEHHEM Kypca JeKiuH,
YHTABUIMXCS aBTOPOM B TeueHHe pANA JeT CTyAeHTaM MOCKOBCKOro
dusuko-Texuuueckoro HHcrutyra. OHa paccuHTaHa Ha CTYAEHTOB,
BJIAZIEIONIHX OCHOBAMH MATEMATHUECKOrO aHAJH3a, aAreGpsl H TeOpHH
OCBIKHOBEHHEIX AHDDEepeHUHaNbHEIX ypaBHeHHA B OObeMe yHHBEpCH-
TeTCKOH nporpamMMul. Bce HeoGXOfUMBle CBELeHHA COAEpIKATCA, HalpH-
mep, B yueGHHKax: C. M, Huxkoasckuii, Kypc MarematHueckoro
aHaqu3a, 1. 1, 2; A. 1. MaabueB, OcHOBLl JIHHEHHOH aJre6phi;
JI. C. ITouTp arun, O6riKHOBeHHHIE AHddepeHIHaNbHEIE yDaBHEHHA,

3a Hck/oueHHeM rJaBul I, B KOTOpo#l paccMaTpHBAaIOTC HEKOTO-
peie OCIIHe BONpPOCh AHPppepeHIHANBHEIX YPABHEHHH B UACTHBIX MPOH3-
BOJHBIX, pAacloJIoXKeHHe MaTepHaja COOTBETCTBYET OCHOBHHIM THIaM
ypaBHeHui. LleHTpanbHylo pojb B KHHre HrpaeT 3aHHMAOas Hau-
Gosbmwyii o6beM rjaBa IV, B KOTOpOH H3y4YaloTCA 3JIHNTHUECKUE
ypaBHeHHs. V H VI rjaBb NOcBsilleHHl runepGo/iHueckKUM H TNapago-
JINYECKHM ypaBHEHHSM.

Mcnoab3yemelii B KHHre MeETOJ H3yuYeHHs KpAaeBBIX 3ajau H,
yacTHyHo, 3anaud Kowwu onMpaercs Ha MOHATHe OGOGLIEHHOrO peite-
HHUS, YTO MO3BOJISET PACCMATPHBATh YPaBHEHHMs C NEePEMEHHLIMH Ko3g-
(unHeHTaMH  CTO/Ib e NPOCTO, KaK W MpPOCTEHIUHE ypaBHEHHs: ypaB-
Henue Ilyaccona, BOJHOBOe ypaBHeHVe H ypaBHEHHE TENJONPOBOAHO-
cti. Hapsagy c BonpocaMH CyILECTBOBAHHA H €IHHCTBEHHOCTH pelle-
HHfi OCHOBHHIX KpaeBEIX 33jjadi B KHHre 3HAUHMTeJbHOe BHHMaHHe
yAeJeHO NpHOGMHMKEHHEIM METOAAM HX pelueHHsA: Merony Purna B
JIMNTHYeCKOM H Merony ['anépKuHa B runepGoJH4YecKOM H Hapago-
JIMYECKOM C/Iy4Yasx.

Heo6xopuMele 151 Takoro nOCTpOeHHs cBeeHHS O QyHKIHOHAJb-
HBIX MPOCTPAHCTBAX, B YacTHOCTH, TeopeMbl BioxkeHHs C. JI. CoGonesa,
cogepxkarca B ruase 111, Ilpu 3TOM 3HaKOMCTBa UMTATENA C HYKHBIMH



6 MPEAHCJAOBUE

pasnenami TeopHH QYHKIHH M GyKIHOHAILHOIO aHa/IHM3a He mpeanoJa-
raercsi; UM MOCBAIEHA HMeIOIask BCIOMOraTeJIbHLIH Xxapakrtep raasa 11.

Ko BceM rsaBam, Kpome BTOpPOH, NMPHBOAATCH 3ajaud. Bosbuwas
HX YacTb NpeHa3HayeHa s yr/y6JeHHs H PacIlMPEHHs COofepiKaHHs
COOTBETCTBYIOLIEH [IVIaBhl; C 3TOH JKe IE/bI0 MpPHBEJEHH H CHHCKH
JIOTIO/IHHTE/NLHOM JuTeparypel. s ynpaxkKHeHHH MOXKHO PEKOMEHIo-
BaTh «COOpDHHK 3ajjau MO ypaBHEHHAM MAaTEMATHUECKOH (H3HUKH»
B. C. BaagumupoBa H gp., «C6OpDHHK 3ajau N[O MaTeMaTHUecKO#
¢usuke» B. M. Dynaka, A. A. Camapckoro u A. H. TuxoHoBa u
sagaunnk M. M. CmupHoBa «3ajaun no ypaBHEHHSAM MareMaTHUECcKOH
GbH3HKH»,

B 3ak/oueHHe aBTOp Bhpaxkaet riy6oKylo 6aaronapHocts B. C. Baia-
JUMHPOBY 3a MOCTOSIHHEIH HHTepeC K HACTosillleH KHHMre, a TaKkxke
T. U. 3eneusky, WU. A. Kunpusnoy u C. JI. Co6o/ieBy, 03HaKO-
MHBLUHMCAl C DYKONHCBIO H CJEJABIIUM DA BechbMa LEHHHIX 3ameua-
Hul. OcoGy0 NpPH3HATENBLHOCTh AaBTOP BHIPAXKAET CBOHM TOBApHIAM
A. K. 'ymuny u JI. A. MypaBbio, NJOJOTBOPHHIE JUCKYCCHH C KO-
TOpPLIMH BO MHOrOM CHOCOGCTBOBAJIH YJ/yUIUEHHIO KHHIH.

Hioab 1975 roza. B. Muxaiiaos
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BBEJAEHUE. KJIACCH®UKALMS YPABHEHMA.
ITOCTAHOBKA HEKOTOPBIX 3AJAY

Benenue

" JuddepeHnHarbHBIME ypABHEHHSIMH HA3bIBAIOTCS TaKHe ypaBHe-
HHUsl, B KOTODHIX HEH3BECTHBIMH SIBJIAIOTCA (GYHKIHH ONHOrO HJH
HeCKOMILKHX MEPEMEHHBIX, NPHUEM B ypaBHEHHs BXOAAT He TOJLKO
caMi (yHKIIMH, HO H MX NMPOU3BOJAHHE. EC/IH HEH3BeCTHHIMH ABJIAIOTCS
¢GyHKUHH MHOrHX (He MeHee JBYX) NepeMeHHHIX, TO ypaBHEHHS Ha3bl-
BAIOTCS YPASHEHUAMU 8 HACMHbIX npousgoOHeix. C TaAKUMH ypaBHEHHSIMH
Ml H OyleM HMeTb [JeJ0 B JaflbHeHIleM; NPH 3TOM Mhbl  OyaeMm
paccMaTpHBaTh TOJBKO OJIHO ypaBHeHHE B UACTHbIX MPOH3BOAHBIX
C ONHOH HEeH3BECTHOH (yHKIHeH.

+i YpaBHeHHe B YaCTHHIX MPOM3BOJHEIX OT HEH3BECTHOH (pyﬂxunn
4 NepeMeHHBIX Xi, ..., X, HasblBaeTcsi ypaBHeHHeM N-2o0 nopsadka,
€CJIH OHO COJEepXKHT XOTs OBl OfHY NMpPOH3BOAHYIO mopsiika N U He
COJlep:KHT TNPOH3BOAHLIX GOJlee BLICOKOrO MOpsAJKa, T. €. ypaBHeHHE

ou ou o0tu o0%u Nu
(D{x cevy Xpy Uy =5 ... — =0. (I
A Y P . O
YpaBuenue (1) HaswiBaeTca Aunelinsim, ecin @, Kak QyHKuus
ou u o o
MEPEMEHHBIX U, ——, ..., —-y=, ABIACICH JHHEHAHOH. B nanbHeii-
X1

IeM Mbt 6YJeM paccMaTpHBaTh JIHHEHHOe ypaBHeHHe BTOPOro NopsajKa,
T. €, ypaBHeHHe BHJA
n
y () +2 W ta@u=Fw; @
0x Ox/ 0x; ’

i,f:l

316Ch X=(X1y..., X,). PYHKIMH q; (x), i, j=1,...,n,4; (x),i=1,...
...y N, a(x) HA3BIBAIOTCA KO3ghpuyuernmamy ypaBHeHHs (2), a DyHKIHA
f (x) — ce0600HbIM drerOM.

O6o3naunM uepes R, n-MepHOe €BKJIMJOBO MPOCTPAHCTBO, H MYCTh
X=(Xg..., X,) —TOuKa R, | x|=(x}4-...--x2)1/2, Kak o6bluHO, mojg
o6nacThio B R, HJIH n-MepHOH OGJacTbio Mbl TOHHMAeM OTKPHITOE
CBfI3HOE (HENYCTOE) MHOXKECTBO Touek H3 R,. B naibHefiuem, ecsu
NPOTHBONOJIOKHOE HE OroBOpeHo 0co60, paccMaTpHBaeMmbie 061acTH
6yaem CUHTAThb OrpaHHYEHHBLIMH,



8 BBEIEHUE. KJACCUPUKALIUS YPABHEHUM [ra 1

ITycte Q — HeKoTOpasi n-MepHas obnactb, MuoxectBo E — Q Ha3kHI-
BAETCS CMpoeo 8HYmMpeHHumM TO OTHowWweHHIo K Q, E & Q, ecnin £ < Q,
rne E —3aMbiKaHve (B cMHICIe paccTosiHHsl B R,) MHOXecTBa E,

MuosecTBO Bcex (GyHKIHME, HMelollUX B  HeNpepLIBHLIE, YAaCTHHIE
IIPOH3BOJHEIE JI0 NMOPAJAKA 2 BK/IOUHTENLHO, IJie £ — HEKOTOpOoe ILesoe
HEOTpHIlaTe/bHOE YHC/IO, 0GosHaumM uepe3 C*(Q), a NOAMHOMKECTBO
3TOro MHOXKECTBa, COCTosillee H3 BceX ¢(yHKUHMH, BCe YacTHHIE IIPOH3-
BOJHEIE JIO k-TO NMOps/Ka KOTOPHIX HenpepuiBHEI B Q, 0603HaUKM uepes
C* (Q). Has mHoxectB C°(Q) u C°(Q), HempephIBHHIX B Q H COOTBET-
CTBEHHO HeNpepeIBHEIX B () (YHKIMHA, GYJeM IO/Ib30BAThCA TaKke
o6osHauenuamMu C (Q) u C(Q). MHoxecTBO BCeX (yHKUHi, NpHHAl-
aexauux BceM C*(Q), £=0,1,..., obosHauum uepe3s C*(Q), T. e.

[ee)
C> Q)= ﬂ C* (Q). MHO)ecTBO BCeX (yHKUHMH, IPHHAJIEKAIHX BCEM
k=0

C*(@Q), k=0, 1,..., obosHauum uepes C*(Q), C*(Q)= ﬁ ct(Q).
k=0

Oyuruus f(x) HaswBaercs punumnol B (), €CIH CYIIECTBYET
Takasi nopobiactk Q' &Q, uro f(x)=0 B Q\Q'. MHoxecTBO Bcex

GuuuTHEIX QyHKuHHA U3 C* (Q) o603HauHM yepes C*(Q), a nepeceueHyue

o]
BCEX 3THX MHOXKECTB ﬂ C* (Q) — uepes C* (Q).

k=0

[yete a=(ay,..., @,) —BeKTOp C LEIbIMH HEOTPHIATE/bHHLIMH

KOOpAHHaTaMH, uepe3 |a| OymeM OGO3HAuaTk ;... 0, |a|=
= oy +...+a, Eemn ¢ynkuus f(x) e C*(Q), To yacTHyl0 NpOH3BOA-
aal—{-...—{-anf
HYIO

Py YacTo [Jid KpaTKOCTH 6y11€M 0003HaYaTh yepes

... Oxy
Def. Ins npou3BOAHBIX MEPBOro H BTOPOro MOPSAKOB GYAEM HCIOJb-
30BaTb TaKxke OCO3HAUEHHA [, fxixj. FpagueHt (fc,... [x,) dyHKIHH

fe C'(Q) 6yneM o6oszHauath uepes V f(x).

Ion (n— 1)-MepHO# 3aMKHYTOH MOBEPXHOCTHIO S MBI GylEeM INOHH-
MaTb OrpaHHYeHHYIO 3aMKHYTyIO (n— 1)-MepHyl0 NOBepXHOCTb 06e3
Kpasi KJacca C* npu HekotopoM k=1, T. e, jexauyio B R, CBA3HYIO
OrpaHHYeHHYI0 3aMKHyTylo (S=38) mnOBepXHOCTb, OGIAJAIOULYIO
CIENYIOIHM CBOHCTBOM: JJs Jo60H ToukH x°e S  cymecTByioT
ee (n-mepHas) okpectHocth U, U mnpunagiexamas C*(U,) byHk-
uMa Fe(x), ana xoropoil V Fi (x%) =0, TakdHe, YTO MHOXECTBO
S N Ux onucwBaercss ypaBHeHHeM F.(x)=0 (T. e. Bce TOUKH
mHoxectBa S ) Uy YAOBNETBOPAIOT ypaBHEHHIO Fr (x)=0 u mo-
6asi yJOBJETBOPsIOWAs YPAaBHEHHIO Fyo (x)==0 Touka u3 U, npunan-
JAeXHT S). :
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panuny obaactd Q GyneM oGo3HauaTh uepes dQ. B panbHeiimeM,
€CJIH TPOTHBOMOJIOXKHOE He OroBOpeHO 0co60, rpaHHILI paccMaTpHBa-
eMeIX ofjacteit 6yueM mnpeanoJaraTh COCTOSIIHMH H3 KOHEYHOro
Yhc/ia HelepeceKaloUuXcs 3aMKHYTHIX (1 — 1)-MepHRIX MOBEpXHOCTEH
(knacca C'), ob6bem Q OyneM 00603HauaThb yepes |Q|.

3aMeTuM, YTO €caM 3aMKHyTasi (n— l)-MepHas noOBepXHOCThL S
NpHHaJIeXKUT Kaaccy C*, To s /060 €e TOUKH x° CYLIECTBYeT
CTOJIE MaJjiasi ee OKpecTHocTh U, utro nepeceuende S () Uy ofaHo-
3HAYHO MpOEKTHpyeTcss Ha HeKoTopyilo (n— 1)-MepHywo o6aacts Do
¢ rpaHuuel kjaacca C*, jexallyio B OfHOH M3 KOOpAMHATHHIX MJIOC-
KOCTel, T. €. ONHCBbIBaeTC NpH HeKoTopoM i, i=1, ..., n, ypaBHe-
HHEM X;= Qg (X1, « vy Xiegy, Xiv1y ooy Xn)s (X1 --vs Xicgy Xty o--
s X)) ED e, U o= C* (on). Tlepeceuenne S () Uy 6ymeM Hasbl-
BaTh NPocmsiM Kyckom (WU KYyckom) TOBEPXHOCTH S,

Tak kak S orpaHnueHa W 3aMKHYTa, TO H3 mokphiTHsa {U;, x & S}
NOBEPXHOCTH S MOXKHO BhIOpaTh KOHeuHOe NofnokphitHe, COBOKym-
HOCTh COOTBETCTBYIOIIHX TAKOMY KOHEUHOMY OKDHITHIO HpOCTHIX
KYCKOB Si, ..., Sy OyleM HasuBaTh HOKpeumuem nosepxHocmu S
NPOCMbIMU KYCKAMU.

Ilon (n— 1)-mepHoit noBepxHocThio S Kiacca C*, k=1, 6ynem
[IOHHMATL CBfA3HYIO [OBEPXHOCTb, KOTOPYIO MOXHO TaK MOKpHITh
KOHEUHLIM YHCJIOM (n-MepHEIX) of6nacred U;, i=1, ..., N, urt0
Kaxjoe u3 MHoxectB S;=S N U;, i=1, ..., N, 0flHO3HAYHO NpOEK-
THPYeTCs. Ha Hekortopylo (n— l)-mepHylo o6aacte D; ¢ rpaHunei
kaacca C*, jexainyio B OAHOH H3 KOOPAMHATHHIX IJIOCKOCTEH, T. €.
npu HekoropoM p=p(i), p=1, ..., n, ONHCLIBAaeTCH ypaBHEHHEM
Xp=qi (X1, coes Xp1r Xpils oees Xn)s (X1 -evs Xpo1y Xpr1s o) EDy,
H uto @; = C* (Di).COBOKyHHOCTb IIOBEpPXHOCTEH S;—IMpOCTLIX KYCKOB
[OBEPXHOCTH S, COOTBETCTBYIOUIMX TaKoMy mokpwruio U,, ..., Uy
noBepxXHOCTH S, GyleM Ha3bIBAThL HOKPuLMuem nosepxwocmu S npoc-
momu  Kyckamu, B nanvHefimmem noa (n— 1)-MepHOM MOBEPXHOCTHIO
MBI GyJaeM NOHHMAThL (n— l)-MepHyI0 NOBEpXHOCTH Kiacca C* npu
HeKoTopoM k= 1.

O6o3nauuM uepes Q5, 8§ >0, spJsiouleecs 06JACTbIO OGbEHHEHHE
o BeeM x° & Q wapos { | x —x9| <<8): Q8= U {lx—x°| <<8}; Q= Q8.

reQ

Uepes Qs 6§ >0, Oynem 0603HauaThL MHOXKECTBO, COCTOsMIEe H3 BCeX
ToueK 06JacTH , paccTOsiHHe OT KOTODBIX JIO TpaHHub dQ 6oabie §;
Qs = Q; npu pocratouHo ManoM &6 >0 (s siBasierca obgacthio. [loka-
XKeM, YTO AJIf JIo6oro NOCTaTouHo Majoro § >0 cyilecTByeT GecKo-
HeuHo AH(depeHurpyeMas B R, ¢ynkuus {s(x), paBHasg 1 B Qs u
paBHasi O BHe Qs2. PyHKIMIO {s(x) B manbHedieM GymeM Has3bIBaThb
O-cpesaroujeti pynxyued (WaH, NpocTo, cpesaioweli dynKkyueld) 04s
obaacmu Q. Ilpexne ueM moctpouts GyHKIHIO {(X), BBEAEM BaXHOE
MOHATHE ffpa YCPEAHEHHS.
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[Tyctb , (f) — GeckoneuHo audEepenunpyeMasi, UeTHas, HEOTpHIA-
TeJbHas (QYHKIHA OAHOTO NEPEMEHHOrO ¢ (— oo < ¢ << +-o0), paBHas
Hymo aaa |¢|=1 u rtakas, uro

fou(x)de= § a(lx])de=1. ©)

R, lxf<1

B KayectBe @ (f) MOXHO B3fTb, HamnpHmep, QYHKIHIO
1

| —1==
L

a ()= T € O=lti<l,

0, |t =1,

rje noctosinHas C, nojo6paHa Tak, 4To0bl BHIIOJHAJIOCH yCJAOBHE (3).
[Tycte A — npousBo/ibHOE MOJIOXKHTENBbHOE uHca0. PyHKUHA

n (| x])= g @y (| x|/h)

HasbiBaeTca sdpom ycpedOrenus (paauyca h). S1apo ycpenHeHHS @y (jx1),
OYEBH/IHO, OOJIafaeT C/efyIOIHMH CBOHCTBAMH:
a) wp(|xf) €C*(Ry), @4 (x)=0 B Ry,
6) wa((x)==0 mna |x|=h,
B) { on(lx))dx=1,
)

Rﬂ
r) 418 Jo60ro a=(%y, ..., G,), |@|=0, H npu Bcex x =R,

| D%y (| x]) | << Co/h+121,
rie C, — HEKOTOpasi He 3aBHCSLIAsi OT A IOJIOXKHTENbHAs MOCTOSIHHAS,

[ycte @4 (| x |) — npousBosbHOe sigpo ycpennenusi. Henocpemer-
BEHHO NPOBEPAETCS, YTO IPH JOCTaToyHo ManoM 6 >0 dyHkuus

L= § esu(lx—y)dy
Qas/4 :
siBJIsieTcsl cpesaolllel GyHKuMedl Ans o6jaactH Q, NpH TOM (YHKUMS
s (x) ymoBaerBopsieT B R, HepaBencrBam 0 << {5 (x) << 1.

§ 1. 3agaua Kommu. Teopema Kopagepckoit

1. Mocranoeka 3sagaum Komwm. PaccMorpum B HekoTOpOH 06JacTH
Q n-mepHOro mnpocrpanctsa R, (o61acTb  He 0GSA3aTENIbHO OrPaHH-
YeHa, B YaCTHOCTH, OHa MOXKET COBNajaTb CO BceM R,) JHHefiHOe
AudpepeHIHaIbHOE yDaBHEHHe BTOPOTO MOPSAKA
n n
Lu= 3 ay(x) g+ D @ (x) uy,+a@)u=f(x), (1)
5, =1 i=1
OpH 3TOM KO3(xpUIIHEeHTH H CBOGOAHHIA uaeH OyleM CYHTATbh AOCTa-
TOYHO IVIAAKHMH KOMILUIEKCHO3HAYHBIMH GyHKUMAMH, Marpuuy | a,; (x) [,



§ 11 3ATAYA KOUIM. TEOPEMA KOBAJIEBCKOM u

i, j=1, ... n, cocraBjeHHyl0 H3 KO3((HIHEHTOB NpH CTApIIMX IpO-
H3BOJHHEIX, OyneM oGo3HauaTh 4epe3 A (x); Marpuua A (x) OTIMYHA
OT HyJIeBOH MarpHIHl BCoay B Q.

B cayyae 01HOro NpOCTPAHCTBEHHOTO MepeMeHHoro, n=1, ypas-
neHHe (1) ecTp oGbiKHOBeHHOe nH(epeHIHANbHOE YpaBHEHHE H €ro
MOXKHO 3amucaThb (a,; 5=0) B BHje

Wb(x)u+elx)u=gx). (2)

IMpocreitmneit 3agaueit B 3TOM ciyyae saBasdercs 3agaua Koum —3anaua
HAXOXJEHHS pelleHHs] 3TOr0 ypaBHEHHUS, YAOBJETBOPSIOMIErO IpH
HEKOTOPOM X = x° HayaJbHBIM YCAOBHAM U (x%)=u,, 4’ (x0)=u,.

[TocMOTpUM, Kak MOMKHO CTaBHTb QHAJNIOTHYHYIO 3a1ady /s ypas-
HeHHs1 B YacCTHHIX mpou3BopHbIX (I). BosbMeM Hekoropyio mpHHajje-
XKaiyo Q nocraTouHo raaukywoo (kmacca C?%) (n— 1)-MepHyio MOBepx-
HOCTb S, 3aJaHHYIO ypaBHEHHEM

F(x)=0, 3)

rie F (x) —BellecTBeHHO3HayHast GyHKUUA, H myctb |VF |40 npu
BceX x = S.

IMycte B Q 3amano BekTopHoe mosie [(x)=(l (x),..., L, (x),
ree L; (x), i=1, ..., n,—BellleCTBEHHO3HAUHbIE (DYHKUHH, HPHHALJE-
xkaume C1(Q), |1 2=1{+...4 1 >0, Takoe 4YTO [IpH BCex X € S BEKTOP
[ (x) He Kacaercsl noBepXHocTH S, T. e,

oF (, VF)
als = rls #0
(B nanpHeitweM Hac 6yayT HHTepecoBaThb 3HaueHHA noJsf [ (x) TOMbKO

Ha S.)

BosbMeM NpOH3BO/MBHYIO TOUKY x° & S M paccMOTPHM ypaBHEHHE
(1) B mocraTouHo Manoil okpectHocTH U 3Toil Touku (mycre U — map
C IeHTpOM B Touke x° pocTaTOuHO MaJjoro paguyca). Ilepeceuenue
SN U o6o3nauuMm uepe3 S,.

[pexnonoxuM, uto B U 3anano pemenue u, u C?(U), ypasHe-
Hus (1), 0 mycThb u, (x) — 3HaueHHe QYHKUHH U Ha S, a u,(x)—s3HaueHHe

o (4
NpOH3BOAHOH —= Ha Sg:

ol
U s, =ty (x), 4)
%&=mM- (5)

[TokaxkeM, uTO 1/ ypaBHEHHS B YACTHBHIX NPOM3BOAHBIX, B OT/IHYHE
OT OGLIKHOBEHHOI'O ypaBHEHHfl, U, H 4;, BOOGLIE rOBOpsA, HE MOTYT
6biTb MPOH3BOJBLHLIMH (TJIAJKUMH) (yHKIHAMH.

Iockoaeky VF (x°) %0, TO onHa u3 koopjauHaT Bektopa VF (x0)
OTJIHYHA OT HyJ]f; IMyCTb, Hampumep, F,, (x°)£0. Cuuraem, uTO
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OkpecTHoCTh U Hacto/ibko Majia, uro B U F, (x)#%0 u ypaBHeHHE
(3) MOXHO NpejiCTaBHTL B BHIE

Xn=0(K), X=®1 ..0s Xny)
¢ raankoit ¢yuxkumei ¢ (x'). O603HaYUM qepes Fp(x) doyukuuio F (x),

a uepes F;(x)—c¢yskuun x;—x}, i=1, ..., n—1, H paccMoTpuM
B3aHMHO OJ[HO3HAYHOe OTOGpaxKeHHe ,
!/.=F1(x), i=1) ey Ny ’ . (6) )

o6nactu U B HekoTOpy1o OKpecTHOCTb V Hauana KoopauHat — o6pasa

ToukH x°. (OGosHauuM uepe3 X JjeXalllWil B IJIOCKOCTH Y, =0 obpas

noBepxHocTH So: 2=V N{/ =1, ...+ Y1) ERp-1, Yn=0}. PyHk-
n

uHio U (x (y)) 6yzeM o6o3Hauarh uepes v (y). Tak Kak uy, = > Uy F oy
p=1

a Uy, = Z lvypqupx‘ Fox;+ Z UyyF psep 1O ypanuenne (1) B Ho-
P, g=
BbIX [IEPEMEHHLIX HMEET BH]

3T By (9) vy + 3 B0 +B ) 0= a0, ()

i ji=1

rie Py (y) —sneMentl xBajpatHoit Matpuunl | (4 (x (y) - VF; (x (),
VF;(x (y)))|, B yacTHOCTH,
Brn (y (x)) = (A (x) VF (x), VF (x)). 7
YcaoBus (4) v (5) NpPUHHMAIOT COOTBETCTBEHHO BH] ’
vz =0, (¥) ®)
H
(Vyv’ Ay)lz=vi ), )
rie U (¢)=uo (Y, 9¥)): vi(¢)=u (¢, 9(¥)), a Bektop A(y(x)) =
=(—aaFT‘, cees al"), xeSo, NpHUYeM
_%];_n = ?f ;é 0 Ha SO'

Ilpexne Bcero moxkaxeM, 4TO udepe3 (QYHKIHH Uy H ¥y OJHO3HAYHO
ompenensiercss 3HaueHHe BeKTopa Vv Ha mnoBepxHoctH 2. [leficTBH-

TeJILHO, MPOH3BOJHEIE vy[]Z, i=1, ..., n—1, poudcadaiored uz (8):
Uy |z =Voyp i=1, ..., n—1, a B cuny (5)
Uy, |z =01 (¢)s 9

n—1
rre 1 (§) =g (vi W)= 2 oo @ )

i=1 .
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OueBugHo, ycaoBus (8), (5) u ycaoBus (8), (9) 5KBHBaJIEHTHHI.
PaccMoTpuM Teneph 3HaueHHsi HAa 2 BTOPHIX MPOH3BOJHBIX (yHK-
uud v (y). Ilpexne Bcero 3aMeTHM, 4t0 B cuay paBeHcTB (8) u (9)
3HaueHHs Ha 2 BceX BTOPLIX NPOH3BOAHBIX (YHKUUH v (y), KpoMe
MPOH3BOJHOH Uy , , OLHO3HAYHO ONMPEfeNsOTCA Yepe3 QYHKUHH Uo W
Hns ompejenenus 3HaueHHs Ha X NPOHM3BOJHON Uy , BOCIOJb:

syemcs ypaBHenueM (1'). Uz (1'), yuureiBas (7), umeeM

(A (x GIVF (5 @), ToF (£ 0) 03,0, =
n—1 n—1

Z By, 7 iZ ﬁinvyiyn - iZI Pivy, —Pu. (1"
- ~ <

L j=1

Ecan Ha noBepxHoctH S, ¢yHruusa (A (x) VF, VF)=£0, to ¢yukuusa
(A (x (y) ViF (x(y)), V,F (x(y))) otamuna or Hysaa Ha X, a cieoBa-
TeJbHO (CYUHTaeM, YTO OKpecTHocTh U jnocratoyHo Mana) u B V.
B sroM cayuae ypaBHenue (1”) B V MOXKHO mepemucaTth B BHJE

n—1 n—1

Uy, = Z YVijVy;; + Z YinUy,y, + Z yivy +yv+h. (10)

i, j=1

MMonaras B (10) y,=0, monyuum 3HaueHHe HAa X NPOU3BOIHOM Uy,

Takum o6pasoM, ecau (A (x) VF, VF)==0 Ha S,, T0 Ha S, oxHoO-
3HAUHO ONpeJeNsoTC BCe MpPOH3BOJHLIE (PYHKIMH 4 (X) IO BTOpPOTO
HopsAaKa BKJIIOYHTENBHO.
- Ecnu xe B Hekoropoit Touke £ S, (A (X)VF (%), VF(X))=0,
To B cooTBeTcTBYyMomell Touke § (A (x(F)) ViF (x (7)), ViF (x (7)) =
=0. Torpa paBeHctBo (1”) B TouKe [ sBasieTcd paBeHCTBOM,
CBASHIBAIOIIMM YK€  ONpeJeJeHHple  BelHuMHbl v (§), vy, (9),
vyi,,i(g), i=1,...,n j=1,..., n—1. Takum o6pasoM, 3HaUeHHE
B TOuKe § ¢(yHKUHH U, H ee MPOU3BOJAHBIX JO BTOPOrO MOpsAKa H
GYHKUHH v; M €e NPOH3BOJHBIX NEPBOrO MOPAAKA, a CJIENOBATENbHO,
H 3HayeHHs B TOuKe X GYHKUMH 4, H U; U HX COOTBETCTBYIOLIUX
[IPOH3BOJHHIX CBA3dHBI HEKOTOPHIM COOTHOIIEHHEM, T. €., BooGue
roBopsi, He MOTYT GHITb [POHU3BOJILHLIMH.

Touka x mosepxHoctH S kjaacca C!, 3anaHHOlH ypaBHeHHeM F =0
(F — BemectBeHHo3HAuHass ¢yHRUUA, VF =0 Ha S), HasbiBaeTcd
xapaxkmepucmuseckoll mouxotl s ypaBHenus (1), ecau B 3TO#l Touke

(A (x) VF (x), VF (x))=0.

[NoBepxHocTh S HaswiBaeTcsas xapaxkmepucmudeckoll IS ypaBHEHHS
(1) unu xapaxmepucmuxoi (n1a) ypasuenusi (1), eciH Bce ee TOUKH
XapaKTepHCTHYECKHE.

B srom maparpaje Mbl 6yneM usydath 3agauy Kowwm gas ypas-
HeHusa (1), T. e. 3anauy OTHICKaHHA pelueHHs, ypaBHenus (1), ynos-

i

~
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JIETBQPSAIOWIEro ycaoBUAM (4) H (5) ¢ HEKOTOPBIMH 3aJaHHBLIMH (YHK-
UHAMH Ug H Uy, B c/lydae, KOTJa MOBEPXHOCTh S He HMeeT Xapakre-
PHCTHUECKHX TOYEK.

3HnaunTtenbHO GoJiee CJIOKHBIM SIBJISETCA Caydyalf, Korjga moBepx-
HOCTb S CO/MEpIKHT XapaKTepuCTHUecKHe ToukH. Kak 6biio nmokasaHo,
ecau Touka x° & S XapakTepHCTHUYECKasd, TO CYILECTBYIOT Takue (rjaj-
KHE) (DYHKUMH o H u;, YTO HH B KakOH OKPECTHOCTH 5TOH TOUKH
HE cyllecTByeT rjaakoro (u3 C?(U)) pewenus ypasHenus (1), ynos-
JerBopsiomwero Ha Sg=S8 U ycnoBusaM (4) u (5). Jlerko y6emutnbes,
uyro ecau U+ —opHa W3 uacTeii, Ha KoTophle Sy pas6uBaer U (cuH-
TaeM, 4YTo OKpecTHocTb U sBjsiercsl mwiapoM C LEHTpoM B x? pocra-
TOYHO MaJ/Ioro pajuyca), TO He cyuiecTByeT H pemenusa us C2 (Ut Sy),
yIoBJjerBopsiomero Ha S, ycaosusaM (4) u (b). EcaH, TeM He MeHee,
r7ajkoe pelleHHe CYLIeCTBYET, TO OHO MOXeT GHITb HeeJHHCTBEHHBIM.

ITycrp, Hampumep, n=2. Paccmorpum B HekotopoM kpyre U
C UEHTPOM B Hauyajle KOODJHHAT ypaBHEHHE

uxxxz = f (X),

I/ KOTOporo mpsiMasi x, =0 saBaseTcss XapakTePUCTHKOH (K TakoMmy
BHIYy MOXHO IPHBECTH C IOMOLIbIO 3aMeHbl HE3aBHCHMbIX ME€pEMeH-
HbIX YPaBHEHHE Uy, — Ux,x, = [ — BOJIHOBOE ypaBHeHHe). Jlerko mpo-
BEPHTb, UTO JJId CyllecTBOBaHusA raaigkoro B U (u3 C?(U)) pewenus
3TOr0 YP4BHEHHS, YIOBJETBOPSIOUIEr0 YCAOBHAM U |y, —o=Uq (X)),
Uy, lyy=0 =1ty (1), HEOOXONHUMO H JOCTATOYHO, YTOGH BHINOJHAJOCH
duy (.

%ﬁzf(xl, 0). Tlpuuem, ecnH 5TO YC/IOBHE BHINOJNHEHO,
TO pelieHHe MpPeJOCTaBJseTcsd B BHIE

u (1) =" B\ F G &) dBattto () + g (52,

)
0 0

yCJIOBHE

rie g— NpOH3BOJbHAA [BAXIBl HENpPEPHIBHO JAH(DGEpeHIHpyeMas
¢byHKUHA, yroBaerBopsiomas ycaosuaMm g (0)=0, gx( = uy (0).
2

Ecnn noBepxHOcTh S XapakTepHCTHYECKAsl, TO BO3MOXHBI H TaKHe
Cly4ad, KOTIa 3ajayy Ijas1 ypaBHeHHs (1) HyXHO CTAaBUTb IO aHa-
Jgoruu ¢ 3ajgadeft Komm /s oGLIKHOBEHHOTO ypaBHEHHS] He BTOPOTO,
a nepsoro nopsjka. Tak, HampuMep, 1Js YPaBHEHHA (MyCTh CHOBA
n=2)

Uxyxy — Ux, =f (x)

(yPaBHEHHE TEIIONPOBOLHOCTH), A/ KOTOPOro mpsaAMas xa=0 aBjs-
eTcd XapakTepHCTHKOH, B riase VI Gyner usyueHa 3ajaua (3ajaua
Koux), xoropasi COCTOMT B OTHICKAHHM peELIEHHS 3TOr0 ypaBHEHHsA
B MOJYIJIOCKOCTH X >> 0, yIOBJETBOPAIOLIErO TOJBKO OJHOMY YCJO-
B0 (4): U 0= g (X))
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IepeiineM Temeps K H3yueHuio 3agaud (1), (4), (5) B cryuae,
KOrja MOBEPXHOCTL S HE COJEPKHT XapaKTEPUCTHUECKHX TOUEK.
Tlycts Q — n-Mepras o6JaacTb, a S —aexamas B Q H 3ajaHHasA ypas-
nenueM (3) (n— 1)-MepHass NOBEpXHOCTb, paccekamolllas @ Ha j1e
Henepecekaromuecss obmacti QF u Q-, T. e. Q\.S=0Q*UQ-, @
NQ = @. llpeanonoxuM, uro B ofmactu Q 3ajgano ypasHeHue (1)
(. e. B @ 3agaHbl KOP(pHUHEHTH H CBOGOJHHIH UJ€H ypaBHEHHS
(1)), a Ha nosepxHocTH S 3ajaHO HHre He Kacalolieecsl IOBepX-
HoctH S BekTopHoe moste [ (x)=(l1(x), ..., I, (¥), |{(x)|>0 Ha S,
H ABe GYHKUMHM u,(x) H uy(x). Ilyctb moBepxHocTb S HE HMeeT
XapaKTepHCTHUECKHX ToueK ypaBHeHusa (1), T. e.

(A(x)VF, VF)5=0 Ha S. 11)

TpeGyercs Hafitu QyHKUHIO U (x), npuHasaexkauylo C?(Q), yAoBAETBO-
psiiolylo B Q ypaBHeHHio (1) H yIOBIETBOPSIOIYI0 HA S HayaJbHBIM
yeiaoBusaM (4) u (b). DBynem HaselBaTh 3Ty 3a1ady HexapaKTepHCTH-
yeckoft 3ajgaueii Kommu. 3agaHHble QyHKIHMH — KOIDOHUIHEHTEI H CBO-
Gonubifi wieH ypaBHeHus (1), ¢ynkuuio F u3 (3), BekTOp-QyHKLHIO
! v QyHKUHH o H 4y — GyleM HaspiBaThb NaHHHIMH 3aJauH,
[NpexnonoxumM, yto naHeele 3agauu (1), (4), (5) GeckoHeuno AuG-
tepeHupyemMbl: Ko3hPHIMEHTH H CBOGOJHBbIN uneH ypaBHeHHs (1) u
¢yukuusa F (x) u3 (3) npuHapiaexut C° (Q), a yukuuH I (x), ..., I, (x),
Uo(x), Uy (x) npuHannexar C(S) (1. e. GyHruuu Iy (X (), ..., ;s (x ),
rae x = x (y) — 3aganHoe dopmy.oii (6) oToGpaxeHHe HEKOTOPOH OKpecT-
HoctH U npousBonbHO# TOukH x® & S B okpecTHOCTb V Hayasa Koop-
JHHAT, GeckoHeyHO audpepeHUHpYEMBbl B (1 — 1)-MepHOfl 06JacTH % =
=VN{y =eR,1, Y,=0}). Tpeanonoxkum Takxke, YTo CYILECTBYET
GeckoHeuHo auddepeHnupyeMoe B Q pelenue u (x) 3afauu (1), (4), (5).
Kak 610 noxkasaHo BHIE, HA HOBEPXHOCTH S uYepe3 JaHHBE
3aJayd OJHO3HAYHO OINpefensloTCs BCe NMPOM3BOAHLIE pEIleHHA 4 (X)
[0 BTOPOTrO NOpsiJKa BKJIOYHTENbHO. [[OKa)keM, YTO Ha [OBEPXHOCTH
S uepes jaHHbIE 3aayH OJHO3HAUHO OMNpENEJSIOTCS BCE NMPOH3BOJHEIE
Jaio6oro nopsinka ¢pyHkuMH ¢ (x). Tak Kak B paccMaTpHUBaeMOM Cay-
yae orofpaxenne (6) okpectHoctH U npousBoabHOH ToukH x* = S
B OKDECTHOCTb V Hauaja KOOPJHHAT 3a[aeTCs C MOMOLIbI0 GECKOHEUHO
nuddepenuupyemeix B U dyukuuit F;(x), i=1, ..., n, T0 B pe3yb-
Tare oroGpaxkenus (6) sapmaua (1), (4), () B obractu U (mox 3THM
MHl I[IOHHMaeM 3ajJadyy HaXoXleHHs B obnacTu U pelieHHs ypaBHe-
Hus (1), yJOBIETBOPSIOWIErO HAYaJbHEIM YCJIOBHAM U ls, = Uq (X),

0
7;% s, =t (x), rae So=UNS) 3ameHsieTcsa 5KBHBaJNCHTHOH 3ajauet

(8) — (10) mns ¢ynkuuu v(y) B obnactu V ¢ GeckoHeuHO nuxpepeH-
UHpyeMbIMH JAHHBIMH. IIpH 3TOM NOCKOJBKY CYLIECTBYET GECKOHEYHO
nuddepenunpyemoe B U pemenne u (x) sagaun (1), (4), (5), To u
3anada (8) —(10) B V umeer GeckoHeuHo pudpepeHnupyeMoe B V peme-
HHe v(y)=u (x(y)). Has JHokaszaTenbcTBa yTBEPIKAEHHSA NOCTaTOYHO
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YCTaHOBHTb, 4TO Bee mnpoussofubie DYv (y) Ha $ oxHO3HAuHO ompefe-
JsoTca uepe3 AaHHble 3afauH ((8) —(10)).

3HaueHHs Ha NOBEPXHOCTH I NPOM3BOAHKIX D@ Oy (y) u D Dy (y)
NpH MIOGHIX & = (&g, ..., G,q), |& |=0, onpenensioTcs Hemocpen-
cTBeHHO H3 ycioBuit (8) u (9):

D@, 0g |y = D¥y,, D’ Vy|y =Dop,.

OG603HauHM uepe3 v, 3HaueHHe B HAua/le€ KOOPAHHAT QYHKIHH % D%
(al=oay!...a,l):

' 1
) va=—37 D (0), [a][=0. (12)

Torna uepe3 ¢GYHKUMH Uy H Uy ORHO3HAYHO ONPEAE/EHH Vgr, o H Uy, 1,
|e | =0:

1 ,
o

(al)! y =0 (13)

y=0 (14)

1 ,
’ T meme— o
Vo, 1 @ Doy,

(@) =0y! ... €py!).

IOas onpenenenus Ha X mpousBopHoi D2y (y), la’l=0, Boc-
noan3yemcs ypasuenueM (10). Huddepenunpys (10) mo yq, «ovy Ypay
u nojarad y,=~0, noayyum

D(a" 2)v\z =D(a':0)H1|2’ |a’|>0’

rae ¢yukuus H,(y) onpenensierca B V QopMmymnoi
n—1

n—1
Hy(y)= E Yi7 (9) Uy,-yf‘l‘ 2}1 Yin (y) Uy, +

Lj=1

+ 2@y, yH) vth(y)

i=1

(B KoTOpoOil B KauecTBe v (y) MOACTaBAEHO pewieHue 3anauu (8) — (10)).
Dynkuusa DO OH, |y ecTs QyHKUHSA (JMHEHHAsA C M3BECTHBIMH KO3(-
¢duuHeHTaMH) yxke onpefeseHHHX BenuunH DF-0p |y u DO Dy|y
mpu 0<<|B'|<<|o’|+2, 0|y |<|a |+ 1. [TosTomy Ha 2 ogHoO-
3HAYHO uepe3 JaHHbe 3aJauH ONpPENE]SAIOTCS BCE IPOU3BOJIHBIE
D@2y (y), |&’|=0, H, B 4aCTHOCTH,

Var,2= (21 (@' )) 1 D@ OH (y) lyor | [=0.

IlpennonoxumM, uro npu HekotopoM k==2 Ha X OJHO3HAYHO
yepes JaHHbIE 3aJauy y¥Ke OnpejeseHH Bce Mpou3aBojiHble D —y (y),
|a’|==0. Haiizem npoussognyio DMy (y)|z, |’ |=0. dasa sroro
npoaudppepenuupyeM B V ypaBrenue (10) @y pas mo yg, ..., 0,y
pa3 Mo Y,y M k—2 pasa mo y, a 3areM MOJOXUM y,=0.
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B pesyabTare moay4uM
DRy (g) |5 =D #=H, (y) .

Oyuknusa D@ —2H |5 ectb (OYHKUMS (THHEHHAS C H3BECTHBIMH
k03U IHEHTAMH) OTHOCHTEILHO Y3Ke Olpe/ie/leHHbIX BeuuuH DBy |z,
O<<ihk—1 O<|P |<|o/|+2mpu O<<i<<k—2u O0<<|PB'|<
< |a'|4 1 npu i=k—1). [TosToMy Ha 2 OZHO3HAYHO ONpEIESIOTCS
yepe3 [AHHLIC 33Ja4d BCe NpPOW3BOjiHbIE D@ Ay, |a'|=0, B uacT-

HOCTH,
Var, k= ((o)! k1) DO E=DH (y) |, (15)

YTBepKIeHHE [I0KAa3aHo.

3ameuanue. Ilycrs v(y) —npousBosbHas GeckoHeuHO Audipe-
peHiupyemas B o6anactu V ¢yHkuusa. PaccMoTpuM GecKOHeYHO aH(-
¢depennupyeMyo B V @pyHKLHIO

n—1 n—1

H(y) Evynyn— Z Yi/vyiy]— Z 'Vinvy,-yn_‘
6 =1 i=1

— X vivy,—yw—h  (16)

i==1

W3 nmpoBefeHHBIX pacCyXIeHHH BBITEKAET, YTO €c/IM 3HAYeHHs (yHK-
uud v (y) M BCEX €e NPOHU3BOAHHIX YAOBJIETBOPSIOT ycaoBHAM (12),
rle YHCHAA Vg, || =0, onpexenenn paseHcrBamu (13)— (15), T0

D*H (y) |j-o=0 npu Bcex a, |a]=0. 17

Hrak, Mbl MOKa3a/H, 4TO €CJH Ha MOBEPXHOCTH S HET XapaKTepH-
CTHYECKHX TOYEK, TO J4HHblE 33a4H OJHO3HAYHO ONMpeAeNsIoT Ha S Bce
npou3BoJHbIe GecKOHeyHO AuddhepeHUHpyeMoro pemeHus 3agaud (1),
(4), (5). CanenoBarenbHO, B Kiaacce (PpyHKUHH, OLHO3HAYHO OIpeness-
€MBIX CBOHMH 3HAYEHHSIMH M 3HAYEHHAMH BCEX CBOHX MPOHM3BOJIHHIX
Ha S, pewenue 3agauu (1), (4), (5) exuHcTBeHHO. OXHHM H3 TaKHX
K/JAcCOB SIBJISICTCS KJIAcC aHAJMTHYECKHX ¢yHKuui. Jlanee B sToM
naparpaje Mbl MOKaXeM, 4YTO B KJacce AHAJUTHYECKHX (DyHKUHI
sanaua (1), (4), (5) c aHANUTHYECKUMH [AHHLIMH Pa3pelIuMa.

OrMeTuM, 4TO, B OTJMYHE OT Caydasi OGEIKHOBEHHOI'O ypaBHEHHS,
yCJOBHE AHAJHTHYHOCTH JAHHBIX B CTOJb OOWEH cuTyauuu (ecau He
HajaraTb Ha Ko3(pduuuentsl ypaBuenus (1) monmosHUTENBHBIX Orpa-
HHYCHHH) ABJSETCS, B ONPEAEJICHHOM CMBIC/IE, HEOOGXONHMEBIM /5
paspemuMocTH 3anaun. Cenyromwuii npuMep, npunannexauuit I'. Jlesu,
MOKa3LIBAET, YTO YpaBHEHHE B YACTHBIX MPOHM3BOIHHIX C GECKOHEUHO
JudpepeHIHp yeMpIMH KO3QPUIHEHTAMH H CBOGOJHBIM UYJE€HOM BooOlLe
MOXKET H€ HMETb pEIEHHH.

IMpumep 1. [Jupdepenunansioe ypaBHEHHE

Uy, + Ty, -+ 20 (X1 %) teyx, = (x5) (18)
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HH B KAaKOH OKPECTHOCTH Hayaja KOODAMHAT (IpOCTpaHCTBa Rj3) He
HMEeT JBax[bl HenpepblBHO AHpPepeHUHpPYEMbIX peleHHH, eCaH
BellleCTBEHHO3HAYHAA (YHKUHA [ (x;) HE SIBJAAETCA aHAIHTHYECKOMH
dyHKIHEH.

Jns noKasarenbCTBa 5TOrO yTBEPXKAEHHsI, OYEBHIHO, JOCTATOYHO
[POBEPHTh, YTO YpAaBHEHHUE

Uy, ity + 20 (1 + iXy) Uy, = f (x3) (19)

HH B Kakoi OKpPECTHOCTH Hayajla KOODAHHAT HE HMECT HEINPECPBIBHO
augdepeHIHPYEMEIX pelleHH .

[Ipeanonoxum, HampoTuB, 4TO B UMauHApe Q= {x]-x3<<R?,
|x3|<<H} npu Hekoropeix R>0 u H >0 cymecTByeT npuHasie-
xamee C!'(Q) pewenue u(x) ypasuenus (19) ¢ HeanaauTHueCKo#
Ha HHTepBasle |X;| << H BeulecTBeHHO3HAuHOH ¢yHKIuel f (x3). Toraa
dyHRIUA U4y (0, @, X3)=u(pcos¢, psinQ, x3) B mapajiesenunene
N={0<p<<R, 0<p<<2m, |x3]|<<H} sBNfAeTCA pEIIEHHEM ypaB-
HEHHsI

u
Ugpei®ti —:;CB e+ 2ipe'®uy, = f (x3),

npryeM u; e C(T) u u;(p, 0, x3)=u, (p, 27, xs). [Tpounrerpu-
pyeM 3TO paBeHCTBO (mpH qucnpoaaﬂﬂblx pH x;,) no ¢ (0, 2mx).
B pesyJaerare momyuuM, 4to B npsmoyroabHuke K;={0<<p <R
X3 | <<H} ¢dyHKuHA

2n

uz (0, xg)={ w1 (0, @, x;)€®do,
0

Uy (p, x3) & C'(K,), yIOBJETBODSAIOT YpaBHEHHIO
tgg -+ 2+ 2Upline, = 27f (x3).
ITostomy npunamiexamas C!(Ky) N C (K,), roe K, — npsaMoyroJbHuK
{0<<r <<R%, |x3| <H}, dynxuusa
(rs x)=Vr us (Vr, x)
aBjserca B K, peuieHueM ypaBHEHHS

U, + vy, = 7tf (x3)

HJ/H, UYTO TO XK€ CaMo€, ypaBHECHHS

@, x)+in 1@ )i {00 x)+in] 1© dg) —o.

0
Ho mnocnenHee ypaBHeHue ecTb yciaoBHe Komm —Pumana s
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¢yHKIHH

W, x)=0 (s x)+in F (&) &

0

CnenoBarenbHo, (yHKIHA @ (r, X3) sIBAsieTCA aHaduTHYecKoH B K,
H HenpepbiBHOH B K, QyHKuUHEH KOMIVIEKCHOrO MepeMeHHoro 7 - ixg,
w(r, x;)=g (r +ixs). Tak Kak Regl,.o=0, 10 cornacuo npuHuHIy
CHMMeTpHH (YHKUHA g (r - ix;) [OMYCKAeT AHAJUTHYECKOe MPOJOJI-
xeHue B NpsAMoyronbHuUK Ky={|r|<<R? |x3|<<H} u, B 4acTHOCTH,

IBJISIETCS aHAJIMTHYECKOH 0 X3 GyHKUMeH Ha oTpeske {r =0, |x;| <<H}.
X3

Ho g|,=o=ingf(§) dt, mosTOMy AHAJNHTHYECKOH OpH |X3|<<H sB-

0
nsiercsl W GYHKUUA f(X3), YTO NMPOTHBOPEUHT MpPEATOIONKEHHIO.

3aMeTuM, 4TO, HampuMep, MJIOCKOCTb X;==0 HE CONepPKHT Xapak-
TePUCTHYECKHX Touek s ypaBHeHus (18). Takum oGpasoM, 3anaua
Komw pns ypaBHenusi (18) (c HauanbHBIMH YCIOBHSIMH, 33JaHHBIMH
Ha maockocTH x;=10) HE HMeeT peleHHH HH B Kakoil coiepikauiei
Haya/J0 KOOPAHHAT OKPECTHOCTH HH IPH KAKHX HAYaJbHBIX QYHKUHSX.

2. ABajauTHyeckHe (YHKUMH HECKOJAbKHX mepemeHHbX. [lycTob
Q — HeKoropad 06/acTh /-MEPHOTO MPOCTPAHCTBA R,, a g (X) — KOM-
IJIEKCHO3HA4YHAsA (QYHKIMA, onpeie/neHHasd B Q.

Dyukuusa g (x) HasbIBaeTCsA anasumuueckoli 8 mouke x° =Q, ecnu
B HEKOTOpoil oKpecTHocTH U 3TOH TOYKH OHa mpejcTaBjseTcss abco-
JIIOTHO CXOJASILIUMCSI CTEHEHHBIM DPSIOM

g(x)= Z Z e gal,.,an(xl—xg)“l...(x,,—x%)aﬂ=

oy =00z=0 an=0

=28 (x—x%  (20)

o

rae o= (A, ..., &), (X—x0%=(x;—x})%... (x,—x5)%.

GyHKnHA g (x) HA3BIBAETCS QHAAMUMUMECKOL 8 00Aacmu, €CJIH OHA
AHAJHMTHYHA B KaXJo# TOuYKe 3TOH O6/acCTH.

[Tyctb ¢ynkuua g(x) ananutuyna B Touke x° =Q. Torza B KyGe
Kp(x®)={lx;—x}|<R, i=1, ..., n} npu uekoropoM R >0 osa
npenctapasercs abcosoTHo: cxonauuMcs (B Kg (x9) pagom (20). Tak
Kak abcomoTHO cxopsmuiica B Kpg (x°) crenennofl psix B sioGoi
ctporo BHYTpeHHefi mopobaactu K ky6a Kp (x°), K & K (x9), cxo-
JMTCS pABHOMEPHO BMeCTe CO BCeMH [IPOHM3BOAHBIMH, TO (PyHKUHA
g (x) =C>»(K) u, cnenosarenbHo, g (x) C®(Kg(x°). Ilpu stoM,

OYeBHJIHO, ga=aD°‘g(x°), rie al=ay...a,l, T. e pan (20) aB-

asetcsa psaoM Tefiopa ¢ynkuuu g (x) B Touke x°. OTciofa BhITEKaeT,
4TO aHAJUTHUYecKas B obaacTH Q ¢YHKUHA OJHO3HAYHO ONpejensercs
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BO Bceit o6macTH ( CBOHMM 3H4YEHHEM H 3HAUYCHHSAMH BCEX CBOMX
NPOU3BOAHBEIX B [POH3BOJNLHON TOUKEe M3 Q, B YacTHOCTH, €CJIH
B Kakoi-mH60 TOUKe H3  OHAa paBHA HYJI0 BMECTE€ CO BCEMH IIPO-
H3BOIHEIMH, To g (x}=0 B Q.

TTokaxkeM, uTo ecau pynxyus g (X) awarumuuna 8 mouxe x° = Q,
MO OHA GHAAUMUMHA U 8 Hekomopoll okpecmHocmu smot mouxy. s
5TOr0 JOCTaTOYHO JOKas3aTh, 4To eclH Kpg(x°) —ky6, B KOTOpOM
¢yukuus g (x) npencrapisercs (aGCOMOTHO CXOAAUIHMCS) psagoM (20),
10 g (X) auanuTHUHa B Kybe Kgs; (x0).

W3 a6comotnolt cxogumocTH psiza (20) B Kp (x°) BHITEKaeT, 4TO
npu Jmobom p = (0, R)

Dl galpi*! < oo, @0
o

BosbMeM mnpousBosibHyl0 TOYKY x! & Kgs (x°). Toraa ans Bcex x &
e Kgys (x1) umeem

Z&;(Z Ca, (xy— x})P (x}—x;’)“t—m>><...

p1=0

ﬂ
X( 3} €l 5 1= xm“"_p”) B
P

_y 3 z 2aCli.. . Cor X

a py=0 P, =0
X (tp—x])Pr . (g — X5)Pn (e — XD =P (xh — x3) % P,

Tak kak mna Bcex ngR/g (*¥Y) npH JoBLIX A= (C1, ..., An)s
'p=(p1’ veny pn)) pigaia L=1’ veey 1y

QaCl ... CLn (= A (xh — )

1pl lal—1p1 R\l 1
=lgal2e () (3] el (5) " 7

H [OCKOJIBbKY B cuily (21) pan
R\ial 1 R\l
Xolel(5) =2 Dlaal(3)" <o
o p o
To (yHKuHs g (X) npeacTaBasteTcss B Kgss (x!) aGCOMIOTHO CXOAALLMMCS

pazoM
=X (x— a1,
P

o0
P —_
rme gp= >, ... gaCZ‘,(x}—xg)“l—”'---CaZ (xh — x3)*n"Pn. Cre-

oy =Py “n=pn

=
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JoBaTeqbHO, (YHKUHA g(X) aHAJIHTHYHA B TOYKe x! H TEM CaMbIM
B CuJy NpoH3BOIbHOCTH x!'& Kgys(x®) B Kgss(x%). YTBepkaenue
10Ka3aHo.

AHanuTnHueckas B TOuYke x° BelleCTBeHHO3HauHas (yHKUHA

g(x) =2 8a(*—x% nasmBaercs maxcopanmoti B TOouke x° (hyH-
o

Kuud g(x) (u3 (18)), ecan pas Beex a, |a|=0, | go!<<ga-
ITycte {gq» |0 |= 0} — HekoTOpas KOMIUIEKCHAs YHCJOBas MocJe-
JIOBaTeJBHOCTD, I/ KOTOpOH CyHIeCTBYeT BelleCTBEHHAs YHCAO0Bas

~

Noc/e10BaTeNbHOCTh {ga, |a|>0} Takasi, 4To /s Bcex a, |a|=0,
|8a!<<g@q M PAL D ga(x— x%)* a6COMOTHO CXONHTCH B HEKOTOPOH
o

oKpecTHOCTH To4kH x°, Torza, oueBuIHO, PyHKIHS g (x) = D g (x — X0)*

o
aHaJuTHYHA B Touyke x° H QyHKIHA g(x)=2ga (x — x%% siBasiercs
o

ee MaxopaHTOH B TOYke xP.

OueBHIHO TaKXe, YTO Y /OGO aHAMNUTHYECKOH B Touke x° (pyHK-
MM CcymecTByeT MaxopaHta (B x°)., B kauectBe MaxKopaHThl JJs
¢yukuvn  g(x) H3  (20) MmoxHO B3ATh, Hampumep, (QYHKIHIO

>l gal (x — x°)*. Maxopanty GpyHKumH g (x) u3 (20) MOXHO MOCTPOHT
o

Takxke ciaefytomHM o6pasoM. IlycTe psag B (20) aGcomoTHO cxopguTes
B Ky6e Kg(x°) npu HekotropoM R>0. Bo3sbmem HekoTopoe p u3
unteppana (0, R). B cuny (21) cymecrByeT Takoe nosioxurejabHoe M,
uto |golpl®¥l=< M, T. e. | go| << M/pl®!, nas Bcex a=(a, ..., 0).
310 03HayaeT, YyTo MaxopaHTo# PyHKUHH g(x) B Touke X0 sBJAsETCH

"M (x—x0)% M

i ple —<1_"1_—£1’),,,<1_xn_—"_%>'
P P

Maxopanrolt ¢yHkuun g(x) B Touke x° gBaAseTca NpH JaIO60M
N =1 rakxe QyHKUHSA

GbyHKUHS gx)=

~ M
X)=
g AT () TN ()
Y
MN®n (| o))
it
3. Teopema KoBaneBckofi. B sToM nyHKTe MblI GyneM H3yuaTb
3afjayy Koum B kjacce aHaJHTHYeCKHX ¢yHKIHH, T. e. 6yaem pac-
CMaTpHBaTb AaHAMHTHYECKHE B o6jacTH Q HJIH B HEKOTOPOH ee MoA-

o6nacti Q’, coxepxaileii moBepxHocts S, pemeHus 3anauu (1), (4),
(6). Ilpu stom Gymem npepmosnararb, uto jAaHHele 3agauu (1), (4),

MOCKOJIBKY /ISl BCEX O = (Qlys .oy Qp) =|gq |-
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(5) amanuTHYHBL, T. €. OyAeM CYHTaTb, YTO KOIpPHLMEHTH H CBO-
Gomubiit uneH ypasHeHus (1) m ¢ynkuus F u3 (3) (3agaromas ypaB-
HEHHe MOBEPXHOCTH S)— aHAIHTHYyecKHe B Q, a QYHKuMH [ (x),...
vy Ln(x)y ug(x), uy(x)—ananutuyeckne Ha S (T. e. (QYHKUHH
Lx @) ooy lax () 4o (x(9))s ur(x(y)), rre x (y) —3anannoe dop-
MyJqoil (6) oroGpaxkeHHe HEKOTOpPOH OKpecTHoctd U mpoM3BOJIBHOM
TodkH xS B OKpecTHOCTh V Hauana KOOpAMHAT, aHAJIHTHYHBI
B (n—1)-mepHo#i obnacth 2=V N{y R,.1, Y,=0}). Hanomuum,
YTO pellleHHe 3ajauH, Kos(pdHuHeHTbl H cBOGOAHBIH WieH ypaBHeHHs (1)
H HayaJabHble (yHKUHH KOMIJIEKCHO3HAUHBI, 8 KOOpAHHATHI [ (X), ...
ooy la(x) BekTOpa [ (x) M ¢yHKUHA F (x) BemlecTBeHHO3HayHbl. Bynem
Mpejnosiararb, 4YTO MOBEPXHOCTb S He HMEeT XapaKTepHCTHUECKHX
Touek j/a ypasHeHHs (I).

Ilpexkne Bcero pokaxeM JOKAJbHYIO TeopeMy CYHIECTBOBaHHS H
€IMHCTBEHHOCTH pelleHHs 3TOH 3ajaud.

Teopema 1 (reopema KoBamesckoit). ITycms Oannbie 3adauu
(1), (4), (B) anasumuuner u nosepxwocmo S He umeem xapaxmep-
crmuseckux moyex 0as ypasuenus (1). Toeda dan moboii mouku xX* = S
cywecmsyerm maxas oxkpecmuocme Uyg 3moll mouku, 8 xomopot sma
300a4a uMeerm AHAAUMUYECKOe peulenue, U HU 8 KaKol oKkpecmHocmu
mouku x° He moscem Ovimb 6Gosee O0HO20 AHAAUMUMECKOZO pelieHiis
amoti 3adauu,

Hamomuum (cm. n. 1), uro mop sapaueit (1), (4), (5) B obaactu
Uw MB MOHHMaeM 3ajlauy HaxXOxJACHHS pereHHs 4 (x) ypaBHeHHs (1)

U
B Uy, yIOBJETBOPSIOMEI0 HAYAABHBIM YCJIOBHSIM U |, = Uy, o | =t
J

rae Sg=3S N U,; npu stom okpectHocts U, npepnojaraercd Crojb
MaJioff, UTO NOBepXHOCTb S, pa3GHBaeT ee Ha JBe HelepeceKarowyecs
067acTH.

ITycte x° — mpousBosibHast TOuykKa moBepxHocTH S. Pacemorpum
B3aHMHO OHO3HayHOe oToOpaxeHue (6) HeKOTOpOH AOCTAaTOYHO MasoH
okpectHocTH U 3TOll TOUKH B OKpecTHOCTb V Hauyaja KOOpJAHHAT —
o6pasa Ttoukn x°. Ilockosbky nauneie 3anaun (1), (4), (5) u dyHk-
uun F;(x), i=1, ..., n—1, aHajauTHuHH, TO 3agauya Komwu (1), (4),
(6) B obsacth U npu 3ToM OTOGpax(EHHH NEPEXOAHT B SKBHBAJEHT-
Hylo eif 3agauy (8) —(10) (B o6nactn V) ¢ aHanHTHUECKHMH JAHHBIMH.
Ilna nokasaresbcTBa TeopeMhbl | JOCTaTOYHO MOKasaTh, 4TO Haijercs
TaKasi OKpecTHOCTb V Hauaja KOOpAMHAT, B KOTOPOH CYyMIECTBYET
aHaJHTHUecKoe pemeHHe v (y) 3agaun (8) — (10), u uTo pelieHHe STOH
3a1a4H eJUHCTBEHHO.

[Mpexae BCero NOKaXeM eIUHCTBEHHOCTb. I[lycTh B HEKOTOpPOI
OKDECTHOCTH V), Hauasna KOOpJHMHAT CYIIECTBYET aHAJHTHYECKOE pe-
wenue v(y) sapaun (8) — (10). Tak kak v(y) =C=(V,), TO M3 pac-
CMOTpeHHH m. | BeiTeKaer, YTO Ha MOBEPXHOCTH X NaHHBLIMH 3ajauH
OJHO3HAUHO OMNpene/sioTcs 3HaueHHsl BCeX MPOU3BOAHBIX D%y, | a|==0.
B uyactHoCcTH, OnHO3HAuHO omnpexeadloTcs Bce 3HadeHHs D%y (0),
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|a|==0. CrenoBareqbHo (cM. M. 2), pemieHHe v (y) OQHO3SHAYHO oOmpe-
neisiercss uepe3 JaHHble 3ajaud B of6iacth V. EnuHCTBeHHOCTH JO-
Ka3aHa.

[Mepeiinem k JokasarenbcTBy cyulectBoBaHus. Ilpexpe Bcero
OTMETHM, YTO JOCTAaTOYHO JOKa3aTk CYLIECTBOBaHHE TAaKOH aHaJUTH-
yecKolt B Hauase KoopaHHAT (YHKUMH v (y) —B CHAY CBOHCTB aHa-
JUTHYeCKHX (YHKIHA (CM. m. 2) OHAa aHAJUTHYHA M B HEKOTOPOM
OKpEecTHOCTH V Hayaja KOOpAHHAT, —KOTOpasl SIBJ/ISIETCA pelleHHeM
B V 3amaun (8)— (10).

PaBencrBamu (12) —(15) (cm. n. 1) no paHueIM 3apaun (8) — (10)
(onHO3HAYHO) OMpENEeISIOTC YHCAA Ug, | & | = 0. Ilokaxem, 4rto ¢op-
MaJbHO HAITHCAHHBIH CTErMmeHHON psf

D v (22)

npeacTaBasieT co60f aHAJHTHYECKYIO B Hayaje KOOpAHMHAT (YHKIHIO,
Torga cymMa 3TOro aGCOMIOTHO CXOASIIErocss B HEKOTOPOH OKpecT-
HocTH V Hauyasna KOOpAMHAT psija, o603HAuYuUM ee uepe3 v (y), Oyner
HCKOMBIM pelleHHeM,

HeiicrButenibHo, u3 (13) BeITeKaeT, UTO 3HAYEHHE AHAJIHTHYECKOH
no y ¢yskuun v(y’, 0) M -3HaueHHs BCEX ee MPOM3BOAHEIX IO
Y1 -+.s Yy OpH y’ =0 COBMANAIOT ¢ COOTBETCTBYIOUWUMH 3HAUEHHSIMH
IJis aHAMHTHYecKolt mo y dyHKuHH v, (y’). CrepoBatesbHo, v (y', 0) =
=v,(y") Ha X =V N{¥ =Ry, Y.=0}. Ananornyno u3 (14) moay-
uaeM, 4ro v, (4, O)=uv, (¥') Ha X. To, uto ¢yHkuus v (y) ynoB-
JaetBopsier B V ypaBHenuwo (10), npoBepsieTcs cienylomum oGpasoM.
Paccmorpum anajuTHueckywo B V  dyHKuMio H (y), onpejejeHHYIO
paBeHcTBoM (16), rme B KavecTBe v (y) MOACTAB/IE€HA HCCAeRyeMasi
aHanuTHueckas .pyHkuus (22). B cuny Buifopa uncen vy, |a|=0,
COIVIacHO CJieTaHHOMY B H. | 3ameyaHHI0 HMeEIOT MeCTO paBeHCTBA
(17), T. e. dynkuusa H(y) 1 Bce ee NpPOM3BOAHLIE B Hayane KOOpHH-
HaT paBHbl Hymo. Crl€noBaTenbHO, aHaJiuTHYeCKas B V GyHKuus
H(y)=0. A 310 ¥ 03HauaeT, yTo PyHKUHs v (y) ypoBJerBopsieT B V
ypasHenuio (10).

Hrak, HamMm HyXKHO 10Ka3aTb, YTO psif (22) aGCOJIOTHO CXORHUTCS
B HEKOTOpOH OKpecTHOCTH Hauaja KoopauHart, [ag aToro (cM. m. 2)
IOCTaTOYHO MOKAa3dTh CYUIECTBOBAHME MAayKOPAHTBI JJIs 3TOro psina
B Hayaje KOOpJHHAT,

3apauy Komwm (B V) ¢ aHaIuTHYECKHMH JaHHBIMH

n—1

n—1 n
Uy, = Z Yijﬁyiy/‘*' 5231 Yinﬁy,y,,‘*' 'Zl Vi¥y, + v0 + A, (10)
= i=

i,i=1
1y, —0 =0 (), (3)
5-'/71 \yn=0 =i (y’) (§)

G
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OyneM HasbBaTh 3ajaueii, MaxopHpywouel 3apauy (8) — (10), ecau
JaHHBIe 3TOH 3ajauH SBJSIOTCS MaKOPAHTAMH B Hadaje KOOpAMHAT
COOTBETCTBYIOHIHX JAHHBIX 33Ja4H (8)—(10)

Ecan 3agaua- (8) — (10) umeeT anaiuTHyeckoe B Hayaje KoopJ H-
HaT pelleHHe

9(9) = 3 ba®, (22)
[«
TO 5TO pellleHHe SIBJSIeTCS MaXKOpAaHTOH B Hayaje KOOpAHHAT A/
panga (22) u, cnemomaresbHO, pan (22) nmpeacraBasier co6oil aHasH-
THYECKYI0 B Hayaje KOOpAHHAT (YHKIHIO,

JloKa3aTenpCTBO 3TOr0  YTBEPMKAEHHS 3aK/IIOUaeTCss B INpOBepKe
CIpaBeAUBOCTH NpH Bcex a, |a|==0, HepaBeHCTB |v,|<< T, Ilo
OnpefeqeHHI0O MaXKOpHpylomlell 3agaun (PyHKUMH o H &, SBJAAIOTCS
Ma)KOpaHTaMH B Hauyajie KOOpAHHAT GYHKIHI 4y, U 4; COOTBETCTBEHHO.
CaenoBatespHo (cM. (13) u (14)), mns Beex a', |&'|=0,
| Ve, 0| < Do, 0 B |V, 1| <0, 1.

Hpennonome, YTO NpH HeKoTopoM k==1 yxe HOKa3aHl NpH
Beex 5, 0<<s<<k—1, ¥ Bcex @/, |a’|=0, HepaBeHCTBA |vy, ¢ | <<
< U, s. [loKaxKeM, 4TO TOra U | Vo, & | << Do, b, |@"| = 0. B cuay (15)

Vo, b= b CB’, k—1Up", k—1 T
(ri<ia|+1

+ Z Z cpr, sV, s+ Ao, ks

a
O, b= > e, k—10p, b1+
1B i<tai+1
k-2 . 5
+ Z Z cpr, sUp, s+ ha, ko

s=0{p 1o |+ 2

rae
(', k)
ha, (oc')l @y PP R 0),

hot, 4= D2 R (0),

MOCTOSIHHEIE  Cp, s — IHHEHHBIE KOMOMHAUMH C HEOTPHUATETbHBIMH
Ko3(pHIMeHTaMH 3HAuYeHHH B Hauaje KOODAHHAT MPOH3BOIHBIX KO-

¢uuuentoB ypasHeHus (10), a cg, s €cTb Te Xe camble JHHEHRHBIE
KOMGHHAUHH COOTBETCTBYIOMIMX (HEOTpHIATEeJIbHBIX!) HPOH3BOAHBIX

kospuunentos ypasmenns (10). Tak kak 3apaua (8)—(10)--
MaXKOpHPYIOWAs 33124y (8) — (10), TO | hyy, k]<h<Jc EOH o s|<<
<c,y s ClIenoBaTenbHo, |y, k| << U, ke
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Takum of6pasoM, [/ JOKa3aTeAbCTBA aGCOJIIOTHOH CXOAHMOCTH
B HEKOTOPOi OKPeCTHOCTH Haua/ja KOOpAMHAT psxa (22) Ham jocra-
TOYHO MOCTPOHTL MakopHpywomylo 3agauy (8)—(10), umeromyo
aHaJVTHYeCKoe B HauajJe KOOpAHHAT pemieHHe. IIpH mocTpoeHHH
MaXXOpHpYIOWeH 3a1aul yAOOHee HMeTh 1ei0 C ONHOPONHBIMH HAya/b-
HBIMH ycaoBHAMH (8) u (9):

(4 llln=0 = 0’ (80)
Uy, ’y,,=0 =0. (%)

b

3aMeTuM, 4TO /51 JOKa3aTeJbCTBAa CYHIECTBOBAHHSI aHAJHTHYe-
ckoro pemenus 3anaud (8) — (10) mocTaTouHo nOKa3aTh CYyLIECTBOBA-
HHe aHQJINTHUYECKOro pelleHHs w (y) caenylomel 3ajaud ¢ ofHoOpof-
HBHIMH Ha4a/IbHBIMH YCJIOBHSIMH:

n—1 n—1 n
’
Wy v, — > YWy, — Z VinWy,y, — > Yily, —yw—h' =0,
i =1 i=1 i=1
w Iyn=0 = 0,

wyn [yn=0 = Q’
rue
n—1 n—1 n
’ ’ ’ ’
2 Vil D Vi, + D) vy, e,
R j=l i=1 i=1

W () =0, (¥)+ Y1 (¥)-

HelicTBHTeIBHO, JIETKO BHAETb, YTO €CJIH W@ — aHAJHTHUYECKoe pellle-
HHe 3TOH 3aJauH, TO GYHKUHS U= w--w’ gBJASETCS AHAJHTHUECKHM
peienrem 3agauu (8) — (10).

CiefoBaTeqibHO, MBI MOXEM CYUHMTaTh HauyaJbHble YCAOBHs (8)
H (9) ONHOPOIHBIMH, T. €. HaM JOCTAaTOYHO NOCTPOHTb MaXKOPHpYIO-
myio 3agauy njs 3agaun (8y), (9p), (10). ITockombky Ko3(dHIHEHTH
H cBoGopHblii 4ieH ypaBHeHHs (10) aHalauTHYHBI B Hauaje KOOpJIH-
HaT, To (cM. M. 2) B KauectBe ypasHenus (10) MaXKopHpyoteH
3a7aYd MOXHO B3SITh YpaBHEHHe

N M
v = -
Un¥n ]_!/1+---+!/n_1+N!/nx
Y

n—1 n-—1 n ~
% (i iZ:l Oyt 3 By + Y a,,i+a+1) (10)
= =1 i=1

W=h—uj, +
i

npu HeKoTopeix p >0, M >0 u npouszsoinHoM N == 1. Paccmorpum

y1+-~~+%n—l+Ny" =m peweHua =Y (n)

ypaBHEHHS (10). Bce TakHe pelieHHs ABAAIOTCA pelleHHAMH OGbIKHO-

3aBHCAHIHE TOJIBKO OT



26 BBEAEHUE. KJIACCHOHKAIIUS YPABHEHUD T 1

BEHHOI'O ypaBHeHHS
AY'L-B(Y 41
a—n ’

rne A=M_E.§lﬂ_) B— N2 ’ =1—M(,;v:l)2_(n_1\;)M BriGe-

peM N HacTosbKO GOMBIUMM, YTOGH UHCIO @ OBUIO IMOJIOMKHTEILHBIM,
0<<a<l,

Bospmem pemenne Y,(n) ypaBHeHHs (23) Y IOBJIETBOP AOLLEE
OHOPOJHBIM HAYaJbHLIM YCIOBHAM Yo (0) =Y (0)=0. Tak Kak Ko3}-
GHUHeHTE! ypaBHeHHA (23) aHAIMTHYHBI NpH M=0 (zaxke mnpu [n|<
<< a), TO HeTPyAHO YyOeAMThCH, 4TO H QyHKIHA Y, (1) aHAIHTHYHA

% 1
B Hyne *). ITockonbKy Bce mpou3BoAHble B TOUKe 1= 0 GyHKIUH s
TOJIOKHTE/IbHE, TO B CHAY (23)
d*kY, (0)
dnk
Takum o6pasom, aHaIMTHYECKas B Hauaje KoopiHar byHKrIHA
iy)=Y (yl_l_ Y "HW") SBSIETCA pelleHHEM YpaBHEHHs (lO)

0
H BCE ee MPOM3BOJHLIE B Hauyad/Je KOODAHMHAT HEOTpHULATE/bHbLI. Cre-

JOBaTe/bHO, MBI MOCTPOWJH AaHANHTHYeCKOoe pemeHHe 3ajgaud Komw,
MaxopHupywoulet 3amauy (8), (%), (10) B Hauane KoOpAMHAT.
Teopema nokasana.

M3 Teopembl 1 BHITekaeT ciefyouiee yTBep:KAeHHe.

Teopema 2. Ilyemo Jdannee 3adaau (1), (4), (5) anasumuynol
u nogepxrocme S He umeem xapaxmepucmuueckux moyex. Toeda cyuye-
cmeyem maxas colepxcauwsas nosepxnocms S obaacme Q' (Q = Q),
8 KOmopoti ama 3a0aua uMeem AHAMMUYECKOe Delierue, U HU 8 KaKoLi
obaacmu, codepacaweli nosepxHocms S, He moxcem Gbimes 604ee 00HO20
QHAAUMUYECKO020 pellerus smoil 3adaqu.

Ilpexxne Bcero 3samernM, 4YTO YTBepXKJEHHe O ELHHCTBEHHOCTH
pellleHHs] HeMeAJeHHO BLITEKACT M3 TeopeMbl 1 H CBOHCTB aHAMHTH-
YecKHX (GYHKUHH,

Y = (23)

=0 p1a Bcex k=0, 1,

*) Ipouwe Bcero B 5TOM MOXKHO YOemUThCS caepyiomuMm obGpasoM. PaccMorpum

ypaBHeHHe
5 1 5, B (?+1)> ‘ .
" __ ' 23
Y a=n (AY-I— ek (23)
KoaddHLUENTH KOTOPOro (mocKoaeky 0 <Ca << l) MaOpHpYIOT cOOTBETCTBYiOUlHe
Ko3hbunHeH TH _YypaBHenns (23). Ypasnenne (23) ABAAETCA  ypaBHeHHEM ditnepa
s dynkmun V1, Y;[osneTBopmomee HaYaJlbHBIM YCJOBUAM ¥ (0)=7"0)=0

[01 (1—n/a)’* —o, (1 —n/a)o] — 1, rae

pemerne ypasuenns (23) Yo(’f])=
o, =[1— A+ V(__A)z-l——‘lB]/Q a oz—[l—A V({T—AF+4Bl2, ananu-

THUHO B HYJe H Maxopupyer B Touke 11=0 ¢ysxumio Y, (1).
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Jlokaxem CyllecTBOBaHHe pelueHHsi. B cuny teopemer | jas
KaXJIOH TOYKH x° MOBepXHOCTH S CYIIECTBYeT TaKas ee OKPeCTHOCTb,
B KoTopoii 3ajpaya (1), (4), (5) onmosnayno paspemnma. Herpynso
BUIETb, YTO yMeHblIas KaxkAylo H3 oKpecTHocTell Uy, ¥ &S,
MOXHO MONYYHTb MOKphiTHE {U, x° & S} nmoeepxHocTH S, o6aazaio-
miee C/efyIOU[UM CBOHCTBOM: €CJH NepeceyeHHe JIOGHIX ABYX OKpecT-
HOCTEH HEeMyCTO, TO OHO SBJSIETCS OTKPBITHIM MHOMXECTBOM, KakKHas
CBsI3HAasi KOMIIOHEHTa KOTOPOTO COAEP:KHT TOYKH S (T. e. 3TO mepe-
ceyeHHe MpejACTaB/asercss B BUAe OOBefHHeNHS He Gojee ueM CYeT-
HOrO 4HCJa HemepeceKamoupxcs o6nactel, Kaxaas H3 KOTOPHIX
COJEPKHT TOUKH S).

Ileficturennto, paccmoTpuM B Uy map {|x—x%| <<ro} Takoro
JIOCTaTOYHO Masoro paguyca ro=ry(x%) >0, 4To yron Mexnay Hop-
MansiMH K S B JI0ObIX ABYX TOYKAX H3 MepeceyeHHs 3TOro mapa
¢ S wmenpmwe n/4. B kauectBe Uy BosbMem o6nacTh {x: x=x'+
+in(xt), teSN{lr—xi<ry4), te(— 8, 6}, rae n(xt)—
— nopMasnb K S B Touke x!; mpH 5ToM GyaeM CUHTaTh Op= 8 (x?) <C
< ry/4 CTONb MAajblM, 4YTO uepe3 KaxAylo TOUKY 3ToH 06JacTH Mpo-
XOAMT TOJBKO ONHA HOPMAilb K HOBEpXHOCTH S(){|x—x0|<<ro}
(T. e. ans Kaxaoii TOYKH x & Ul cyllecTByeT TOJbKO OfHA TOYKa
x! (x), npuHagaexamas S({|x—x|<ro}, Takas, uro x mpHHanje-
KHUT npamoit {x: x=x'4n(x')¢, t =R,}). OueBugHO, UYTO MOKpEITHE
{Up, x®= S} noBepxHocTH S SIBJIAETCA HCKOMBIM.

Tak kak npu KaxaoM xo= S Up < Uy, To B Uy cymecTByer
eqMHCTBEHHOe AHAIMTHYECKOe pemenune 3anadu (1), (4), (b); o6osHa-
YHM €ro uepes Uy (x). 3ameTHM, 4To ecaH x° H x! — nBe MPOU3BOMB-
Hole TOYkH MOBePXHOCTH S H UnN Ui # @, TO up (X) = tp (X)
B UwNUi. CnegoBatenbho, B obgactn Q' = U Uy, Q =Q,

xS
MOXKHO onpejieIuTh AHAMHTHYECKYIO (QYHKIIHIO 4 (X) pABEHCTBOM U (X) =
= Uy (x) npH x € Up. PyHKUHA u (x) SBASETCH HCKOMBHIM AHAJHTH-
yecKuM pemeHneM B Q 3apauu (1), (4), (5). Teopema nokasaHa.

B cayyae, korga HOBepXHOCTb S He CONEPKHT XapaKTepHCTHYE-
CKMX ToueK, KaK NoKa3biBaer Teopema KoBajseBckoii, 3ajaua Ko
I/l YpaBHeHHS! B YacCTHBIX NMPOH3BOAHBIX BTOPOro Mopsjka, KoTopas
B n. | 6bl1a mocraBjeHa 1Mo aHajorHd ¢ 3ajaueit Kowwu ans o6BIK-
HOBEHHOro ypaBHeHHS BTOPOro MOPSAKa, H Ha CaMoM Jeje B ompene-
JIEHHOM CMBIC/I€ el aHa/nornyHa. li3BecTHasi B TeOpHH OGBIKHOBEHHBIX
ypasHeHu#i Teopema Komwn yTBep:Kpaer, uto OGbIKHOBEHHOE ypaBHe-
HHe (2) ¢ aHaJHTHYECKHMH Ha HHTepBase a << X << b KospduuneHTamu
H CBOGOIHBIM 4YJIEHOM B HEKOTODOiH OKpEeCTHOCTH TOYKH x°, B KOTO-
poit 3ajaioTcsl HauaJbHbie YCJIOBHS, @ << x°<Cb, HMeeT efMHCTBEHHOR
aHaJHMTHYeCKoe pellleHHe, YIOBJETBOPSIOUlee STHM HAYaJBHBIM YCJIO-
BHAM. Teopema KoBajeBckoit fBnsercss oGoGeHneM Teopembl Koru
HA CJyyail ypaBHeHHs B UAaCTHhLIX NPOH3BOAHBIX: €CJIH MOBEPXHOCTH S,
Ha KOTOpOil 3ajaloTcs HayajbHEE YCJAOBHS, He HMEET XapaKTEPHCTH-
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YeCKHX ToYeK H naHHble 3ajaud (1), (4), (B) aHaJMTHYHH, TO B HEKO-
TOPOH «OKPECTHOCTH» MOBepXHoCTH S 3amava (1), (4), (5) umeer
€IMHCTBEHHOE aHAJIHTHUECKOE pelleHHe,

OnHako noJHOH aHanorHu Mexay 3agauefi Ko psi o6bIKHOBEH-
HOrO YypaBHeHHs M 3apayell Kowm ana ypaBHeHHSI B YacTHBIX MpO-
H3BOJHBIX H, TeM Gojee, MexX1y TeopHel OOLIKHOBEHHBIX ypaBHEHHI
H TeOpHEell ypaBHEHHH B YaCTHBIX NPOHM3BOAHHLIX HE CYHIECTBYET —
B CJyuae YpaBHEHHil B YaCTHBIX MPOH3BOLHBIX CHTYaIM$l 3HAYHTEJb-
HO CJIO)KHee,

B n. 1 6bj0 nokasaHo, 4yTo B CJyuae, KOI'd HAa MOBEPXHOCTH S
HMEIOTCSl XapaKTepHCTHYECKHE TOUKH, CYHIECTBOBAHHSI AHAJHTHYECKOTrO
(¥ naxe ABaXK.bl HermpepblBHO AH(ppepeHIHpYeMOro) pelleHHs 3ajayH
Komwn rapantHpoBaTh Hesnb3sl: ecaH TOYKa x° & S xapakrepucTHYe-
cKasA 1js ypaBHeHHs (1), TO CylleCTBYIOT TakHe IVafKHe H Jaxe
aHaJHTHYeCKHe Haya/bHble DYHKLIHH Uy H u;, YTO HH B Kakoi OKpe-
cthocth U »sTofi ToukH He cymectByer pemeHHs (i3 C?(U))
3anaun (1), (4), (5). Ilpn sTomM OoTMeYanOCh, YTO €CJH MOBEPXHOCTH S
ABJIIETCA  XapaKTePHCTHKOM, TO BO3MOXKHEI TakKHe CJy4aH, Korja
3agauy KomH HYXKHO CTaBHTb [0 AHAJOTHH ¢ OOGBIKHOBEHHHIM YpaB-
HEeHHeM [MepBOro MopsfKa (HanmpHMep, A/ YPaBHEHHS Uy, — Uy, =
= f(x), 1 KoToporo mpsmas x,=0 SAB/IAETCI XapaKTEPHCTHKOH,
B rmaBe VI Gyner u3yyeHa 3apaua Komm, kotopasi COCTOHT B OTHI-
CKaHHH peLIEHHA 3TOr0 ypaBHEHHS B NOJYIIOCKOCTH X, >0, yn0B-
JIETBOPSIIOLIEr0 OZHOMY HAYa/JbHOMY YCJIOBHIO U 'y, —o = U, (¥1)). Kak
noKaseiBaer caenyrouiMii npumep KoBaneBckod, M B sTOM Ciaydae
AHAMUTHYHOCTL JAHHBIX 33734 He T[apaHTHPYeT CYILeCTBOBaHHE
AHAJ/IMTHYECKOTO peleHHs .

IMpumep 2. He cymecTByeT aHaJHTHYECKOro B Hauajse KOOpJH-
HAT pellleHHs ypaBHEHHS

Ugyxy — Ugy, = 0,
YZAOBJICTBOPAIOHIEI0 Ha4YabHOMY YCJIOBHIO

1
u |xs=0=m-

HenocpeacTBeHHo MpoBepsieTcsl, YTO €CJH aHAJMTHYECKOE B Hauase
KOOPJHHAT pellleHHe 3TOH 3ajayH CYLIECTBYET:

Oy O
U (X1 Xo)= Z Ugy, agX1 X2
g, Oz
2s - 2k)!
TO KO3pGHLMEHTH Uy, o, HMEIOT BHI U, k=%(— 1 )k+s
H Ugsy, =0 npH s=0, £=0. Ho Torga HanmucauHblfi psjg He MoXer
6LITb CXOASUIMMCS HH B KaKOH OKpECTHOCTH Hauasa KOOpJAHMHAT,
MOCKOJIBKY OH pacxoJHTCA, HamnpHMep, B JOG0H Touke (0, xo) mpH
x, % 0,






