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INPEANCIIOBUE KO BTOPOMY N3OAHUIO

Bo Bropom mzpmammu toma I poGasnernst maparpadm 19.8—19.12,
nocesamennsie wurerpaxzaM Cruareeca, Pumana — Crmiartbeca, Jle-
dera — Crunbrheca. Hexoropeim mamesennam mogseprimch §§ 12.13,
13.8, 13.14, 13.15, 13.16, 15.3, 15.9, 16.3.

KpoMe aum, yre oTMeTeHHBIX B NPEIHCIOBIAX K ToMy I, i1 Giaa<
rogapio P. B, I'amrpeamase sa momestoe ans mens obcympesne or-
peapnbix raaB wuura. fI Gaaromapro rtamxe A. . BeliccenGepra u
[, JI. Surencoua, o6paTUBIIUX MOe BUMaiue Ha IIEKOTOPHIE HETOI-
vocern B 1-M uU3manun KHUTH,

1975 1, C. M, Huroavcruii



INPEANCJIOBHE K TPETLEMY WN3JAHUNIO

B tperbem maganmu toma Il cpemanst msmemenma m poGapienus
B § 12.13, 13.8, 153, 154, 16.4, 193 (u. 22). B wacrnocrm, 8
§ 12.43 nmamo Oosee mpocTo® HOKA3ATENHCTBO H_el'lpepblB‘HOCTPI nH-
Terpasa 1o mapamerpy, xkoropoe cooGmux mue O. B. Becos. B § 16.4
péasoGpanoe maoro npuMepos Ha npeobpasosanun Dypod, fl B3an sra
upnMepst m3 COOPHHKAZ 3aaY H yHPAKHeHHH NO MaTEMATHUECKOMY
asamuzy B. II. lemugosuua («Hayka», 1972).

1982 1. C. M. Hukoavcruii



Faaea 12

KPATHLIE MHTEIPA/IBI

§ 12.1. Beenenue

[lycrs B Tpexmepiom mpocTpaHcTBe, B KOTOPOM OnpefelieHa Ops-
MoyroibHasa cucTema koopmuuat (x, y, 2), 3ajiaHa HenpepbiBHas HO-
BePXHOCTH

z=J(Q)=flz, y} (Q=I(zx, y)=EQ),

rme Q ecth mexoTopoe orpanmueHHOe (AByMepHOe) MHOKeCTBO, A
KOTOPOTO BO3MOKHO ONPENeINTh NOHATHE ero ILIOH{ajau (nnymepﬂou
mepnt ¥)). B kauectre © Mmomer GBITH B3AT KPYr, OPAMOYroILHUK,
paaMnc u t. A. Bymem cumrars, wro $ysrmusa f(z, y) nonomunrens-
Ba, ¥ TOCTABUM 3ajauy: tpebyercs onpegeluts ofbeM Texa, orpamf-
YeNHOTO CBEpXY Hauleil OBEPXHOCTBIO, CHW3Y NAOCKOCTHI0 2 =0 1
¢ OOKOB IIIHHAPBYECKON NOBEPXHOCTHIO, NPOXOAAINEH uYepe3 rpaid-
uy Y miockoro MHOMKecTBa Q, ¢ ofpasylomeil, napainensnoii ocu z.
Ucxomeril 06beM ecTecTBelHO oIpelelduTh clefyromum obpasom,
Paspennm Q na KomeuHoe ymeso Yacrei

Qi ..., Qn, ()

HePEKPHIBAIOINXCST MEKLy co0ofl pasBe 4YTO IO CBOMM rpaHHIlaM.
Opraxo oTH YacTH JOJUKHE OBITh TAKHWMHE, Y4T00B! MOMHO OBLIO oripe-
AENUTL HX IJIomAann {(aByMepHbie Mepsl), KOTOPbie MH o0603HadnM
COOTBETCTBEIIHO Yepes mQ,, ..., mQy.
BrexeMm nousTue puaMerpa MHOMKecTBa A — 3T0 eCTh TOUHAA
BepPXUAS IPanb
d(4)= sup |P'—=DP"|
P! PYEA
B wampoit wactm ; Bei6epeM no npowsBoXbHON Toure ;=
= (g, n;) G=1,..., N) n coctaBam cymmy

N
V= 2 1(Q)) mQ, 2)
i=1
KOTOpyIO ecTeCTBEeHHO CUYHUTATH HpnﬁﬂﬂmeHHbIM Bblpa}l(eHMeM ,PICKO-‘

moro o6bema V. Hamo pymarts, ure mpubmmwrenue V =~ Vy 6yger TeM
Goaee TOYHBIM, ueM MeHbIUMH GyiuyT AuaMerpnl d(Q;) uacreit Q.

*) CM. manee § 12.2,



10 71 12. KPATHBIE JITHTETPAJIBL

TTooroMy ectectmetiio 06%en ialicro Teia ONPENENHTL KAy Hpejen
cymmut (2)

N
V= lim 3/(Q)me, &)

maxd(Qj)=0 =l

ROT/I2 MAKCHMATGLIBIT fHaMerp dacTHuHBX Miuoskects pasbuerua (1)
¢TpeMMICA K HyJI0, CCIl, KOUEYHO, 9TOT Npefed CyLIecTByeT H pa-
BEII OJNOMY W TOMY SKe YIICHY Ie3aBHCHMO OT CHocoba mociemoBa-
renpuoro pasbuenng L.

Moskno OTBIEYLCS OT 3afKadul o naxo:spenny ofbemMa Tena n
¢cMOTPCTH 1A Bbipasielnre (3) KAk I1a [EKOTOPYIO OUEpPamHIo, KOTopas
npoussogurea uax (pyurnueir f, ompemperennocil na . Jra omepaums
HaseBaetca onepayuell Jdgolinozo unrespupogaMus no Pumanmy
dynryuw | Ha mmoicecree Q, a ee peayabTaT — OnpedeseHHbLYL
deotinbin urreepasom (Punana) or f na L, oGoznazaeMbM TaK:

N
Ve lim X7@)m@={{i@ddy=
Q

masd(27)-0 j=1

~

(7@ ae=|7a0.

2 0

.

Ilycrh Temeph B TpeXMepHoM IPOCTPAICTBE, TAE OfIpefienena npsi-
MoyrouLHas cucreMa koopunmnar (z, y, z), samauno rteio Q (Muo:ire-
CTBO) ¢ HEPaBIIOMEPHO PacHpefeNicUIiol B HeM MAaccoil ¢ DAOTIOCTHIO
pacopenenenna plz, y, z) =p(Q) (Q=I(z, y, 2) =Q), Tpebyerca
onpeneanTs oOIHYIO Maccy Tedaa .

UroOel peminTL, 3Ty 3afaty, eCTECTBEHIO NpPOH3BecTH pasbnenioe
Q na vacrn Q,, ..., Oy, obbvemb (rpexmepuble MeEPH) KOTOPLIX
(R HpenNONO;KeHHH, WTO OHH CYyLIeCTBYIOT) mycTh Gymyt mQ, ...
..., m&x, BEIGPATH NPOM3BOALIBLIM 00pasoM B KaKa0H 9acTH N0 TO4-
e (Q;={(x;, y;, 2,) =€) n cuurars, 4TO HCKOMAA MACCQ PaBiia

N .
M= lim 5 u(0)mQ ()
maxd(Qj)»o i=1

Cuosa ma sweipaskenne (4) MOIKIO CMOTPeTh KAk Ha omnpexpeier-
mylo omepanuio map Qynkmmeil p, sagaHHOI Teneps Ha TPEXMEPHOM
MHoxecTBe . Jra omHepalms Ila 2TOT Pa3s MasplBaeTcs onepaylell
Tpotnozo unrezpuposanus (no Punany), a pesyavrar ee — onpede-
aenHuly Tpotineln unrezpatonm (Pumarna), oGoszunadaemuim rax:

M= lim Ju@)m={p@d0=]{{u@ v drdya.
0 : Q 0" .

max d(!)j)—)

B proM ke [yxe olpegeiaserca IMOHATIHE N-KpParH020 UHTezpaad
Punana, :

Mp1 yBuguM, WTo 9acTh TEOPWM KPATIIOT0 HETETPUPOBAHMA, cO-
JepRalias TeopPeMBbl CYN[eCTBOBAHHA I TeopeMbl 00 agIATHBHBIX
cnolieTBAX HHTErpajta, MOKeT OBITh W3JN0YKeHa COBePHIEHHO awalo-
LHYH0 KaK B OJ{HOMEDHOM, TaK H B n-meprnon cayuae, Ofnako B Teo-



§ 2.2, HBAOPIIPYEMBIE 110 JHOPHAHY MHOKECTBA 11

Pud RParuplX HOTErPa0oB BO3HURAIOT TPYIHOCTI, KOTOPHX ire ObLI0
'y BAC TPH U3J0KEHHI TeopHYU OXHOKPATHHIX HIITErPAIOB.

Hemo B TOM, YTO ONBOKpPATHBI miTerpaj PnMana Myl onpeieli-
AU b1 Ovelb [POCTOTO MHOKecTBAa — OTpeska - [a, b], wotopwmiii
jpobdnaes cuoBa . tia orpeski.. IInkaknx Tpymmocreil B oupedeseHIl
el (00nomeprotl sepbl) OTPesKoB e sosiurano, Mewpy Tes b
enydae ABOINIBIX ‘I BooOLIe A-KPAaTHHIX NHTErpalios o0gacts HHTeI-
prpoBauus £ NPUXOAUTCS AEINTL HA YaCTH ¢ KPHBONUNEHBRIMIL
rpalimaMIil U BOBHIIKAeT Bompoc o6 obumieM ONpeAeTeHiH NOMATH:
naowWany miai sooduwie n-MepHol Mepw otux uactedt. Homedno, stor
BoNpoc BO3nNK Obl 1 UpH 1 =1, ecan Obi Mb! OHNPENEHANN ILTErPalL
Pymana nme Ba orpeske, a Ha 0ojee HNIM MeHee CIOMKHOM OJIIOMEp-
1OM MHOJKECTBE,

B cBA3n ¢ 9THM HOABIAETCA HEOOXOMIMOCIH B 4ETHOM ofipefiesie~
NI UOUATHA Mepsl MIQJKECTBA B BBIACHEUUH ee cBoiicrs. Tlostomy
Mbi HOMIHAEM 91y [NABY ¢ H3JOyRenwsa Teopil Mepw mo sioppamy,
OpranmuecKN cBA3AUHOW ¢ Teopueli mmrerpana Pumama. Ha ocuose
9TOH TeopHil 3aTeM H3JAraercs TEOPHA KPATHOr0 HHTErpaxa. Bask-
M MerToloM B 9TOH HociefHell ABiAeTCA TOT (PAKT, UTO BHITHCIE-
NHE KDAaTHBIX MMTErpasos MoKeT OBITh CBeleH0 K BBITHCIENINIO
ONHOKPATIBIX 110 KASKNOU nepeMeHHoll B OTREABHOCTH, 1TO JAeT BO3-
MOIKHOCTL HPHMEISITE BO MHOIHX caydasx teopemy [lnoorona —=
Jeiidnuna.

§ 12.2, Keappupyemsie no Hoppany mMHOMmecTBA

PacemorpuM maockocte R =Ry, rie sajama suosine onpegenein-
jlast IPAMOYroNbHax cucTeMa Koopmuuat (z, ), KOTOPYi0 MB 0003Ha~
wiM ToM ke GykBou R.

Ty e naockocTsh B JAPYToH, IOBEPHYTOIl cICTEME KOOPAHHAT
(&, ) Mm Oymem obosHavaTh yepes R,

Ipocreitmram muosRecTBoM Ha R Mol GymeM cuuTaTh HPAMOYIolib-
nuk A, AHAIUTHYECKIT ero MOMKHO OHpefequTh CAeMyIOIuM o0pason:
cyIMecTByeT TAKasg HPSMOYToJAblias cHcTeMa Koopamaar R’ B Ko1o-
poit A ompepenserca Kak MHoykectBo Todex (£, 1), yRoBuierBopaio-
O{HX HePaBeHCcTBAM

alggéaz, bléngbg, (1)

roe a; <a, b, <b, Cmcrema xooppumar R’ oGmpamaer Tem cBoii-
¢TBOM, 9TO CTOPOHBI A IMapanielbHsl ee ocaM, Yro6sl MOTIEPKHYTD,
wro cTopoHbl A mapaimenbHBl ocsaM cucTembl R’, Mpl GymeM mucars
A == Aps. BamernM, 4T0 MBI cuHTaeM A BaMKIYTHIMH MHOMKECTBAMI.

Mer BBOSUM emle DONATHE d4eMeNTAPHOU uzypul O. MuomecTso
0 < R Ml HassiBaeMm »jaeMeHTapHOM $urypol, ecin ono ects (reope-
THKO-MHOKECTBEHHAsA) CYMMa KOHEYHOIO 9HCAA NPAMOYTOIBUIIKOSB
A SR, xoroprie MOryT HepeceKaTseA TONBKO IO HacTAM CBOHX rpa-
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muit. Hromams {6l msymepuoit guryps 6 ompenensercs xak cyMma
mronlafell NPAMOYTONBIUKOB A, 118 KOTOPHIX COCTOMT O.

@uErypa ¢ MOoMeT OGbITh GECKONETHBIM YUCHOM CITOCOOOB HpeNCTaB-
JeHa Kak KoHewyHas cymMMa npswoyroinHmkor A. Onmake mwirouramb
lol re saBmcmr or emocoGa mpeacTaBAeHEA. DTO YTBePIKIEHHE TOKa-
3bIBAETCH CPEACTBAMU BJIeMelTapHOH reomerpuu, Mul ne fymem ma
9TOM OCTAHABIHBATLCA.

Ilycroe mMumonectBo Tariwe cumraercs (uTypoil, M Mepa ero cum-
TAeTCA PABIOH HYJIIO.

Onpenensisi npsAMOYroqbHUK IPH TOMOINM HepaBeHCTB (1), MEI
CURTANH ¢y << @y, b, << b,, Tarnu oGpasom, Mp1 ne GymeM cuUHTaTH OT-
MlelbHBle TOYRMA I OTPE3KH NPAMOYrONLHAKAMEA — B DTOM He Oyder
HafoGUOCTH DPH HANOMEHIIT JAHHOH Teopulu.

Cpepu Quryp 6 MH BH/eNWM TaKkde, 4To Bce NPAMOYroIbHUKE
A, U3 ROTODBIX OHM COCTOAT, CYTh A = Ap T. €. OHH HMEXT CTOPO-
HEL, DApaJIeAbABIe OCAM cucreMsl roopuuuar R. Taxue (urypnl mer
Oymem ofo03HavyaTh CUMBONOM Op.

Otmerum papg cBoitcTB guryp 0. [orasatelbcTsa HX biIeMeHTap-
IbI, ¥ MBI He GyIeM Ha HEX 0CTAHABAUBATLCA.

a) Ecau 6, <6, 70 lo,| < lo,l.

6) Cymna (reopernro-mmosecTBennan) guayp On u O ecTo Pu-
2ypa Op, U GBINOAHACTCA HEPAGEHCTEO

lok + 6rl<<|or| - |onl. (2)

Ono obpawaercs 6 pasencreo, ecau Op u Op nepecekaiorcs passe
UTO RO HACTU UL 2paruy.

8) Pasnocrs Op—0p deyx (pueyp OR, Op He 06a3aTeavmp ecrd
BUMERYTOE MHOICECTEO0, NOITOMY OHA HE 06ﬂ3aTe./Lb,H0 ecrs Pueypa.
Ona momer crarv ueypoii (nycrold), auuiv ecau Gp C Op uau ecau

1 ”n ’ ”
Op U Og He nepecekawvca. Ho sambikanue Op — Og ecro gceeda pu-
2Ypa, U NPU ITOM 8BINOAHACTCA HEPAGEHCTEO

lor —or|>|0r| —|ok]. 3)

Ono obpawaerca 6 pasencreo, ecau G”R — 0;;.

1) Ecau ¢pueypy or pacceuv npamoil, napa/me’{mnozi 00HOl U3
oceil R, to ona pasdesurca na dee gpueypet Gr U Op.

K srum cmefictBam maM npumeTcs elme Ao0aBuTh ABA, OAN0 U3
KOTOGPHIX OCHOBAHO HA TIGHATHN CETHI.

3amamuM narypansHoe umcao N M mocTpomM aBa cemeiicrma Ips-
Mbix: =Fkh w y=Ih (h=2"" % 1=0, =1, =2, ...). 06a cemeii-
CTBA ONPE/IeNIAIBT NPAMOYTOALHY- ceTKy Sy, paséusaiouyio R ma
KBajipaThl A, €O cTOpoHAMH FAMHB kb, mapamnensuriMu ocaM R. [lpu
nepexonie o1 'ceTRM Sy K cetke Sy, KUKABIA KBRAPAT CETKH Sy
QleauTCA HA 9eTHIPP PABHBIX KBaAparTa.
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Ilyets G < R — npousBoibHOE HENycToe OrPAHHUSHIOe MHOMe-
crso. Obosnawmm uepes on(G) =y ¢urypy, cocrosmyo uz Tex
KBanpatoB An cerxa Sy, KOTOPbIe IOAHOCTEIO BXOJAT B G, u uepes
on(G) —QN—dmrypy, COCTOALLYI0 M3 Tex KeaapaTos A, cerxu Sw,
KasKablil 113 KOTOPBIX COAEPIKHUT XOTA Obl ONHY TOUKy MHOMectBa G
(puc. 12.1). Momer, B 9aCTHOCTH, CIYUHTLCH, UTO @y €CTh HyCTO®
MHOKECTBO, H@ Mbl YCIOBHIMCEH CUATATDL TaKoe MuoKectso (urypoi
(umeromeit Mepy, paBayio uyio).

[ T
M.._T_ X L]

—

- AER‘P**—L;% 2 3 et # T ’{Tl
8 v - f oy 5 i
S -~
) ~e L] 3
; r ’
HNRRER "
Puc. 12.1. Puc. 12.2,

Ouernsino, 410
T, 0202 ..., (I)N(G)CGC(DN'(G),

rae N n N’ — npomssonsusie matypainnsie uyucia. Orciona cieayer,
Y10 CyLIeCTBYIOT KOHeUI{ble HpeHelbl

m,G = lim |oy|, m,G =lim|oy|, mG<mG,
Nsoo ™ N-—oo

Yueno mG maseiBaetca enyrpennet (dsymeproii) mepoii Hop-
dana mroxecrsa G, a uncno m.G HazeBaetc enewrhel; (dsymep-
noil) Mepoil }I{opaana nnosxcecrga G. Cuoso «oprana» Me He BCe-
rga GypmeMm pnobGamiadarh B HeAAX KparxocTu., B arom naparpage mbi
ne Bcerja OyjeM Tariie B I[@IAX KPATKOCTH NKOGABIATH CIOBO CHBY-
Mepubiif». Beiogy B atom maparpade Oymer mara peds 0 ABYMepPHUBIX
mepax no Jlopramy.

Ms1 pokasaim, 9T0 HPOMIBOABIOE OrpaHMIeNiioe MHOHLECTBO
G < R mMeer BHYTPEHHIO H BHEIIHIOKW KOPAAloBb Mepst MG R
m.G, ynosaersopsaionime uepasencrsy m;G < m.G.

Ecaun pna muoskectsa G <= R m,G =m.,G =mG, ro G nazuisaer-
ca usmepunvim no Atopdany m uwacao mG masniBawT H0pdanosol
deynepHoil mepoti G. [Isymepnoe (Toxbko AByMepmoe) Hsmepnmoe
no Hoppany MudKeCTBO HA3HBALT TAXIKEe KEAOPUPYEMbLM.

Temeps Mbl MoeM cPopMyAUPOBATL HYMIIOS HAM CBOWCTBO (Im-
Typ 0: 1
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-n
o

n) DQueypa o {cocroawyas us npamoyzosbHukos, Kar yzodHo no-
€CPRYTOIT RO OTHOWEHUIO K cucreme Koopdunar R) ecrv usuepunve
io Mopdany mnowecreo. Il pu arom mo = lol.

Ha puc. 12.2 wmsofpakenst durypa ¢ n eme nre Gurypn ¢ i
6’ co cropoiiamm, NAPAIENbIbLIMY COOTBOTCTBYIONWM CTOPONAM O,
raKue, 9ro 6’ <o<go”, feno, wro pam mavwoil Gurypst 0 M pak-
noro € > moustio yKaszarn jse urypel 6 M ¢” raxme, UT0 BHINO-
BHIOTCST YCJHOBMS:

1) ¢’coco”,

2) lo”l—lo'l <e,

3) touku rpamug 6° u ¢“ orcreaT or AWGOH TEIEM TPAHHILL G
11a pacerosAniny, GoJbIIeM HEeKOTOPOTe MOJOKUTeNLNOTO WHCIA O.

_ Ecum_ rtenepp B cucreme wkoopaumar R B3arh cetky Sy, ric
V2h =72 -2""<aq, 10 6" — 0’ comepur moboii KBajpar CeTKH, 10—
KpeIBatoNeit "xotsn O opHy Tounry tpaummisl 0. Hostomy cymma moo-
Lgaeil BCeX KBAIPATOB ceTRH S, MOKPLIBAKINUX rpauuuy J, e npe-

esmiaer |07 — 0’| = |0”| — |0’ | < & Orcrona caenyer, uro
oy (@) —loy (0) | <<, (2)

L TAK KAK £ KaK yromo moxo, u |ey (0)]| <0< oy (0)], 10

mo=mo=mo=|g

JlokasieM elefyiomue PaBeNCTBA, BHPGKAOILC PaBINTisie DK~
BRBAJCHTILIC ONPeleNend By pelncii n Bueniueit Mep orpaHudei-
Hworo muoKecrsa G:

mG = limoy (G)| = sup|oy (G)| = sup |oy| =suplo], (3)
Noeo ~ N~ ORCE 0cG

m,G = lim oy (G)| = infloy (G)| = inf |oy|=inf]o]. (4)
Noco N ORDG 606
_Tleproe pasenctBo B (3) ecTh y/Ke MAHHOE BHIUE OfNpejiesieine
mG. Ono paer adderTuBHLNE crnocoG monygenus mG. ORHaxe ouo
CBABQHO ¢ MCXOQHOM cHcTeMO KoopaumaT R, mOTOMy 9TO CeTKa CBS~
sada ¢ R,
Bropoe pasemctso ouesnamo, Tak Kak Bemuumuma oy (G)| Bos-
pacraer BMecTe ¢ N,
Tax KaK Oy(G) ecTh B TO 3He BpeMs HexoTopas urypa Oz, a Oz

CCTL HEeKOoTOPasx 0, TO OYeBHANO, UTO

csuploy (G << sup |og|<suplol. (&)
N opCG aCG

C ppyrois crtopoms!, ecin 6 <G ecrb NPOW3BoABNIAS (HIYpa B
£>0, To B culy H3MePAMOCTM O MOKHO yKa3athb N HACTOABKO
Gonpiunm, 4ro

lol<loy (@) --eloy (O) ]| e<SmG - e,
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Orciona sup lol < mG e u B cuay npousBOALHOCTR &

6 G
sup| o} << mG. )
cCG
Mz (5) n (B) ciepyior TpeTheé H uyerBeproe pasemctna (3) (meprite
1iBa ysKe N0KAa3aHbl).

Toenexnuit wien B (3) noxaswraer, uto @ryrpenuas mepa mlr
UHBAPUAHTHA OTHOCUTEABHO 410004 cucTemul woopdurar, T. €. OlA
He 3aBHEAT OT CHCTEMbI Koopanmar R, B Koropoil ona paccMmarpu-
Baercs,

Anagormurno jorassiBaiorcs pasencrsa (4),

W3 pasencrs (3), (4) merxo caepyer

Jdemma 1. Jas 1020 urobor mHoxcecteo G Obl10 UIMepPUNBIM,
#eobrodumo u docrarouro, urober das arpbozo & >0 cyujecrsosanu

dse gucypa 0 u O(GC G <o) Taxue, uro |G{—— lGl <&,

ITpu 5TOM MOMIHO CUIITATL, UTO P ——cﬂ, 0 = Og.

JleiicTBaTeNbIO, GCIH MHOMKECTBO nsMeﬁMMO u R — sajanuas cu-
c1eMa KOOPIHHAT, TO HalmyTes Tarue 0 ==O0r < Guo=0r> G, uro

mG—~-—<|0| < |6 | < mG + == & n |8‘|_|g|<e.
IlaoGopor, 113 TOrO, MTO O‘CGCG cegyer, qTOIOI LKm G
<\]0|, a ecin |0|——|G!<8,To m.G —mG <g, u BcIeACTBUEe NpO-

1mzpoasnoceTit € > (-
mgG = miG.

M3 gemmer 1 ciepyer, Yrto usmepuMoOe MHONCECTEO 02DPAHUNEHO.

Jdemyva 2. Jas rmoeo urobur muoxecrso G 6bl40 U3MEPUMBLM
no Hopdany, neobzoduxo u docrarouno, urobvt ezo epanuya I' une- -
aa ocopdanoey (naockyr) mepy Hyav, T.e. dan 6cakozo &>0
doasncna Hhailruce nokpuisarowan I Pueypa o, umernowas mepy
{a,] <e.

HowrasarennctBo. llyers muosectBo G m3aMepmMo. Toer
L BCAKOTO >0 (cv. puc. 12.1) matiayrca pgse Qurypet o' = Oy
n 0" == oy, Tarme, 4T0 0’ = G < 0* u |6"| — |0’ |<<e. Beerga mosmi-
10 CUHTATL, 910 TOYKY rpaHuns I’ muokectsa G me me)kar @a rpa-
rure 6”7, Taxk sse Kax Ba rpanure o, Femu 6nl aT0 OWio s B3A-
11X ¢ ® 0”7 me Tak, To Momno $urypy ¢” ysemmunts (pasmars),
a 0’ yMeNLINMTL B HANPABIEHUHM OCH T H OCH J, OJHAKO HACTOJNLKO,
urofsl Dalpcauoe HePaBeHCTBO OCTANOCh 18 uapymieHHeiM, Torga
OUeBI¥o, UTO

F'ce” —0'co6” —6 =g, u lal=16"]1 - o'l <e,

T. €. yHamoct mokpwres 1 gurypoit ¢,, MMeOINeid NIOMAAb, M-
HIYyi0 YeM E.
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Hao6opot, nyers past aoGoro & >0 MoKHO YKa3arTh ILOKPHIBAIO-
myio T' ¢urypy (cm. pue. 12.1) 0, = 0%, |0,|<Ce. Momno cuurars,
a10 I’ ne mmeer ofmux Touex ¢ rpamumeit o,. Ecim 310 He Tak IUIA
Bolbpantoit $urypel, TO €6 MO0 AOTIONNHUTENHII0 PashATH, COXPa-
nuB nepasencTso |0,| <e.

Homomum ¢”" =G +o, w o' =G—aq, Herpynmno BIIIIeTL uTo
¢ u¢” cyrs gurypn (cm. pue. 12.4) u npurom o =0p, 0" _UR,
ocGcd”, 6"~ =0, u l6”l— o'l =10, <e. 1o norasmpaer,
wro G — H3IMepUMOe MHOJKECTBO.

Jdemma 3. Cymma deyx muomecre G, u G, umerowuzr xopda-
HOGY MEPY HYAb, 8 €6010 Ouepedv umeer HOPIAHOEY Mepy HYAb.

Jleucmmenbno MO YCIORMIO NS BCAKOTO & >0 cymecTnyior
c}mrypmoﬂ u (IR TaKkue, uTo oR:JGl, ORDG b |03|<i~:/’ 2, ‘01{‘,<
<ef2, Torpa gurypa 0p = on -+ Op 6ymer o0IAAATH CBOMCTBAMI

0x D6, + Gy, |ogl<|orlF |oRl< o +5 =

JMemma 4 Bumecre ¢ G u G, =G ecrv MHocecrso #opdano-
60t Mepbl HYAb, '

Jlemma ouesupmua.

Teopema 1. Ecau dea mnoxecrsa G, u G, uamepumvt no
Hopdany, To usmepumvt no HMopdany rakie ux cymma, pasHocTy
U nepeccuenile,

Hoxasareancrno. DByngem obosuauars uepes T'(E) rpamuuy
muomecTea E. VMeior Mecro JIEFKo HPOBEPSEMBIE TEOPeTHKO-MIiG-
JKECTRENNEIC BIOKeHMA

I'G,+ G,) =T(G,) + T(Gy),.
P(G( * Gz) [ F(Gi) + F(Gz),
I'G, - G,) = T'(G,) + 1 (G,).

Tok waw G, n G, wsmepmumss, To mno aemme 2 mb(G,) =0,
mIG.) = 0. Ho torja no neMme 3 mpapbie YacT¥ HANMCAIIIBIX BIO-
JKEUUIl MMEIOT Mepy MylIb, II0 JeMMe 4 M JieBble YacTH MMEIOT Mepy
pyas. OTcIoma, NPUMEHSA CHOBA JeMMY 2, HOJIYYHM, 4T0 MIOKECTBa,
YKazaHHLIE B Teopeme, N3MEDHMBL

Jdlemma 5. Ecau usmepumoe no Hopdany mnomecrso G pac-
ceuv na dee wactu G, u G, npu nomowju kycka kKpueoti I. (¢ wacr-
HOCTU npamoil), umerowell woplanosy Mepy wyab, 70 Kaidas waACTb
8 ¢6010 ouepedv usmepuna no Hopdany.

Aoxkasareanwerso. Quepwano, aro

T(G) TG+ L, T(G,) <TG +L,
OTKY[NA Da OCHOBAHUM IIpeAbiAyHIHX JeMM ClleAyeT yTBep:ipeHue.

Takum obpasom, ecaun G ecrv usmepumoe no Hlopdany muodxce-
£160, TO al0bas cetka Sy tceazanHas ¢ A060l cucTemoil koopdu-
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nar R) dpobur G na uwacru, Kax0das us KOTOPHLY USMEPUMA NO
MHopdany., Huamerp Erawmdol u3 oTux uacrell He npesgvluaer.

V2277, Takum obpazom, npu N — co duamerpol wacreli pasHoMEDHO
CTPEMATCA K HYAIO,

Ormertum emte omuo csoficTBo duryp o.

e) Ecau dueypy o nodsepenyrv ¢ R onepayuu csuza uau epa-
wenus, To noayuum guaypy o’ u lol = lo’l,

C momompio aToro cpoiicTBa ¥ Toro (pakTa, WTO HpPH CHBHrE U
BpalIeHUN COOTHONIeHMe BjIOKeHus A © B coxpansercd, cllefyer

Jdemma 6. Ecau Gy ecTv MHOMECTS0, NOAYUEHHOE U3 U3ME-
punmoeo muoxecréa G < R nocpedcreom cdeuza uau spaujeHus e20
6 R, 70 G4 — usmepumoe mnoxecreo u mG = mG,.

Mpumep. Ilpusemem nmpamep mekBajpupyeMoro (He W3MePHAMOro B MIBY-
MepHOM cMbicde) MHOKecTna. IlycTh G -— me HycTOe OTKPLITOC OrpaHUTeriioe
MHOECTBO W E — MHOMKECTBO BCeX €I0 PAllMOHAJNLHLIX TOYEK, T. €. NMeHiyx
pampoHambubie KOODAMHATH (z, y). OdeBujne, 110 QN(E) eCTh MyCTOe MHOHEe-

crBo A arwboro HATYPAILHOrO N u m;(E) = 0. C gpyToii cTOPOHEL, MYCTHL TOYKa
x'e< G, TorAa BailjieTCA 'HOBLIPOK[CHHBNH NPAMOYIOJBHAK A, IpuHamiexa-
muin G w copeprrammii x°. O=esmpno, 4TO u)N(E) >4, [ox(E)] = |A] >0,
meE = |A| > 0.

Taxny oGpasoMm, m;E << m.E m E — HexpafpapyeMoe MHOKECTBO.

HNoxaeM afuTABHOE CBOMCTBO MOPAAHOBOH MEpEHL

Teopema 2. Ecau sunoxecrea G, u G, usmepumvt no Hop-
dany u umerr obwue TouKu, RPUHAOAENAUWUE PAIEE UTO UL 2PANU-
yam, 7o ux (usmepumas no reopene 1) cymma umeer mepy, pasuyo
cymme Uz mep:

m(G,+ G;) = mG,+ mG.. (7

lIonaaaTe.nbc'rBo BanannM e>0 u moabepeM Purypu
oy —01 Ry O —01 PR ~02 Ry O = 02 R TaKue, 4ToO

0, =G, =0y, 0, G, oy,
mG‘—a<|0;|<l0'1'|<mG1 + e, mG,— e<|0;l<logl<m62+e.

’ " ” ”
Honosum 0' == 0y + 65, 6" = 0y -|- 05 Ouesngino, uro ¢’ um ¢” — Pu-
ryps, npu 31oM 0 € G, + G, =6” u

lo"|<lo1] +]oal, o'l =]oz| +]osl. (8)

N ’ . ?

Pasencrso B (8) cupasepiwso notoMy, 4To O; B 0, BMecTe ¢
G, u G, nepecexaloTca pasBe 9TO IO CBOUM IPaHUIAM.

Teneps ogeBupaHo, 9TO

(mG, — ) + (mGy — &) <| o1 +]oa] = 0" | <y (G, + G <
<m, (G, + G 10" | < |01 + | 03| < (mGy + €) + (G, + ¢),

oTKyfia B cHry mpoumspoasuoctH € > 0 caexyer (7).
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Teopema 3. Ecau Gy u G, usmepumst no Hopdany v G, <

< G, TO
m(Gz_Gg) :’_“‘_mGZ—‘mGh (9)

Hoxaszarenncrno. HWamepumocts G,— G, poxazama B 1e0-
peMe 1, mostomy maMepuMoe MmuOkecTBO G, pacmajaercA Ia JBa
nenepeceKaomyteca  nsMepumble MuoRecTBa: G, = G, + (G, — G,).
1lo rorpa pasencrso (9) cieayer us npeguigyieii TeopeMsl,

§ 12.3. Baxusie npmmepn xsagpupyemsix o sHopmauy muomecrs

Ilyctn ¢yurnus f(z) neorpuuarensia ma orpeswe la, bl n un-
TerpupyeMa (B uyacTHOCTH, Henpepbisiia) Ha mem. OGosnaunM vepes
1" ee rpadur — muosectso Bcex touer (z, f(z)), rae a<ax< b,
1 vepes £ — MIOkeCTBO BCeX Touek (#, J) INIOCKOCTH, [JiA KOTODHX
BHITOAHAIOTCSA HepaBeHcTBA '

a<z<b, 0<y<fla.

Teopema 1, Mnouecreo Q uamepumo u ezo mepa (deynmep-
Has) paena

b
mQ = | f(z)yde =1

B camom nexe, » cury wurerpupyemocta f wa [a, bl ana moGoro
£ >0 naiigerca paséuenne R orpeska la, 0l *mcoe, 4710

I———<S LS <l —

rae Sz n Sp— coorBeTcTBYOIIHe R HEIKHAA M BEPXTAA WHTErpPAli-

1Ble CYMMBI (Qynnuuf f, pasnsie nomaiam ¢Quryp, nepsag nz Ko-
TOPHIX npuHAAEIRUT 2, a Bropas comepHuT £

ITO IOKA3LIBAET TEOPEMY,

Teopema 2. Henpeprignas (naockasn) rpusazn T' na naocko-
CTW Z, Y, NPOCKTUpYeMAs G3aUMHO O0OHO3HAUKO na oTpesok la, bl
nekoropot npamoii L, ectv mHo%IcecT80 TOUEK, UMeIOUee JeyMmepHyI0
Mepy Hyav. :

B cavom pene, mMoykno cdmrark, uTo I NAXONUTCH 110 OOHY CTO-
pony oT mpsMoii L, nuHade B Kagectse L MOREO B3STH APYIYIO eif
napaiienbuylo IPSMyIo, YIOBIETBOPAWINYIO sTuMm csoiictsam. 1lo-
‘CTPOEM NPAMOYFONLHYIO CHCTEMY KOODIHUAT Z, Y € OCKIO I, COBIli-
patomeit ¢ L. Torga I’ Gymer rpadurom mexoropoi uenpepuauou
$yrruun f(z) na orpesxe la, bl.

MHomectro Q, onmpefexeimnioe mia f wak B teopeme 1, ma ocho-
BaHUH HTOH TeopeMbl m3MepuMo, a [' max wacts rpaiimimst Q umeer
JIBYMEpPHYIO Mepy HYJib.

Teopema 3. Iliockoe oepanuuennoe muoxecreo Q uaimepumo
(8 deymepnom cmuvicae), eCal €20 paHUy@ COCTOUT U3 KOHEUN0Z0
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NUCAQ TOUEK U KYCKOE HERPepLiGHLIL KPUEblT, KAWJLll U3 KoTOpuL
HPOEKTUPYETCA 83QUMHO 0UHOSHAUHO Ha O0HY U3 ocell NParMoy20fL~
1ol cucTembl Koopounar,

B camom pene, rpadnpa MirosiecrBa (2 ecThb ¢yMMa KOIIeTHOTO.
UMea MUOHSECTB, MMEIOLMX JBYMEPUYI0 Mepy HYJb,

3amernum, WTO raapkmit kycox xpusoit I' x=q(l), y=19()
(u<t<b) (@ u ¢ wnempepwsisust u ¢+ 9”>>0) Bcerna MoKHO
PpasfuThL Ha KOHEYHoe THCH0 MacTel, NPoeKTHpyIomuXcsa 1a ogHy us’
oceit xoopaunar. Beap (em. § 6.5) wamaywo Touky t < [a, bl momuo
HoKpeITE unTepsajion (¢, t”) (B caywae t=q wm {= b — nonymuu-
TEPRAJIOM) TAKHMM, YTO COOTBETCTRYIOIAs €My ¥acTh Hamled riagroi
KPMBOK TPOGKTHPYETCST Ha Ofuy n3 oceil, a Ha OCHOBAIME JeMMBI
Bopeas cpeanm 3THX HITEPBAJOB MOMKIIO BRIODaTh KoHeudoe HX 4HC-
a0, Bee ke mokpeiBamimux orpesox {a, bl. Jpyroe pexasarenncTso
1010 aKTa, YTO MIAAKMIL KYCOK WPHBOH HMeeT ABYMEPHYIO MeDy
nyan, cM, B § 12.5, Teopema 3.

B sariiouenMe OTMETHM, YTO HPOH3BOJLHAA TICCKas Nempepsin-
MasI KPUBAA MOKET M He HMerh AByMepHoit Mepsl Hyan. Bernommmm
o kpupoii Ileawo, Touku koTopoit zamonusior ksagpar (em. § 6.5).

§ 12.4. Ewme opun KpUTEpHii N3MEPHMOCTH MHGHECTBA,
Honsapnbie KOOPZUHATHL

BllyTpOHHl{)i‘) 1 BHCIXHIOIO MepuLI OTPauMYCHROTO MHOMECTBA Q0 MOKHO eure
CHPOHEMNTE TaK!

m Q= sap mQ', m Q= inf mQ, )
Q'C QR

e @ ofo3uavacT NPOVIBOILIGE MIMCPHMOE MHOMKECTE, B HCPROM CAYIAC:
npuHazaekamee £, a Bo BTOpOoM — Copcpsxauniee ., B camom penc, ¢ ofHoit
CTOPOHLY,
mQ=sup |o|< sup mQ = [,
o Q QCR

notoMy uTo QUrYpLT ¢ WBMEPHMLI, a ¢ APYroil CTOpoHLL, eciim €3> 0 11 Q —
TAKOe MIMEPUMOe MIOMeCTBO, U4T0 Q' < Q u [ — & < mQ’, T0 HAHAETCA TaKMKe
o Q, tak wro mQ’ << |g| + e Cuenosarensuo, I—2¢ << lo} << miQ, u
BCHCHCTBYE TPOM3BONLHOCTE & mMeeT Mecto [ << m;Q. Mbi powasanin neppoe
pasercrso (1). Homoburim 06pasoM joKaseiBaeTcs I BTOpoe.

Ha (1), oueBHOHO, caefyer: dasn 7020 ur06Hr MHOAecT8o Q Gvlio usamepu-
Mmbtm, Heobxrodumo w docravouro, urobet, Kakodo 6vl wi Gvtao & > 0, Hawslcy.
dea usmepumur muoxecrsa Q' u Q7 raruxr, wro ¥ QR Q” w mQ’ —
— mQ’ < s. .

Hroniane (aBymepnas xopfaHoBa Mepa) ¢urypst Q,. orpanudensoll wonsp-
npMu gaydamu 6 = 0,, 0 = 0, (8y << 03) u xpupoil T, ompeflensemMoil B HoAAP-~
NLIX KOOPjMHATaX UenpepHBHOH (pynxumuein p == f(0), pasua (eM. § 101 u Bou-
poc, HoEeTaBIeHIBI TaM)

by

1 { 3
=5 1(8)" 40, (2)

o

S
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HexasreM, ut6 mQ = §. B camoM Reue, IPOH3BOALHLIA KPYrOBOW CEXTOP €CTh
H3MOPEMOE MOOMKCCTBO, IOTOMY 4YTO €0 I'PaliiRa ecTs HEHPepLIBHAA KYCOYHO
raanxas kpnsag. Jadee, u3 cyecrsoBamusa muTerpana (2) ciegyer, 4te pHsS
Beskoro & > (0 maidpmerca raxoe pasGuenme orpesra [0y, 0], 9T0 cooTBEeTCTBY-
01asa ey BEPXHAA HATErPAJbHAA CYMMa OTIAMYAETCA OT HuKHel MeHee weMm
112 & Ho sepxmag cyMma ecTb Mepa CyMMbI KOHEUIIOTO WHCJa KPYroBbiX CeKnTto-
PuB, cogeprramux , a RIGKHAS eCTh Mepa CYMMLI KOUEYHOr0 HUCAA KPYTOBLIX
COTOROB, COAcpManuxcss B Q. IT0 W JOKA3LIBaeT Halue YTBepsjeHHe B
cuxy (1),

§ 12.5. Usmepnmpie no Moppany
TpexMepHble M n-MePHBe MHIOKECTBA

Teopus, UagoMeHHAas B MPebAyH(EX maparpadax, Jerxe uepe-
HOCHMTCA Ha caydail nwloro uuciia maMepenmit n =1, y ves

CceranoBuM IOGKa Hallle BHEMaHWe HA CIy41ae TpeX HW3Mepelni.
B stoM ciywae MBI BBOAUM B KadecTBe npocreiimux Quryp saMeuy-
Thle BpAMOYrodbMurn (Iapajiiesendnens) u obO3HaYaeM HX CHAM-
Boxamu A. Temepn yiie B wadecrse Mepnl" A paccmarpuBaercst 00b-
eM A, 1. e. uucno |Al, paBnoe npomssememmio miumn Tpex peSep A
(mrmpuss!, HAnnsl, BHICOTE)., PaccMaTpUBAIOTCA TONBLKO HEBBIPOMHAEH-
HBIE TNPAMOYIrONbHHKM, Y KOTOPBIX Bce TPu pelpa MONOIKATENBHDI,

Bsonum nousrue QUrypsl 0 KaK MHOMKECTBA TOYEK, HpeJCTaB-
agioniero coboil KoueYHylo CyMMY .NPAMOYrONLHMKOB A, KOTOpbie
MOPYT II€PECeKATHCA TONBKO 110 YacTAM CBOHX IDAHNIL

OGwem lol ¢urypm o ounpepenserca xak cymma oGbemos (Al
RpAMOYroALHAKos A, U3 Koropeix oHa cocrour. Ilycroe muomectso
cynraercs QUrypoi ¢ 06'beMOM, PaBHBIM HYIIO.

Ecan R’ ects raras-nubo npPAMOYroibHAA CHCTEMa KOOPKHHAT,
TO UPAMOYTOALUAKH H (urypsl ¢ pebpamd, NAPALICHABHBIMH OCAM
"'R’, oGosnauaem emle YepeslAps W opr. Brogum B R =R, paa kamno-
ro Harypajabnoro 4uciaa N cers Sy, o6pasyeMyo TpeMs cemeficTBaMu
MAOCKOCTEIH

z=rkh, y=1Ih, z=mh (h=2"" kI, m=0, %1, £2, ...).

Cerp Sy pasbusaer mpocrpanctso R mHa ky6mt Ax ¢ peGpamm mau-
Bei h, papamneasubivuE ocsiM woopaumuar, OupepenmeM misa moboro
_orpamuuennoro muoskecrsa G < R Muomectso on(G) Kak cymmy Tex

Ak, KOTOPBI® TIOAHOCTHIO TipuHATAeRar G, m MHOKeSTBO wxn(G) Kak
cyMMy Beex TeX KyGoB A, KaKApH K3 KOTOPHIX cofepmur B cele
XoTs 0B ofiry To4Ry us G.

Auazormino § 12.2 enewniow u enyrpennioro mepsi G ompene-
JIAEM Kak Ipejeis MOHOTOHHHX MOCAe eBATeABHOCTEl

mG = lim [oy (G)], mG = lim |oy (G)]
Nooo ) Nsoo ™~
K HasmBaeM Mnomectsom G usmepumvin no Mopdany e Tpexmep-

Hox cuwvicae, ecin mG = m,G=mG, Yucao mG uasmBaerca wop-
danosoil Tpexmeproli mepol G.






