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notentnan. Tounsle H 3aMkHyThie dopmu (288).
3a7aun B YOPAKHEHHA . . « . o . . o v oo 4. . e e
§ 4. Ilpumepn mpuoxenndt . . . . . . . B T S e
1. ¥YpaBuenne TemiompoBofHocTH (295) 2. Ypamuenne Hepasphs-
HoctH (297). 3. OcuoBune &I))BBHBHPUI JHMHAMHKH criowHof cpean (298).
4. Bonuosoe ypabuense {300).
Saﬂa'-mlflyn[)a)l(}leulflﬂ........-.....-......,.....

“ v e e e

o[ naBa XV. Harerprpopanne addepeHnnambaEpx GOpM HA MHOTOOGpPA3HRX

§ 1. Hekoropwe namoMunaHua H3 JHHeAHOH alrelphl o » v v v v o 4 o o oo
1. Anre6pa ¢opm (305). 2. Anre6pa kococHmMerphueckux dopm (306).
3. Jlnnefinnie oToGpaxenns JAHHEHMNX HPOCTPEHCTB, H cONpSXednHe
oToGpaxenns conpsaxenunx npoctpancrs (309).
Safaun B YOPAKHEHHT « + « 4 o ¢ o o s v 2 s 0 v o v v s s o u s

§ 2. Mnoroo6pashe. ., . .. L. v e e s a
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?. Teopema Apuena— Ackonn (391). 2. MerpHueckoe npoCTPaHCTBO
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Taasa XVII. HuTerpaisl, 3aBHCAGLHE OT MAPAMETPA . . & . v . « v o 4 o s

§ 1. CoGcTBenibe HHTETPANH, 3aBHCALIHE OT MAPAMETPA - . & . s v v v o o &
1. [ousrne muterpana, saeycsAmero of mapamerpa (400). 2. Henpepus-
HOCTS HHTeBpala, 3aBHcAMEro OT Napamerpa (401). 3. JIuddepennnposanne
HuTerpala, 3apHcaiero ot napamerpa (402). 4. Harerpupoanne uute-
rpaja, 3aBHcsllero ot mapamerpa (405).
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§ 2. HecobcTBenynie MMTErpaniti, SaBHCAILME OT WAPAMETPA . .+ . . . « . . .

’ 1. PaBroMepHas CXOAHMOCTb HecOGCTBEHHOrO MHTETPala OTHOCHTENbHO
napamerpa (407). 2. IlpenenbHunil nepexca Mof 3HaKoM HecoGCTBEHHGTO
HHTErPAgd H HeNPepHBHOCTb HECOGCTBEHHOTO MHTErpaja, 3aBHCAINEro
ot napamerpa (415). 3. [Inddepennupopanse HecoGCTBEHHOTO HHTETpasia
no napamerpy (417). 4. Hurerpaposanne necoGCTBEHHOro MuTerpana Io
napaMerpy (420).

BafagH H YOPAKHEHHA . . 4 v 4 v« s v v v v o o o n v s v n v oo

§ 3. DANepoBH BHTETPABI . + + v v o v v 4 o v 4 o ..
1. Bera-pynkung (4283. 2. Famma-pyuxuus (429). 3. Ceasbp Mexny
gvym(uumn B u I' (432) 4. Hexoropue npmMepn (433).
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§-4. CBepTka QyuKNHI H HavaNbHue cBefieHHs 06 oGOCuIeHMNX (YHKUHAX
1. CoepTka B du3nuecknX 3ajagax (nasopduiwe coobpamenns) (439).
2. Hekoropuie o6uine cBoiictsa cBepTkn (442). 3. [leabraoGpasune cemei-
crea ¢yukuuB H annpoKcuMaumonnas TeopeMa BefiepmTpacca (445).
* 4. Haganbsne npenctasnenns o pacnpenenenusx (450)
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I. Co6cTBentbie KpaTible HHTErpadH, 3aBHcAllde OT napamerpa (466).
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Oypoe (494) 3. Pax Oypoe (499). * 4. O6 ofHOM BaKHOM HCTOUHHKE
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NPEAHCJIOBHE

B npenncnoBuH K nepBofi wacTH Gws1a JaHA JOCTATOYHO MOAPOG-
Hasi XapaKTEepHCTHKA Kypca B [e/OM, [OSTOMY $i OIDaHHYyCh 3:eCh
3aMeYaHusIMM N0 COLEePIKAHHIO JIMIIb 3TOH BTOPOA ero YacTH.

OcHoBHO/f MarepHaN HaCTOSIIEr0 TOMa COCTAaBJAIOT, C OAHOH CTO-
POHBI, KPaTHHie, KpHBOJIHHefiHEe H MOBEPXHOCTHHE HMHTErpatibl, A0Be-
Aeunbie 10 obmer QopMyast Crokca ¥ HpUMEPOB €€ NPHJIOKEHH]],
a ¢ ApYro#f CTOPOHB, anmapar PAAOB W HHTErpaJoB, 3aBHCAMHX OT
napamerpa, BKJodaiomui psan dypne, npeefpasoranue Pypve H
npejcTaBiieHusi 06 aCHMNTOTHYECKHX DasJIOKeHHSX.

Takum o6pasoM, 9ta gactb Il B OCHOBHOM COOTBETCTBYET NpOrpam-
Me BTOPOro rojaa O0ydeHHss Ha MaTeMaTHYeCKHX (aKyJbTerax yHHBEp-
CHTETOB.

Uro6n He 3aKPeNyiATh KECTKO MOPHAAOK CJGROBAHHSA YKa3aHHHIX
IBYX COJIBIIMX TEM [0 CeMeCTPaM, 51 H3JIOKHJ HX HPAKTHUSCKH HE3a-
BHCHMO.

Iaasu IX # X, ¢ KOTOPHIX HauHHaeTcd 9Ta KHHra, B CIKATOM H 06-
IIeM BH/ie BOCIIPOH3BOAAT O CYHMIECTBY NOYTH BCE CaMoe IieHROoe, ITO Ghiio
NOyYeHo B MePBO 9aCTH B OTHOMIEHHH HeMpepHBHLIX H XuddepennHpye-
embix ¢yHkuufi. OHH OTMeueHH 3BE3ROYKON M HANHCAHH KaK AONOJIHE-
Hue K nepBoff 9acTu. B Hem, oanako, COAEPKATCS MHOrO TaKUX NOHATHHA,
KOTOpHie yiKe ceffdac GHIYPHPYIOT B JOOOM H3JNOKEHHH aHallH3a MaTeMa-
tHkaM. HaJuwde STHX JABYX IViaB JeNiaetT BTOPYIO KHHTY (opMaibHO
fOYTH He3aBHCHMOA OT nepBofi MpM YCJNOBHH, 9TO YHTaTedb AOCTA-
TOYHO MNQAFOTOBJIEH, YTOOM NPH UTeHHH 9THX ABYX riaB 0OORTHCE
6e3 MHOrOYHCJIEHHHX NPHMEPOB H HABOASMMX COOOpaKkeHHHA, KOTOPHE
B nepBofi YaCTH MPEAUISCTBOBAMH H3JaraeMoMy 8aech GopMannamy.

OcHoBHOA HOBLIi MaTepHaJ KHHIH, NOCBSUIEHHHA HHTEIDafbHOMY
HCUHC/IEHHIO (PYHKIHA MHOTHX MepeMeHHHX, HayHHaercs ¢ ragsbl XI,
¢ KoTopofi, cOGCTBEHHO; Ge3 moTepH CBA3HOCTH BOCIIDUSITHS TOCJIE nep-
BOfl YacTH MOXKHO YHTaTh 3Ty BTOPYIO YacTb Kypca.

Tlpy M3N0KeHHH TEOPHH KPHBOMMHENHLIX U NOBEPXHOCTHHX HHTe-
rpaioB pa3bsicHsAETCss M HCmoJbayercs $3HK aAxpdepeHnHaNBHBIX
(opM H cHayana Ha SJIEMEHTaPHOM MAaTepHalie BBOASTCA BCE OCHOBHHE
reoMeTpHUYeCKHe MOHSTHS M aHAJHTHYECKHE KOHCTPYKIHH, KOTOpHe
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MOTOM COCTaBJSIOT JeCTHHLY aCCTPaKTHBIX ofpesiesieHuil, BexylLyIO
K cGued dopmyne Crokca.

Takomy uTOroBOMY M3JIOXEHHIO HHTErpupoBanus mudepennuans-
HuX ¢opM Ha MHOrooOpasusX nocesilleHa riaasa XV, Koropyio #
PACCMATPHBAIO KaK BECbMa XKeJATEJIbHOE CHCTeMaTH3upYIollee J0NoJj-
HeHHe K H3JI0XKEHHOMY ¥ PAa3hACHEHHOMY Ha KOHKPETHHIX OGBeKTax
B o6s3aTe/bHBIX 118 u3yueHus raasax XI—XIV.

B paszene, orHocsmleMcs K PsAAaM M MHTErpaJjaM, 3aBHCHLIUM
0T napaMeTpa, Hapsay C TPajMUHOHHBIM MarepuajoM jauul (ra. XIX)
HaualibHEle CBEfileHHA 06 acHMNTOTHYECKMX pARaX H aCHMITOTHKe
MHTErpanoB, MQCKOAbKY 3TO, HECOMHEHHO, MOJe3HHH, O6Jaaroaaps
cBoell 3(deKTHBHOCTH, amnmnapar aHa/usa.

Hns  ynobctBa OpPHEHTHPOBKH JOTOJHHMTENbHHEI MaTtepuan uJu
pasgeniel, KOTOpbi€ NPy NEPBOM YTEHHH MOXKHO ONYCTHTb, IOMEYeHH
3Be30UKO#.

Hywmepanus -r1agp ¥ pHCYHKOB 3ToH KHHTHM MpOAOJIKaer HyMmepa-
IHIO YXKe BhlefmeR H3 meuatu mepBoft wacti: 3opHu B. A. Mare-
Matuuecknii amamus, 4. I.—M.: Hayka, 1981.

Buorpaduyeckne cBejeHusl 37€Ch HAOTCH TOJBKO O TeX YYeHbIX,
KOTOPHIE He YINOMHHA/NCh B NEPBOfl 4acTy.

Kak u nmpexge, Ajs yno6cTBa uuTaTe/Nfi H COKPAIUEHMS TEKCTa
Haua/0 ¥ KOHell JOKasaTe/lbcTBa OTMEHaloTcs 3Hakavu 4 u P CooOT-
BETCTBEHHO, a KOrja 1o yno6HO, OfpejesieHust BBORATCH ChHelHalb-
HBIMH CHMBOJIAMH :== HJ ==: (paBeHCTBa MO OMpPEeJeJeHHIo), B KOTO-
PBIX ABOETOYHE CTABHTCH CO CTOPOHBI ONPENENseMOro OObeKTa.

Coxpangs rtpaaunud wactd I, B 3TOll KHUIe MHOrO. BHHMaHHSA
yAe/eHO KaK MPO3PauHOCTH M JIOTHYECKOH UYETKOCTH CaMuX MareMa-
THUECKHX KOHCTPYKUHHA, TAK ¥ AEMOHCTPAIMM COAEPHKATEIbHHX €cTecT-
BEHHO-HAYYHHIX MpPUJIOKEHUH Da3BHBaeMOH TeOpHH.

1982 r. B. 3opuu



%TJAABA IX
HENPEPBIBHbIE OTOBPAXXEHH4 (OBIHASI TEOPHSA)

B stoit rsaBe 6yAyrT 060OwieHH! M H3JOXKEHBl € eXHHON TOYKH
speHMsi CBOHCTBA HenpepLIBHBIX OTOBpakeHMil, Koropnie OBLIM HaMu
YCTAHOBJIGHB! AJIA YHCAOBBIX QYHKUMA H oToOpaxeHn# Tuma f: R™—
-+ R*. [lpu sTom Oyner BBefeH psj, NPOCTHIX, HO BaXKHBIX NOHATHH,
HMeoIHX ofleMaTeMaTHueCKoe ynoTrpebJienne.

§ 1. Merpuueckoe NnpocTpaHCTBO

1. OnpegeneHne H NpHMephl.

Onpenenenne 1. F'oBopaT, uto MHOXKecTBO "X HameNeHO Mem-
puKod, WIH cmpykmypod Mempu4eckozo npocmpaxcmea, MM uro X
€CTb Mempuueckoe npocmparcmeo, eClu ykasana QyHKuus

d XxX—-R, (D
YAOBJIETBOPAIONIAA YCIOBHAM:

a) d (xl, X2) =0 & X1 == Xg,-
b) d(x1, x2)=d(xz, x1) (CUMMETPHHHOCTB),
c) d(x1, xg)<<d(xy, x2)-+d(x, x3) (HepaBeHCTBO TPeyroJbHHKA),

TAe X3, X2, X3 — NpPOM3BOJIbHbIE 3JleMeHTH X.

®yuknuio (1) Has3biBalOT B 3TOM caydae mempukol WM paccmos-
Huen B X.

Takum o6pasoM, mempuueckoe npocmpancmso ects napa (X; d),
€ocToAasA U3 MHOXKectBa X M 3a1aHHOH Ha HEM METPHKH.

Anementhl MHOXKeCTBA X B COOTBETCTBHH C I'eOMETpHYECKOH Tepmu-
HoJiorueil OOBIUHO HA3BIBAIOT MOMKAMU.

3ameruM, 4YTO €c/M B HepaBeHCTBE TPEYroJIbHHKA c) MOJIOXKHTH
Xz==X;, TO C YUeTOoM akcHOM' a) U b) MeTpuKM NOJy4YHM, 4TO

0<d(xy, x3),

T. €. paccrosiHve, yAOBJeTBOpAlollee akcHoMam a), b), c), Heorpu-
LaTeJbHO.
PaccmoTpyM HeKOTOpHIe NPHMEPLL
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[Tpumep 1. MHoxectBo R AeficTBHTENBHBIX YHCEN CTAHOBHTCH
METPHYECKUM NPOCTPAHCTBOM, €CAH JAJA HHCE/I X;, X3 MOJOXKHTD
d(x1, X3)=|Xx3 —x3|, KaK Mbl 3TO BCerga u Aelau.

[Tpumep 2. Ha R moxHo BBect M MHOro IPyrux MeTpHK.
TpusnanbHo#i MeTpHKOHN sB/NAeTCA, HAanmpHMep, Takas, NpPH KOTOPOH
MeX/ly MOoOGLIMH ABYMA DPa3/MHYHbIMM TOYKAMH PAcCTOSIHHe MmoJiaraercs
PaBHLIM eJMHHIle.

3HaunTesipHo conepiKateibHee caeaywouas Merpuka Ha R. Ilycers
%+ f(x) —onpegenentas aas x=0 HeorpHmateabHas yHKnu,
ofpamatomasca B HyJdp Juumb npn x=0. Ecan 3ta QyHKOHA cTpOro
BuilyKJ1a BBepX, To, moJjaras AJIf To4YeK ¥;, X3 =R

d(x, xa)=[(%—xl), 2

noayunmM MeTpHKy Ha [R.

AxcHomul a), b) 3gech, oueBHAHO, BHIMOJNHEHE, a HepaBeHCTBO
Tpeyro/iHuKa clleyer M3 Toro, 4T0, KaK JIerko npoBeputh, f crporo
MoHoToHHa U npH 0 <<a<<b ynoBiaeTBOpsieT HepaBeHCTBaM

fla+b)—fb) <f(a)—f(0)=F(a).
B uacTHOCTH, MOXHO GHUIO Gbl modoXuts d (%, %)=V Tx1— %]
Ham d(x, x,)=l—:—i_3|1£-‘;l;-|. B nocrenneM ciyyae paccTosiHHe MeXAy
MOGLIME TOYKAME NPAMOH MeHbllle eIHHUUEL.
[pumep 3. B R*, xpoMe TPajHUHOHHOTO PACCTOSTHHS

d(x1, Xo)= |/ | Slle et 3)

MeX1y TOuKaMH x, =(x}, ..., X7), Xa=(#}, ..., ¥]), MOXHO BBeCTH
paccrosHue

n 1/p
dy (s xz>=(2 |t — 1#) , @

i=1

rae p=1. To, uro pns ¢yRKUMM (4) BHNOMAHEHO HepaBeHCTBO Tpe-
grom,nm;a, BhiTeKaeT M3 HepaBencTBa MuHKoBckoro (cM. nl1. V,
4, 1. 2).

[Ipumep 4. EciH B neyaTHOM TeKCTe BCTPETHJOCH CJIOBO C HC-
KaXeHHBIMH OyKBamH, TO, eclu AedeKTOB HE CJAMIIKOM MHOIO, M
6e3 ocoforo Tpyda BOCCTaHaB/IHBaeM CJIOBO, HCNPaBasAsl OWMOKH.
Oznako ucnpapieHne onGoK H nojyueHHe cJoBa — ONepalHs He BCe-
ria ojHo3HauHasi, ¥ MOTOMy NPH NMPO'MX PAaBHHIX YCJAOBUAX MpPeAno-
gTeHHe HAAQ OTAaTh TOH paciuudpoBKe HCKaXKeHHOro TEKCTa, AJIA
nojyJeHus Rortepoli norpeGyercss clienath MeHbIIE HCHPABJICHHH.
B %g’rse’rcmﬂn 0 CKa3aHHLIM B TCOPHH KOAHPOBAHHA Ha MHOXecTBe
BéeX HOCJIEA0BATENBHOCTER AJHHB 71, COCTORWIMX H3 HyJel H efHHHL,
“HCnoJbsyerca MeTpuka (4) npw p=1. -
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leomeTpHueckn MHOMECTBO TaKHX NOCHefOBaTeNbHOCTEH HHTep-
npeTupyercs KaK MHOMKeCTBO BepLIHH eJHHuWuHOoro Kyba I={xe
eR'0<¥<l, i=1, ..., n} B R* Paccrosnne mexay AByMS
BEPLIMHAMH — 5TO HYKC/IO NepeMeH HyJMeli ¥ eAMHHI, HeoGXofuMmoe,
yToObl NOJNYYHTL H3 KOODAMHAT OfHOH H3 ITHX BePUIHH KOODAHHATH
apyro#i BepwmHel. Kaxnas Ttakas nepemeHa eCTh nepexoj BiOJIb
oaHoro u3 pebep kyb6a. Takum obpasom, paccMaTpHBaeMoe paccTos-
HHE €CThb KpaTuailmmii nytb mo pe6pam KyGa Mexay paccMaTpHBae-
MbIMH ero BepLIMHaMH.

Mpumep 5. Ilpn cpaBHeHMn pe3yJabTaTOB ABYX cepuil u3 n
OJIHOTHHHEIX H3MEpeHHH dYalle BCEero HCNoNb3yloT MeTpHKY (4) npm
p=2. PaccTosiHne MeXAy TOYKAMH B 3TOH MeTpHKE Ha3blBalOT OOBIYHO
UX CPEOHUM KEAOPAMUYHBIM YKAOHEHUEM.

Tpumep 6. Eciu B (4) chenarb npenefbHH# nepexon npH
p—>-+0c0, TO, KaK Jlerk0 BHJETb, MOJY4YaeTcs CleAyioulas MeTPHKA
B R™

d(n, %)= max |x— x| ®)
I<ign

Mpumep 7. Mooxéctso C{la, b] ¢ynxkumii, HenpephiBHEIX Ha
OTpe3Ke, CTAHOBHTCA METPHYECKHM MNpOCTPAHCTBOM, eclH A (yHK-
wai f, g u3 Cla, b] nonoxurs

a(f, &)= max, [f(x)—g(x)| (6)

AxcHomMbl a), b) MeTpHKH, O4EBHIHO, BBLIIONHEHE, 2 HEPABEHCTBO
TPEYroJibHuKa cllefyeT H3 Toro, 4To

IFo—h@1<If)—g@®|+|g® -k ()| <d(, +die, b,
T. €
4G, = max |f()—hin| <d(f, 9+dig, b,

Merphka (6) —Tak HasbiBaeMasi pPABHOMEPHAR, WM  4ebbliuesckas,
mempurka B C[a, b]—ucnonp3yercs TOria, KOTJa Mbl XKejiaeM 3aMe-
HATb OAHY (YHKUHMIO APYroil, HanpuMep NOJHHOMOM, [0 KOTOpOH
MOXHO Obljio Gbl BBHYHCJATh 3HauYeHHA nepBoit ‘PYHKDHH € HYXKHOH
TOYHOCTBIO B JOGOH Touke x & [a, b]. Beswunna d(f, g) xax pas
XapaKTepH3yeT TOYHOCTb TAKOTO NPHGIUKEHHOro pacuera.

Merpuka (6) B C[a, b] ouenn cxoxa c metpuxoii (5) B R*.

Mpumep 8. MNogo6uo merpuxe (4) 8 Cla, b] npu p=1 mox-
HO BBECTH METPHKY

b ip
a, (i, g)=<§|f—gl“(x)dx) : )

To. uro opu p=>1 310 AEHCTBUTENbHO METpHKA, clelyeT H3
HepaBeHcTBa MHHKOBCKOTO JJIA HMHTErpaloB, MOMYYaIOUErocs mnpe-
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JeAbHBIM 1EePeXoAoM H3 HepaBeHCTBa MHHKOBCKOro, KOTOPoe MOXHO
Hanucatb AJI MHTETPaJabHBIX CYMM.

Oco60 BaKHBIMH YacTHEIMH CJay49asaMH MeTPHKH (7) sBafIOTCH:
npu p= 1 —uHTErpasbHasl MeTpHKa; NMpPH p=2 — METPHKA CPERHero
KBaPaTHYHOIO YKJ/IOHEHHS; HPH p= - 0O —PaBHOMEpHas MeTPHKa.

Mpocrpancteo Cla, b], Hapenennoe verpuko# (7), yacro o603Ha-
yaior cumBosioM C,la, b]. Moxuo nposeputs, uto C.[a, b} ectp
npoctpancteo C{a, b], Hanenennoe merpuxoi (6).

[Tpumep 9. Merpuky (7) MoxKHO GbIO Gbl HCHONB30BATb TAKKe
Ha MHoxecTBe o7 [a,.b] Oyukuuii, uHTErpHpyeMmbix no Pumany
Ha orpeske [a, b]. OpmnHako NOCKOJbKY HHTErpaj OT MOAYJS PasHO-
CTH ABYX (QYHKUHH MOMeT OGpaTHTbCA B HYJb, Aa)ke ec/u (QyHKUHH
He COBNAjal0T TOXAECTBEHHO, TO aKCHOMa @) B 3TOM cJaydae He Gyjer
BhINOJMHEHa. Mbl 3HaeM, OfHAKO, YTO HHTErPaj OT HeOTPHIATENbHOH
GyHknHE @ % [a, b] paBen Hy.a0 TOrja H TOJNLKO TOrJa, KOraa
@ (x)=0 mnoutn Bo Bcex TOUYKax oTpeska [a, b].

Takum obpasoM, ecan pa3butb <% [a, b] Ha Kaacchl 3KBHBAJIEHT-
Hbix ¢GyHkuuid, npuueM ¢yHRuuH u3 oF [a, b] cuuTaTe 3KBHBa-
JIEHTHBIMH, €CJIH OHH OTIHYaIOTCH He 6oJee ueM Ha MHOMKECTBE Mephl

HyJAb, TO H2 COBOKYMHOCTH efi’[a, b] TakuX KJacCoB 3KBHBAJEHTHOCTH
cooTHouenHe (7) neHCTBHTENBHO 3aji2eT MeTpHKY. Muoxectso &% [a, b],

Hajle/leHHoe 3TOH MeTPHKOH, 0Go3Hauaercs uepes o7,[a, b], a nHorna
U npocto uepes o7, [a, b].

[Ipumep 10. B muomectse C*) [a, b] byuxuui, onpene/ieHHbIX
Ha [a, b] ¥ HMeOUMX Ha 3ITOM OTpE3Ke HenpephiBHbIC TIPOH3BOAHbIE
A0 TOPAAKAa & BKJIOUHTENbHO, MOXKHO ONPEAEJHTh CJAEAYIOLLYIO
METPHKY:

d(f, g)=max {Mo, veey Mk}, (8)
rae
M;= max |[fOx)—g®¥(x)], i=0,1,..., k%

a<Axgb

Hcnonpays 1o, uto (6) €cTb MeTpHKa, JErko NPOBEPHTb, YTO H
(8) ecTe MerpHKa.

[Npennonoxum, Hanpumep, 4To [ ecTb KOOPAMHATA JBHXKYLIEHCH
TOYKH KaK QyHknuus Bpemenn. Ecau_ craBuTcsa oOrpaHnyeHHe Ha
JIONYCTHMBbIH PpaloH NpeObIBaHHA TOYKH B INPOMEXYTOK BPeMeHH
[a, b] u 3anpelaercs npeBblIaTH ONPENE/CHHYIO CKOPOCTb, a, KPo-
Me TOro,, XeJalT HMeTb HeKOTOPHH KoM(opT, cocTosAllluHA B TOM,
UTO YCKOPEHHs He JO/DKHHI [PEeBHIIATb ONpefeNeHHLI yPOBEHb,
TO €eCTeCTBEHHO paccmotperd anst (yHKUHH feC®[a, b] uabop

{max f(x)ls max If(x)|, max lf”(x)!} H [0 3THM Xapak-
as<x<h aKx<h A Xh

TEPUCTHKaM [Ba ABHXeHHH f, g cuydTaTb OJIM3KHMH, €CJH BeJNHUHHA
(8) nns Hux Mana.



§ 1 METPHUECKOE IMPOCTPAHCTBO 15

PaccMoTpeHHBe NpuMepbl MOKa3bBAIOT, YTO OAHO H TO K€ MHO-
JMEETBO MOXKHO METPH30BaTh PasHYHBIMH cnocoGamH. Beenenne Toi
4Ad WHOM METPHKH JMKTyeTcsl OObIYHO CaMmoil MOCTaHOBKOH 3ajauH.
Cglinae ke Mbl GyjaeM HHTEpecOBAaTbCs CaMbiMH OGLUMMH CBOHCTBAMH
VETPHUECKHX NPOCTPAHCTB, MPHCYIUHMH HM BCEM.

2. OTKpHTHIE B 3aMKHYTbIE MOAMHOMKECTBA METPHUECKOro MPOCTpaH-
ersa. Ilyctb (X; d)—merpuueckoe mnpoctpaHctBo. [logo6Ho TOMY,
KaK 3TO 6bl10 cpenano B raaee VII, § 1 ans caysas X =R?, B 06-
qeM cJlyyae TOxe MOXKHO BBECTH MOHSITHS LIapa ¢ NEHTPOM B JaHHOH
f0NKe, OTKPLITOrO MHOXECTBAa, 3aMKHYTOr0 MHOXKECTBa, OKPECTHOCTH
TOYKH, NpejesbHOH TOYKH MHOXECTBA H T. A.

HanomHHM 3TH OCHOBHbEe 1/ AaJjbHeHIero NMOHATHS.

Onpeaenenne 2. [Ipy §>0 u a = X MHOKecTBO

B(a; §)={x=X|d(a, x) <}

pasbiBaercss wapom ¢ yenmpon a =X paduyca 6 miaH TaKkKe
S-oxpecmrocmsio mouku a. /

B cayuae o6uiero Merpuueckoro npocTPaHCTBA 3TO Has3BaHHe §IB-
Asiercst  yaoOHBIM, HO ero He CJelAyeT OTOXJECTBJSTb C TPajHIHOH-
HBIM reoMeTPHYeCKHM 00pa3soM, K KOTOPOMY Mbl MpHBHKJH B [R3.

Hpumep 11. Epunnunniit wap B C[a, b] ¢ uentpom B dyHKIHH,
TOXnecTBeHHO paBHofi HyMmo HA [a, b], cocrout H3 Tex GyHKuui,
HefIpepHIBHEIX Ha oTpeske [a, b], MOAY/b KOTOPHIX MeHblle eJHHHILI
Ha 3TOM OTpe3Ke.

MNpumep 12. Ilycte X —eaunnuneift xBagpar B R2, paccros-
HHE MeXJy TOYKaMH KOTOpOro ompejessiercs Kak PacCTOsiHHE MexXAy
otMu ke Toukamu B R2. Torma X sB/IseTCs METPHYeCKHM NMpPOCTpaH-
CTBOM, nNpuyeM B3ATHH cam no cebe kBagpar X ¢ Tako#d METPHKOM

MQJKHO CYHTaTh WapoM /moboro paauyca p =V 2/2 orHocuTeNBHO CBO-
er'o neHTpa.

$lcHo, uTO TaK MOXHO Obi0. 6Bl MOCTPOHTL WIAPH BeCcbMa NpH-
qyammBoil ¢opMmel. Tak 4TO TepMHH Wiap He c/eAyeT NOHHMATb CJ/MLI-
KoM G6YKBaJbHO.

Onpenenenne 3. MuoxecTBo G < X HasbBaeTCsl OMKpPbiMbIM
6 mempuneckom npocmparcmee (X; d), ecan ans moGo#t Toukn x G
Hafizerca map B (x; 8) tako#t, urto B(x; 8) = G.

M3 atoro onpenenenusi, OueBHAHO, cleAyeT, 4To camo X — OTKpHI-
Ttoe B (X; d) MHOXKECTBO; MyCTOE MHOXECTBO () TaKXe OTKPHITO.
Temu xe paccyxpaeHHAMH, YTO H B caydae R”, MOXKHO A0Ka3arhb, 4TO
wap B(a; r) uam ero BuewHocTb {x & X|d(a, x)>r} cyTb OTKpEF
The mHoxectBa. (Cm. ra. VIIL, § 1, npumepn 3,4.)

Onpenenenue 4. MHOXKecTBO of C X HasbiBaercs SamkH
8 (X; d), ecan ero nononnenne X\oF oTkphito B (X; d).

B uacTHocTH, OTCIOA2 3aKJj049aeM, UTO 3amMKHymbui wap

B n:={x=X|d@ »<r}
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AIBJIACTCA MHOXECTBOM, 3aMKHYTHIM B METPHYECKOM [POCTPAHCTBE
(X; d).

JIns OTKPHITHIX H 3aMKHYTHIX MHOXECTB B METPHYECKOM [POCT-
panctee (X; d) cnpaBenauBo

Yreepxkaenue 1. a) O6vedunenue U Go MHO%cecma 210004

[ A=1}

cucmemer {Gq, . a0 =N} mroocecns Gy, omxpompvix 8 X, sasasemcs
MHONCECMEOM, omKpoimbim 6 X.

n
b) llepeceuernue ﬂ G; KOHeuHoeo uucia MKONcecms, omxpoimsix 8 X,
(=1
SBASEMCA MHONCECEOM, omKpoimbim 6 X.
a') [lepecewerue () Fo muodcecms molod cucmemst {oF 5, o &= )
[ A=D)|
MHOMeC8 oF o, BaMKHYymbix 8 X, ABAAEMCS MHONCECMBOM, SQMKHY-
moin 8 X.

n
b’) O6wvedunerue U of | KOHEUHO20 HUCAT MHOJNCECTB, 3AMKHYMBIX
i=1
8 X, fA8AReMCA MHONCECBOM, 3amrhymeim 8 X.

Jloxasares,cTBO yTBEpMAEHHA | JOCJIOBHO NOBTOpSAET JAOKa3a-
TEJILCTBO COOTBETCTBYIOLIEIO YTBEPMKIAEHHA AJIA OTKPHITHIX H 3ayKHY-
THIX MHOXecTB B R*, H Mbl ero onyckaeM. (Cm. ra. VII, § 1, yrBep-
xnenne 1.)

Onpepenenueb. OTKpbiToe B X MHOXKECTBO, COIEpIKAILEe TOUKY
x & X, Ha3pIBaeTCR OKpPecrmHocmolo 3TOH TOYKH B X,

Onpenenenne 6. Touka x & X 1o OTHOLIEHHIO K MHOMECTBY
E < X nassiaercs

suympenteti mouxod E, eciu ona copepxurca B E BMmecre ¢ ne-
KOTOpOH cBOe#l OKPEeCTHOCTbIO;

suewrel mouxod E, ecnmd ona sABAAETCS BHYTpPEHHEH TOUKOH
nononnenud Xk E B X;

2panutrod moukod E, ecan oH2Z HE RABJAAETCA HH BHYTpPEHHEH,
HH BHEIWHel TOYKo# mo orHoweHHIO K E (1. e. ecaim B moGolt okpe-
CTHOCTH 3TOH TOYKH HMEIOTCA KaK TOYKH, NpHHAQIEXalue, TaK H
TOYKH, HE npuHaj/exauye MHOXecTBY E).

I[Tpumep 13. Bece Touku wapa B(a; r) ABAfiOTCA €ro BHYTpeH-

HUMH TOoukamHu, a MHoxectso CyxB(q; r)=,X\B (a; ry cocroutr us
TOUEK, BHEIHHX 10 OTHOWCHHUIO K wapy B (a; r).

B cayuae npocTpaHctBa R* co crampapTHoit MmerpHkoil d B R*
chepa S(a; r)={x=R"|d(a, x)=r>0} sBAAETCA MHOXECTBOM
rpaHHYHBIX ToueK.wapa B(a; r)*).

Ounpepenenne 7. Touka a & X HasviBaeTcA npedesvrod Nns
mHoxectBa E < X, ecan Ana moGoit ee okpectHoctH O (a) MHOXe-
ctBo EN O (a) GeckoHEUHO.

*) B cpasu ¢ npumepom 13 cM. takxke 3ajgauy 2 B KOHUe 8TOro naparpada.
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Onpenenenne 8. O6bemnnenne MHoxecTsa E u Bcex ero
npeaenbHBIX TOueK B X HasbiBAeTCA 3aMomkarnuem MHOXectBa E B X.

Kak n npé¥kne, sambikanue MHOxkectBa E - X GyneM oGo3HauaTh
yepes E.

YrBepxnenne 2. Muowecnso F < X samknymo 6 X mozda
u moneko moeda, koeda OHO codepicum 6ce CE0U npedenbHbie MOUKU.

Hrak,

(F 3aMkEyTO B X) &= (F =F B X).

JlokaszarenbCTBO MBI ONYCKaeM, TAK KAK OHO MOBTOPHET [0Kasa-
TeJLCTBO AHAJNOTMYHOTO YTBEpXKICHHWA B cayuae, Korma X=[R*,
usnoxkensoro B ra. VII, § 1.

3. MoanpocTpancTBo MerpHyeckoro npoctpancrea. Ecom (X, d)—
MeTpHuecKoe MnpocTpaHcTBo, a E — nogMHOXkecTsO X, TO, -moNaras
A oGOl naph Touek . Xy, Xp U3 E paccrosinue paBubM d (x5, Xs),
T. €. PAacCTOSHUIO MeXIy 3THMH TO4Kamu B X, MBI NONYYHM METpH-
ueckoe npoctpaneTBo (E; d), xoTOpoe™- 10 OTHOLIEHHIO K HCXOAHOMY
npoctpaicTBy (X; d) APUHATO Ha3biBaTh MOANPOCTPAHCTBOM.

Hrak, M npunuMaeM chaepyiollee

Onpenenenne 9. Merpuueckoe npocrpanctBo (X;; d;) Ha3bl-
Baercsl nodnpocmpancmeom mempuyeckoeo npocmparcmea (X; d), ecan
Xy < X u pas mobGofi napsl Touek a, b MHOXecTBa X; CnpapejTHuBO
pasenctBo d, (a, b)=d (a, b).

[Mockomeky~ map Bj(a, r)={r= X,|di(a, x)<r} B mnogmpo-
crpadcrse (X;; d,) merpuueckoro npoctpanctBa (X; d), OueBHpHO,
AIBIAETCA TepeceueHreM

Bi(a; )=X:NB(q 1)

muoxectBa X; < X ¢ mapom B(e; r) B X, TO BCAKOE OTKpHITOE
B X; MHOXECTBO HMEET BH]

Gi=X1ﬂG,

rre G —MHOXeCTBO, OTKpmToe B X, a BCAKOE 3aMKHyT0e B X,
MHOXECTBO" of ; uMeeT BuJ

J1=Xﬂf,

rae of — MHOXecTBO, 3aMKHyToe B X.

M3 ckaszanHOro cjepyer, 4YTO CBOMCTBO MHOMKECTBA, JEMKAUIEro
B METPHYECKOM MNPOCTPAHCTBE, GLITh OTKPHLITHIM MM 33MKHYTHIM OTHO-
CHTEJILHO M 3aBHCHT OT 3TOr0 OOBEMJIOLIEro MpOCTPaHCTBA.

[Tpumep 14. Unrepran |[x|<<1, y=0 ocu abcuuce NAOCKOCTH
R? co cranpaptHoii MeTpuko#i B R* AABNAETCH METPHUECKHM I PQCTPAH-
ctBoM (X;; dy), KoTOpoe, KaK H BCAKOE METPHUECKOE 1POCTPAHCTBO,
3aMKHYTO B cefe, u60 cogepXKUT Bce CBOM MpemefbHbie TOUKH B X,
BMunge C TeM OYEBHIHO; uTO X; He SABJAACTCA SAMKHYTHIM MHOXECTBOM
B R?= X.
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IToT XK€ TMpPUMEP NOKa3biBaeT, YTO H MOHATHE OTKPLITOCTH MHO-
KECTBA TaKKe OTHOCHTEJBHO.

ITpumep 15. Muoxkecreo. Ca, b] HenpepbiBHHIX Ha OTpe3ke
[a, b] ¢yukunit ¢ merpukoit (7) ABAsSETCs NOANPOCTPAHCTBOM MeETPH-
YeCKOro npoctpaHctBa ¢%,[a, b]. Omnako ecam ua Cla, b] pac-
cMmatpuBarb MeTpHKY (6), a He (7), To 310 yike He Gymer HMETb MeCTO.

4. Tlpamoe npOH3BeJcHHE METPHUSCKHX nOpocTpaHcTB. Ecum
(X1 di) »m (Xg; d) —nBa METPHYECKHX NPOCTPAHCTBA, TO B NPAMOM
npoussenenuy X; X X, MOxHO BBectH Merpuky d. HauGonee pacnpo-
CTpaHeHHbiE cnocoObl BBEIEHHS MeTPHKH B X; X X; COCTOAT B cJe-
ayiomem. Ecam (x5, x) = XixX X% u (x1, x3) & X;x Xy, TO MOXHO
NOJIOXKHTD

d((x1, %), (xi, )=V di (¥1, %)+ (x2, x3),

HJIH
d((x1, x2), (%1, %3))=di (%1, x1)+da (%5, X3),
U
d((xy, x2), (xi, x5))=max {d, (X1, xi), da (X2, %)}

Jlerko BupeTh, 9TO B JIOGOM M3 3THX CJAYY2€B Mbl NOJyYaeM MerT-
pHKy Ha X)X X,.

Onpepnenenne 10. Ecmu (Xy; dy), (Xs dy) —mBa Merpuuec-
KHX OpOCTpaHCTB2, TO npocrpaHctBo (X; X X, d), roe d-— sBeneH-
Hass JoObiM M3 YKa3aHHBIX Bhie cnocoboB MeTpuka B X;X X,,
OyjeM Ha3biBATL NPAMbIM NPOUseOeHUEM WCXOIHBIX Mempu4eckux npo-
cmpaHcms.

I[Tpumep 16. [IpocTpancTtBo R? MOXKHO cuMTarh 0OPSMLIM Opo-
H3BENEHNEM IBYX METPHUYECKHX npocTpaHcTB R co craHpaptHoil Mmer-
pukoil Ha R, a Merpuueckoe npoctpaHcTBO R® ecThb npsiMoe npou3se-
menne R2x[R! merpuueckux npocrpancts R? u R'=R.

3apayn n ynpamdenus

1. a Paspmpas npuMep 2, noxaxmre, uro ectn f: R, —R, —mnenpepusuan
CTpoOro “BHNyk/Jaf BBepX (QyHKUHA, 2 (X; d)— MeTpuleckoe NPOCTPAHCTBO, TO Ha X
MOXHO OfpeleJIHTh HOBYIO METPYKY df CIEAYIOIWHM CooTHoweHHeM: dj (%, X)) =
== f (d (xl, xz))-

b. Mokaxure, uto Ha mMoGOM MeTpHYeCKOM mpocTpaHcTBe (X; d) MOKHO BBECTH

d(xlv x2)
1 +d (xl, xg) ’
AYT NPeBOCXOAHTH eRHHHIY

2. Mycrs (X; d)—wMerpuueckoe npocfpaHCTBO ¢ yKa3aHHON B Hadale mnp-
Mepa 2 TpuBHaMbHOR (Ouckpemsuoil) MeTpHKod, u nycTh @ = X Kaxkosw B fantoM
cnysae MHoxectsa B (a; 1/2), B(a; 1), B(a; 1), B(a; 1), B(a; 3/2) u muo
®eetea {xe=X|d(a »=1/2}, {xeX|d@ x»=1} B D\B(@ 1),
B(a; H\B(a; 1)?

3. 2 BepHo i, uro ofbefnHeHHe J0GOrO ceMeficTBa 3aMKHYTHIX MHOMKECTB
#BJAETCS MHOXKECTBOM 3aMKHYTbIM? /

b Bcaxas i rpaHhunas TOUKa MHOMXECTBA ABJAETCH ero NpeAesbHOIl TouKoil?

merpuKy d' (%1, xg) = B KOTOPOR paCCTOAHHA MexAY ToyKaMH He Gy-
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¢. Bepno s, uto B MOGOH OKPeCTHOCTH TpaHHYHOA TOYKH MHOXKeCTBA HMEIOTCS
KaK BHYTPEHHHe, TaK H BHEUIHHe TOYKH 3TOr0 MHOXeECTBa?
. TloxaxuTe, 4T0O MHOMXKECTBO I'PAHUYHBIX TOuEK JIOGOTO MHOXECTBA HBJSETCH

3aMKHYTHIM MHOXECTBOM.
4. a Jlokaxure, uto ecah (Y; dy) eCTh NOANPOCTPAHCTBO METPHYECKOTO MPO-

erpanctea (X; dy), T0 ans moboro OTKpHTOro (3aMkHyToro) MHoxecrsa G, (.?y)
B Y Hailerca Takoe OFKpbITOe (3aMKHyToe) MHOXeCTBO Gy (?X) B X, uto Gy =
=Y NGy (Fy=YNFy) .

b. ITposepuTe, 4TO ecaM OTKpPHTHE MHOXKecTBa (Y, G} u3 Y He mepecCekalorcs,
10 cooTBeTCTBYIOIHE MHOXecTBa G', G% B X MOXHO BHOparh Tak, YTO OHH TOXeE

ge G6yfyT HMeTh OOIHX TouYeK
5. Hmen wMmeTpuky d Ha MHOXecTBe X, MOXHO MONBITAThCA ONpPEfeNHTL pace

croane d (A, B) Mexny muoxectsami A < X n B X CleAylomuM 06pas3om:

d(A, By== inf d(a, b).
acs A, b&EB

4. TlpuBennTe npHMep METPHUECKOrO MPOCTPAHCTBA H ABYX 3aMKHYTHIX HE mepe-

ceKalomuXcs ero moamuoxects A, B, ans xoropux d (A, B)=0.

b. IToxaxute, cmepyn Xaycpoppy, 4To Ha MHOXKECTBe MOAMHOXECTB METPH-
qECKOro npomfaﬂcma (X; d) woxuo sBectn Mmempuxy Xaycdopgpa D, nonaras,
o s Ac X n Bo X

D (A, B):= max {as;e‘ d(a, B), bsg;;;a(/l, b)},

§ 2. Tonosoruueckoe MPOCTPAHCTBO

Jast BOmpocoB, CBA3aHHBHIX € MOHSTHEM mpeneta (YHKHHH HJH
orofpaxennsi, BO MHOTHX CJAy4asix CYIECTBEHHHM siB/sieTcd He Ha-
MHYHE TOil HJM HHOH METPHKH B NIPOCTPAHCTBE; @ BO3MOXKHOCTbL CKa-
3aTh, YTO TaKoe OKPECTHocTh TOUKH. UtoObl yGeiuThCA B 3TOM, H0-
.CTATOYHO BCIOMHHTbH, HYTO CaMo OmpejeseHHe rmpexesa HJH ompeje-
JieBHe HenpephIBHOCTH MoOXeT ObiTb Cc(OPMYJHPOBAHO B TePMHHAEX
okpectHocTell. Tomosiornyeckoe NpocTPafCTBO HBJAAETCH TeM MareMa-
THYECKMM OOBEKTOM, Ha KOTOpPOM ONepamusi HpefebHOro mnepexona
# HENMpepLIBHOCTbL OTOOpa)KeHHs W3ydaloTcs B Hanbogee obmeM BHIe.

1. OcHoBHBIEe onpeneneHus.

Onpenenenne 1. T'oBopst, 4ro MHOKecTBO X Hadeaeno cmpyk-
mypod monoaozuteckozo npocmpaxcmsa, WM Kadeseno monoaozueld,
HIH, 4TO0 X €CTb monoa0zu4ecKoe npocCMmpancmeo, €cau ykasaHa CcH-
creMa T noaMHOXKeCTB. X (Ha3biBaeMbIX OmMKpbimbiMU MHOMCECMEAmU
¢ X), obnajaiomas cJAeAyIOmAMA CBOACTBAMH:

a) =1, X=1.

b) Vast(en)= | wer

e

n
O met i=1, ..., )= [ e
i=1
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TaknM o6pa3oM, TOMONOrHYECKOE MPOCTPaHCTBO ecTb Napa (X; ),
cocrogmias u3 MHOXKecTsa X M CHCTeMbl T BHIJEJIEHHHIX €ero MoAMHO-
XecTB, ofnajaouleli TemMH CBOUCTBaMH, YTO T COAEPXKUT MYCTOE MHO-
JKECTBO H Bce MHOXKecTBO X, UTO ofveguHeHHe JOGOro YucJa MHO-
MECTB CHCTEMHl T €CTb MHOMKECTBO CUCTEMbI T M MepeceueHue KOHed-
HOro ‘4HCJ1a MHOXKECTB CHCTEMB T €CTb MHOXKECTBO CHCTEMHI T.

Kak pugso, B axcuomaruke a), b), ¢) Tononoruueckoro npo-
CTPaHCTB2 MOCTYJ/UPOBaHH Te CBOHCTBZ OTKPHTHIX MHOXKECTB, KOTO-
pHIE MBI YXKe JOKa3ajH B CJydae MEeTPHYECKOro MPOCTPaHcTBa. 1akiuM
ofpasoM; JMmoGoe MeTpHUECKoe MPOCTPAHCTBO C ONpEAEJCHHHIM BRILIE
NOHATHEM OTKPHITOTO MHOXECTBA B HEM SHBJSETCA TONGJOTHYECKHM
NPOCTpP aHCTBOM.

Hrax, sadame monosozwo B X 3uHaUHT yKasaThb CHCTEMY T NOA-
MHOXeCTB X, YAOBJETBOpSIOULYI0 aKcuomaM a), b), ¢) TomoJornye-
CKO'O MpOCTPaHCTBA.

3ananne MeTpHKH B X, Kak MB BHje/H, aBTOMAaTHYeCKH 3afaeT
TonoJiorvio Ha X, HHAYRMPOBaHHYIO SToll Merpukofi. Cnexyer, oguako,
3aMeTHTb, YTO pa3HLe MeTPHKu Ha X MOryT NOpoXnaTh Ha 9TOM
MHOXKECTBe OflHY U Ty K€ TOMOJIOruio.

MMpumep 1. Myets X =R* (n>1). Paccmorpum B R* merpuKy
d; (x1, %»),"3anaBaemyio cooruomenveM (5) § 1, u merpuky da(x;, x3),
onpenenesnyio dopmyaoit (3) § 1.

Ha nepasencts

dy (X1, X2) <d3(x1, %) << V ndy (%1, %),

OUEeBMIHO, CJEfYeT, UT0 Kaxaui wap B(a; r) ¢ meHTPOM B MpoHs-
BOJbHOH TOuKe a &= X, noHuMaeMmbii B CMBICJIE OfHOM M3 3TUX MeT-
PHK, COJIEPXHT Iap C TeM Xe UEHTPOM, HOHHMAEMHi B CMEICJE APY-
roi merpuku. O1Ciopa B cuJy onpepefednsl OTKPHTOro foiMHOMKe-
CTBA METPUUECKOro NpOCTPaHCTBZ BHTEKaeT, YTO 0Gé METPHKH HHAY-
HEPYIOT Ha X QEHY H Ty Xe TOMNOJOrHIO.

[lout Bce TOmoOJIOrMUECKHE MNPOCTPaHCTBA, KOTOpHe MH Gyzem
@KTUBHO WHCMOJB30BaTh B MpejesiaX 3Toro Kypca, SIBJASIOTCH MeTpH-
veckumn. He crepyer,- onHako, nyMaTh, 4TO BCSIKOE TOMOJIOTHUECKOE
NpocTPaHCTBO MOXKHO METPH30BaTh, T. €. HAJENHTb €ro MeTPHKOMH,
OYKPHTHE MHOXecTBa B KOTOpOit GYAYT COBMAagaTb C OTKPHITHIMH
MHOXECTBaMK CUCTeMH T, 3ajaiolieli Toilojoruio Ha X. YcsoBus,
NpH KOTOPHX 5TO MOXHO CJe/aTh, COCTABJRIOT COJEPKAHHE TaK
Ha3bBaeMBIX MeTpHU3aLHOHHHIX TeopeM.

Onpexetaenne 2. Ecau (X; v)—Tonosornyeckoe npocTpan-
CTBO, TO MHOXECTB2 CHCTEMHl T HA3HIBAIOT OMKPLIMLIMU, & NOTOJHE-
HuA K.HUM B X — SaMKHYMbIMU MHONCECMBAMY TONOJIOrYecKoro mpo-
crpanctea (X; 7). )

TomoJsioruio v B MHOXecTse X PEAKO 3&A2I0T MepeuncaenHeM Beex
MHOXeCTB cucTeMb T. Yaule cuCTeMy T 3ajalT, YKashBas JHIUb
HeKOTOphifi HaGop mnoavHOXecTB X, ofbenvueHHeM W MepeceyeHHeM
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KOTOPHIX MOXHO NOJYYHTb J/MmoGoe MHOMKECTBO CHCTeMH t. BecbMa
BaXXHbIM M03TOMY fBJfiETCA

Onpenenenne 3. DBasod monosocuneckozo npocmpancmsn
(X; 1) (omxpounod 6asoil nan 6asod monosozuu) HasHBaeTcsd TaKoe
cemeilcTBO B OTKPLITHX NoAMHOMKECTB X, 4TO KaMJ0e OTKPHTOE MHO-
KecTB0 (G &1 aBaserca ofGbeqUHEHHeM HEKOTOPOH COBOKYMHOCTH
3NeMenToB cemefictBa B.

IMpuwmep 2. Ecom (X; d) — meTpryecKkoe npocTpancTeo, a (X; 1) —
COOTBETCTBYIOLUEE €My TONOJNOrMYecKoe NpPOCTPAHCTBO, TO COBOKYIN-
nocts B={B(a; r)} Bcex mapos, rae a= X u r>0, oueBHgHO,
apaserca Oasoit Tonmosoruu t. Bosee Toro, ecam Gparb cucremy B’
BCceX LIApoB ¢ MHONOXHTENbHHMH DPalUMOHANBHHIMH paguycamu 7, TO
9Ta CHCTeMa Takxe OGyner 6asofi TOMOJNOrHH T.

Htak, Ttomosoruio T MOXHO 32jaTh, onu¢aB /Mullb Gady 9TOH
tonosorvd. Kak BuaHo u3 npumepa 2, TOmosioruueckoe NpocTpaHCTBo
MOXET HMeTb MHOrO Pas/HYHHX 633 TONOJOrHY.

Onpenenenne 4. Munumanbnas Mom#uocTb 6a3 TOmosOrHyec-
KOr0 MPOCTPAHCTBA HA3HIBAETCA €ro 6eCOM.

.Mut 6yneMm, Kak npaBusio, uMeTb Aef0 C TOMOJNOrHYeCKHMH Npo-
CTP2HCTBAaMH, KONYCK2IOMHMH CYeTHYI0 6asy TONoOJIOTHH (CM., OKHaKoO,
sagaun 4 H 6).

IMpuwmep 3. Ecau B R* B3aTH cHCTeMy B°1apoB BCEBOZMOMKHHIX

m
PalHOHA/BHBIX PafHYCOB 7 .= - >0 ¢ neHTpaMu BO BCEBOMOKHEIX pa-

my mpy
IHOHA/MbHHX TOYKax (—. very =2
n Ilk
cyetnyio 6a3y craujapTiofi Tonosoruu mnpoctpanctea R*. HerpyaHo
NpOBEPUTh, YTO KOHEHHOA CHCTEeMOf! OTKPHITHIX MHOMECTB cTaHgapT-
Hyio Tonosoruio B R* 3ajgath HeBo3MoHo. Takum o6pa3oM, CTaH-
JapTHOe ToRmoJornyeckoe nmpoctpancTso R* umeer cuerHbli Bec.
Onpeaenenue 5. Oxpecmuocmst0 TOYKH TOMOJOTMUECKOro
npoctpanctea (X; T) Ha3bBaeTCA OTKPHITOE MHOMECTBO, COAEpIKaliee
3Ty TOUKY.
flcno, uro ecam Ha X 3agaHa TonojOrHs €, TO AN KaXAOH
TOYKU OmnpejesieHa CHCTEeMa ee OKPecTHOCTef.
flcHo Takxke, 4TO CHCTEMa BCeX OKPeCTHOCTefi BCeBO3MOXKHLIX TOYEK
TOMOMIOrUYECKOro TNPOCTPAHCTBA MOXKET CAYXUTb 6asoit TOmoJOrHu
STOro nmpocTpanctBa. TakuM ofpasom, Tomosoruio B X MOXHO BBECTH,
ONHCAB OKPECPHOCTH Towek muoxectBa X. MiMenno sta dopma 3aja-
Hus tonofornn B X M On/i2a HavaibHOA B onpegesieHuu TOMOJOrH-
9ecKOro npoctpaHcTBa *). 3aMerbre, 4TO, HanpuMep, B METPUYECKOM

)ER", TO MEl, OYEBHJHO, MOJYUHM

*) MMouATHE MeTPHYECKOTo H TONOIOFKYECKOro rg)oc'rpanc‘rsa Gulitn chopMyIH-
popaNLl B ABHOM BHJC B Haualne Hauiero CTOJeTHA. 1906 r. ¢panuysckuii Mare-
Matik M. P. ®pewe (1878—1973) BBen nonATHE MeTPHYECKOT'O MPOCTPAHCTBA,
a B 1914 r. nemeuxiiht matemarak ®. Xaycgopd (1868—1942) onpepeans tonodo-
THYECKOe NPOCTPaHCTBO.
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MpOCTPaHCTBE CaMy TOMOJIOTHIO MBI BBEJIH MO CYWIECTBY, YKa3aB JHIlb,
9TO TaKoe §-oKpecTHOCTh TOUKH. IlpuBenem erme

IIpumep 4. Paccmorpum wmuoxectBo C(R; R) BemecTBeHHO-
3HaYHHX HenpepHBHHIX (QYHKIHH, ONpejeseHHHX Ha BCeH u4ncJ/0BOH
npsAMOH, H HA €ro OCHOBE MOCTPOMM HOBOE MHOMKECTBO — MHOMKECTBO
pocTKOB HempephiBHEIX GyHkuuil. [Ise ¢dyukunu f, g= C(R; R) 6y-
IeM CUHTaTh 3KBHBAJEHTHHIMH B TOuKe @ & [R, ecsau Hafijercs TaKas
-okpectaocTh U (@) 3roft touku, uto Vx = U (a) (f (x) = g (x)). Beenen-
HO€ OTHOLIEHHE JEeHCTBHTEJNbBHO SBJSAETCH OTHOLIEHHEM 3KBYBAaJEHT-
HOCTH (OHO D&dJIEKCHBHO, CHMMETPHYHO H TpaH3HTHBHO). Kuacc 3KBH-
BaZIEHTHRIX MeX]y cofoii B Touke a =R HenpepHBHHX GYHKUME
HA30BEM pPOCIMKOM Henpepbisubly yuxyud B 310N Touke. Ecau f—
NjHa H3 QYHKIMH, MOpOXJAIOWMKMX POCTOK B TOYKE @, TO caM POCTOK
6ynem 0603Ha4aTb CHMBOJOM f,. On-
pelesiM Tenepb OKPECTHOCTb DOCTKA.
[yers U (@) — oKpecTHOCT TOYKH @
B R, f—onpepenenas B U (a) dyuk-
7 7 LHUfA, [OpOXKAaiolmias pOCTOK [, B
Touke a. Jra xe dyHrmuA B moboil
trouke x&U(a) nopoxpaer cBoit
poctok f,. MuoxectBo {f,} pocTkoB,

Pue. 66. orseqaomux Toukam x < U (a), Ha-

30BeM oxpecmuocmero pocmika fo. Tlpn-

HAB MHOXXECTBO TaKHX OKPECTHOCTEH BCEBO3MOMKHBEIX POCTKOB 3a 6a3y

TONOJIOTHH, MHI MPEBPATHM MHOXKECTBO POCTKOB HENpepHBHHIX (yHK-

UHH B TOMOJIOTHYeCKOe npocTpaHcTBO. IloJjie3Ho 3ameTHTh, 4T0 B

MOJYYEHHOM TOMOJAOTHYECKOM MPOCTPAaHCTBE JBE PpAa3JHYHBIE TOUKH

(pocTkH) f,, g, MOryT He HMETh HemepecexkalUXCs OKPecTHOCTed
(puc. 66).

Onpeneneune 6. Tomosoruyeckoe mpocTPaHCTBO Ha3bIBaeTcs
xaycdopghosvim, ecnu B HeM BHMOJHEHA axcuoma Xaycdoppa mobbie
JBE pa3NUYHBIE TOYKH MPOCTPAHCTBA O6/afaioT HerepeceKaioluMHCst
OKPECTHOCTSAMH.

[Tpumep 5. JlioGoe Merpuueckoe npoOCTPaHCTBO, OYEBHJHO, SABJIS-
ercs  XaycJlop(oBhIM, MOCKOJIBKY AJfl MIOOHX IBYX TOuek a, b & X

r

Takux, 410 d(a, b)>0, ux mapoBHe OKPECTHOCTH B(a; %d(a, b)),
B (b; —;—d(a, b)) He HMeloT o0mHX TOueK.

Bmecre ¢ TeMm, Kak mokasbiBaer npumep 4, GHIBalOT M HE Xaycaop-
(pOBLI TOMOJIOTHUIECKHE MPOCTPAHCTRA.

Mu Gynem paGoTaTh HCKJ/IOYHTENBHO ¢ XayCHAOP(OBHMH MmPOCT-
PaHCTBaMH.

Onpepgenenne 7. MHoxectBo E — X HaswiBaercs 6ctody naom-
HbiM B TONOJIOTHYECKOM mpocTpaHnctBe (X; T), eclH A8 JoGOoH TouRH
xe X n mo6oit ee okpectHoctH U (x) mnepeceueniie E{\U (x) ne-
nycro.
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MMpumep 6. Ectn B R paccMoTperh CTaHAapTHYIO TOMOJOTHIO,
ro MHOXecTBO () pauHOHaNbHBIX YHCes ABASETCA BCIOAY MJOTHBM B R.
Ananoruyno MHokectBO (J° panuoHanbHBIX TOueK R" BCIOAY MJAOTHO
B R

MOKHO [0Ka3aTh, YTO B KaXKJOM TOMOJIOTHYECKOM MPOCTPAHCTBe
HMeeTcd BCIOAY MJOTHOe MHOXKECTBO, MOMIHOCTH KOTOpDOro He rMpe-
BOCXOLHT BECa 3TOTO TOMOJIOTHIECKOTO MpPOCTPaHCTBA.

Onpepenenne 8.- MerpHuecKoe mnpocTpaHcTBO, o6nanaiouiee
C8eTHHIM BCIOJY [MJIOTHBIM MHOMECTBOM, HA3HBAETCH Cenapabesbrbim
npoCMpPAarHcmeom.

Mpumep 7. Merpuueckoe npocrpacteo (R”; d) B sio6oii 3
CTaHAApTHHIX MeTPHK fBJSETCA cenapaGesibHbIM MpOCTPAHCTBOM, MO-
CKONBKY MHOKecTBO [® BCIOAY MJIOTHO B HEM. ’

Mpumep 8. Merpuueckoe mpocrparcreo (C ([0, 1]; R); d) ¢ mer-
p#Kofi, onpeyeneHHoll cooTHoleHueM (6), TakKe cemapa6enbHO, H6O,
KaK cJeayeT u3 pasHoMepHoft HenpepuBHocTH dyukunii f&C ([0, 1] R),
TpadHk. mo6oi TaKoH GYHKUHH CKOJIb YTOLHO TOYHO MOKHO anmpoKcH-
MHPOBaThb KOHEYHO3BEHHOH JIOMaHOH, BepLIMHBI KOTOPOH HMEIOT pamHo-
HaJIbHEE KOOpAHHATH. MHOMECTBO TaKHX JOMaHBIX CUETHO.

Mur Gypem HMeTb Jesi0 riaBHbIM o06pasom ¢ cemapabenbHBIMH
APOCTPAHCTBAMH.

OTMeTHM Tenepb, YTO NMOCKOJBKY OMpejesieHHe OKPECTHOCTH TOYKH
‘B TOMOJIOTHYECKOM MPOCTPAHCTBE JOCJOBHO COBMAjaeT C ONpejesieHneM
OKPecTHOCTH TOYKH B METDHYeCKOM MPOCTPAHCTBE, TO, €CTeCTBEHHO,
paccMorpeHHrle B § | MOHATHS SHympenneid, 6Hewined, epanuunod,
npedesvHold TOYKH MHOMKECTBA H MOHATHS 3GMLIKAHUS MHOXECTEA,
HCIONb3YIOHe TOJALKO NOHATHE OKPEeCTHOCTH, Ge3 H3MeHeHHs mepe-
HOCATCA Ha caydyalt npoOM3BOJILHOIO TONOJOrHYECKOro MPOCTPAHCTBA.

Kpome Toro (kak BugHO u3 nposexenHoro B ra. VII, § 1 poka-
3aTe€NbCTBA YTBEPKICHHA 2), CIpaBei/iMBO TaKXKe YTBEPIKIEHHE O TOM,
YTO MHOJKECTBO.B TOMOJOrHYECKOM MPOCTPAaHCTBE 3aMKHYTO B TOM H
TONLKO B TOM CJyd4ae, KOrja OHO COJEPXKHT BCE CBOH MpPEAENbHBIE
TOUKH,

2. IMoanpocTpaHCTBO  TOMOJOTHYECKOro mnpocTpancTsa. Ilyeri
{X; 1x) —TOmOMOrHYECKOE TPOCTPAHCTBO, a Y — MOAMHOXKECTBO B X.
Tomonorust tx Mo3BOASIET ONpPENENHTD CAEAYIOLYIO TOMOJOTHIO Ty B Y,
Ha3HBaeMYIO KHOYYU POBARHOL UK OMHOcwmeas ol monoasozueld 8 Y — X.

OrkpuTeM B Y HasoBeM mio6oe muoxectso Gy Buna Gy =Y () Gy,
rae Gy — MHOXKeCTBO, OTKpbIToe B X.

Herpyaso nposepHTs, 410 BO3HHKAIOWAA CHCTEMa Ty MOIMHO-
XEcTB Y YIOBNETBOPSET aKCHOMAaM OTKPHITHIX MHOMKECTB TOMOJOTH-
HeCKOro NpOCTPaHCTBA.

Onpezenente OTKPHITHX B Y MAOKecTB Gy, KaK BHIHO, COrJIacyercs
€ TeM, KOTOpOe MHl MOJIYYHJIH B M. 3 mpemslayumiero naparpada B ciy-
qae, )?oma Y 6bin0 mopmpocTpaHCTBOM  MeTPHYECKOro  NPOCTpaH-
cTtBa X.
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Onpenenenne 9. INogmuoxkectBo Y < X  TonoJsiornyeckoro
npoctpanctBa (X; T) ¢ WHAyNHpOBaHHOH B Y TOmOJIOrHeil Ty HasH-
BaeTcs no0npocmpancmeom monoaocudeckozo npocmparcmea (X; T).

SlcHo, 4TO MHOXecTBO, OTKpHTOE B (Y; Ty), yxe He 06un3aHO
OuiTs OTKpHITEIM B (X Tx).

3. lipsamoe upou3Begende TONOAOrHYECKHX UpocTpaHCcTs., EcJH
(X1 ) B (X, To)— B TOMONOTHYECKHX MPOCTPAHCTBA C CHCTEMAMH
T = {G}, Ta=1{G,} oTKpHTHIX MHOXecTB, TO B X; X X, MOXKHO BBECTH
TOMOJIOTHIO, CYHTas ee 6asofl BCeBO3MOXKHEE MHOMXecTBa BHAZ Gy X G..

Onpenenenne 10. Tonosornyeckoe npoctpanctso (X;X Xo;
Ty XTp), 6a3y TOMONOTHH KOTOPOTO COCTAaBJIIOT MHOXECTBa BHAA
G, X Gy, tae G; —OTKPHTOE MHOMKECTBO B TONOJIOTHYECKOM HPOCTPAH-
ctee (X;; w), i=1, 2, HasbiBaeTcs npambuim npoussedexHuem TOMOJNO-
rHyeckux mpoctpadet (Xi; 1), (Xa Ta)- )

Mpumep 9. Ecom R=R' u R? paccmatpHBars €O craHgapTHOM
TOMOJIOTHeHA, TO, Kak BHAHO, R*> ABJSETCA npAMBIM NPOH3BEECHHEM
R!XR!, u60 BcAKOE OTKPBITOE MHOXKECTBO B [R®* MOXHO MOJIYYHTD,
HanpuMmep, Kak ,0GbelHHEHHe <«KBagpaTHHX» OKpecTHOCTEH BCeX ero
Touyek. KBaapathl ke (CO CTOPOHAMH, mapaj/ielbHHMH KOOPAHHATHEIM
0CAM) HABJSIOTCH MPAMLIM IPOH3BENEHHEM HHTEpPBAJIOB ~— OTKPHTHX
B R MHOXKecTB.

Cuyenyer o6paTHTs BHHMaHHE Ha TO, 4TO MHOXeCTBa BHAa Gy X Gy,
rie Gyen v G, 1, ob6pasyior Jmmb 6a3y TOMOJNOTHH, a HE BCe
OTKPHTHIE « MHOKECTBA [pPAMOro MPOW3BENEHHA TOMOJOTHUECKHX HpO-
CTPaHCTB.

3apaun R ynpaxHEHHR

1. [posepbTe, yto ecan (X; d) —meTpHYECKOE NPOCTPAHCTBO, TO (X; ﬁ‘i'&) —_
d
14d
onHy H Ty ke Tomonorio. (CM. Takike 3agauy 1 H3 npegmayumiero naparpada.)

2. a. B muoxecrse N HarypaibHHIX YHCEN OKpECTHOCTHIO UHCHA £ €& N, Haso-
peM apHPMeTHYECKYIO IPOrPECCHIO C PasHOCThIo d, B3aWMHO npocToit ¢ 2. fBageTcs i
BO3HHKAIOEe NPH STOM TONONOFHYECKOe IPOCTPAHCTBO XaycmopdoBhIM?

b. KakoBa tomonoris N Kag nogmHoxecrsa R jgeficTBHTeNbHEIX YHCEN, B3ATHX
€0 cTaHzapTHoit Tomojorueit? '

¢. OnHiHTe BCE OTKpHTHE NOAMHOXKECTBA R.

3. Ecin Ha ofHOM H TOM XK€ MHOXECTBE 33ajaHH JABE TOMOAO[HH T, H Ts, T0
TOBOpAT, YTO TOMOJIOTHA Tp CUAbHee TOMOJOTHH Ty, €CHH Ty C Tz T. €. B Tg, KpOME
OTKDHITHX MHOXKECTB, COCTABJAOUIHX .CHCTEMY Ty, COAEPKATCA €lie HEKOTOpHE MHO
XECTBA, HE BOWEAMIHE B Ty

a. CpapuHMH JMH jBe TOmoMOrMH Ha N, paccMoTpenHile B nmpembiayuledt sajaye?

b. Ecan ua muoxectse C [0, 1] HenpepLIBHEIX RelXeCTBEHHO3HAYHHIX QyHKIHA,
onpeneneyHHX Ha orpeske {6, 1], BmecTH MeTpHKY CHavana cooTHoweHHeM (6)
Ha § 1, a 3ateM coorHowenuem (7) s Toro :xe naparpaba, To Ha C [a, b] Bo3nnk-
HyT, BooGwWE rorops, ABe TOnONOCHH, CpaBHMMEI MH OHH?P

4. a. Jokaxute noppo6HO, 4YTO pAcCMOTpeHHOE B mnpHMepe 4 npocTpaucTso
POCTKOB HenpepHBHBIX GyHKUME He xayclopdoso.

TOXE METpHYecKOe NPOCTpaHCIBO, NpHYEM METPHKH d M HuAyuupylor Ha X






