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English for  Mathematics textbook covers six topic-based units. The 
topics touch upon  historical aspects of mathematics, unsolved 
mathematical problems and the relationship  between mathematics 
and art. Glossary and six Appendices provide learners with the 
definitions of key terms, the table of common ordinary differential 
equations and solutions, the tables of mathematical symbols, Greek 
letters, Roman numerals.  

The aim of this textbook to integrate mathematics content into the 
process of learning English. English for Specific Purposes content of 
this course gives five -year students the opportunity to revise for the 
Professional English Exam. The exercises focus equally on all four 
language skills; listening, reading, speaking, and writing - so students 
might determine which language skills are most needed  in 
professional situations. The textbook meets  national and international 
academic standards, professional requirements. 

 

Посібник з англійської мови для студентів математичних факультетів 
створено відповідно до вимог Загальноєвропейських рекомендацій з 
мовної освіти щодо кредитно-модульної системи навчання. 

 
Навчальний матеріал у посібнику структурований за 6 темами.  До 

кожної теми відібрано математичні автентичні тексти для читання. У 
посібнику представлені різні типи вправ для формування та розвитку 
мовленневих навичок та вмінь: умовно-комунікативні, комунікативні, 
рецептивні, рецептивно-продуктивні, усні та письмові. Завдання 
спрямовані як на аудиторну роботу (індивідуальну, парну, групову, 
колективну), так і позааудиторну.  
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Unit 1. From One to Many Geometers 
 
Before you read 

- Is non-Euclidean geometry differential geometry? 
- Which Euclidean concepts are no longer appropriate in spherical 

geometry? 
- What is  the distance of each point (x, t) to the origin in 

Euclidean geometry? 
- Do you know any specific features of the Bolyai–Lobachevsky 

geometry? 
- What is Poincarre Disc? 
- Have you ever heard the term a blot on Euclid? 

READING 
 
Skim reading for a general idea 
Read the short summary of the lecture delivered by Professor 
Raymond Flood  at Gresham college. Read the first sentence of each 
paragraph to understand the gist or main idea of the lecture. Do not  
worry about  vocabulary for the first reading. Spend about 2-3 
minutes for this reading. 
Scan reading 
Scan reading involves reading a text quickly to locate a number, date, 
name, place etc. 
Scan the text to find the following: 

- the names of mathematicians who constructed a new type of 
geometry in which the angles of any quadrilateral add up to less 
than 360° 

- the number of regular solids discovered by Euclid 
- the name of the mathematician who wrote the book about Euclid 

in the XVIIIth century 
- the name of the mathematician who founded the theories of 

several complex variables and algebraic topology   
- the name of the mathematician who obtained a remarkable 

generalization of the idea of ‘geometry’, both Euclidean and 
non-Euclidean 
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- the name of the mathematician who laid the mathematical 
foundations of the theory of relativity 

      Professor Raymond Flood  discusses one of the most exciting and 
important developments in mathematics – the development of non–
Euclidean geometries. The most important aspect of Greek 
mathematics - the idea of rigorously proving things. This idea took its 
most dramatic form in Euclid’s Elements, the most influential 
mathematics book of all time, which developed and codified what 
came to be known as Euclidean geometry. We will see that Euclid set 
out some underlying premises or postulates or axioms which were 
used to prove the results, the propositions or theorems, in the 
Elements. Most of these underlying premises or postulates or axioms 
were thought obvious except one – the parallel postulate – which has 
been called a blot on Euclid. This is because many thought that the 
parallel postulate should be able to be derived from the other 
premises, axioms or postulates, in other words, that it was a theorem.           
In the nineteenth century two mathematicians János Bolyai and 
Nikolai Lobachevsky showed, independently, that the Parallel 
Postulate did not follow from the other assumptions and that there 
was a geometry in which all of Euclid’s assumptions, apart from the 
Parallel Postulate, were true. In this geometry, called not surprisingly, 
non-Euclidean geometry, the Parallel postulate. The professor 
introduces  a model of this geometry, called the Poincare Disc, which 
helps us to visualise non-Euclidean geometry. This changed the study 
of geometry allowing many different, indeed infinitely many different 
geometries in one, two three and higher dimensions. Around 300BC, 
with the rise to power of Ptolemy I, mathematical activity moved to 
the Egyptian part of the Greek empire. In Alexandria, Ptolemy 
founded a university that became the intellectual centre for Greek 
scholarship for over 800 years. He also started its famous library, 
which eventually held over half-a-million manuscripts before being 
destroyed by fire. Alexandria’s Pharos lighthouse was one of the 
seven wonders of the ancient world. The first important 
mathematician associated with Alexandria was Euclid (c.300BC), 
who is credited with writing on geometry, optics and astronomy. But 
he is mainly remembered for one work — the Elements, the most 
influential and widely read mathematical book of all time. It was in 
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use for more than 2000 years and, apart from the Bible, may even be 
the most printed book ever. 
     Euclid’s Elements, a model of deductive reasoning, was a 
compilation of known results organized in a logical order. Starting 
from initial axioms and postulates, it used rules of deduction to derive 
each new proposition in a systematic way. It was not the earliest such 
work, but was the most important. It consists of thirteen sections, 
usually called ‘Books’ although they were originally written on rolls 
of papyrus. They are traditionally divided into three main parts — 
plane geometry, arithmetic and solid geometry.  
     The geometrical part (Books I to VI) opens with definitions of 
such basic terms as point, line and circle, followed by some axioms 
(or postulates) that permit us to carry out certain geometrical 
constructions with an  unmarked ruler and a pair of compasses.  
     In Books VII to X, we enter the world of arithmetic, but the 
descriptions are still given in geometrical terms, using lengths of lines 
to represent numbers.  
     The final three books of Euclid’s Elements deal with aspects of 
three-dimensional geometry. Of these, Book XIII is the most 
remarkable. Here, Euclid investigated the five regular solids 
(tetrahedron, cube, octahedron, dodecahedron and icosahedron) and 
showed how they can be constructed.  
     Euclid concluded the Elements by proving that these are the only 
possible regular solids — there can be no others. This, the first ever 
‘classification theorem’ in mathematics, forms a fitting climax to this 
great work. 
     Having looked at another geometry, spherical geometry, let’s 
return to the Parallel Postulate and the important work of Gerolama 
Saccheri, a Jesuit logician, who was Professor of Mathematics at 
Pavia in Northern Italy from 1697 until his death in 1733. In the year 
he died he wrote a book  entitled Euclid freed of all Blemish which 
contained an ingenious investigation of the Parallel Postulate. 
     There are ‘non-Euclidean’ geometries that satisfy the first four 
postulates, but not the fifth. Their existence was first published 
around 1830 by the Transylvanian János Bolyai (1802–1860) and the 
Russian Nikolai Lobachevsky (1792–1856). Bolyai and Lobachevsky 



 

 4 

independently both constructed a new type of geometry in which the 
angles of any quadrilateral add up to less than 360°. 
      One difficulty caused by the non-Euclidean geometry of Bolyai 
and Lobachevsky was that it was hard to visualize. A number of 
pictorial representations were suggested, the most successful being 
the ‘disc model, discovered by Poincaré in 1880. 
      Henri Poincaré (1854–1912) is viewed as one of the great 
geniuses of all time, being probably the last person to cover the entire 
range of mathematics. He virtually founded the theories of several 
complex variables and algebraic topology, and one of his conjectures 
in topology, known as the Poincaré conjecture, was solved only in 
this century. He made outstanding contributions to differential 
equations and non-Euclidean geometry, and also worked on 
electricity, magnetism, quantum theory, hydrodynamics, elasticity, the 
special theory of relativity and the philosophy  of science. As an 
active popularizer of his subject, he wrote popular works for  
nonmathematicians, stressing the importance of mathematics and 
science and discussing the psychology of mathematical discovery. 
      Another mathematician, Bernhard Riemann (1826–1866), had 
obtained a remarkable generalization of the idea of ‘geometry’, both 
Euclidean and non-Euclidean. He studied the way that surfaces can 
‘curve’ inwards or outwards (like a globe or a cooling tower) and 
proposed generalized ideas of distance for such surfaces, not only in 
three dimensions, but also for their higher-dimensional analogues 
(called manifolds). By disregarding the surrounding higher-
dimensional space, he could study manifolds in their own right and 
measure distances on them. Arising from this work, he was able to 
describe infinitely many different geometries, each one equally valid, 
and each one a candidate for the physical space we live in. 
      Years later, one of his geometries proved to be the natural setting 
for Einstein’s theory of relativity, when Hermann Minkowski 
developed a new view of space and time and laid the mathematical 
foundations of the theory of relativity. Minkowski described his 
approach as follows: 
Henceforth space by itself, and time by itself, are doomed to fade 
away into  mere shadows, and only a kind of union of the two will 
preserve an independent reality. 
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       The kind of union that Minkowski mentions is now known as 
space-time and is a four dimensional non-Euclidean geometry that 
incorporates the three dimensions of space with the one of time. It 
comes with a way of measuring the distance between two different 
points of space-time. Space and time are now no longer separate, as 
Newton had thought, but are intermixed. (an excerpt from the lecture delivered  
Professor Raymond Flood ) 
Key terms Give definitions of the following terms and expressions 
a compass - an instrument  used for drawing circles 
a ruler- an instrument used for measuring things and drawing straight 
lines  
an equilateral triangle- a triangle with all three sides of equal length 

at each stage of a proof  
a rectangle 
a quadrilateral 
polygon 
incommensurables 
five regular solids 
tetrahedron 
hexahedron 
octahedron 
dodecahedron 
icosahedron 
polyhedron 
a downward progression 
a line is breadthless length 
extremities 
adjacent angles 
antipodal 
subtend 
an acute angle 
an obtuse angle 
circular arcs that meet the bounding circle at right angles 
higher-dimensional analogues (called manifolds) 
the curvature of space-time 
Key expressions 
rigorously proven 
a superfluous treatise 
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underlying premises or postulates 
infinitely many 
deductive reasoning 
to derive a new proposition 
a hindrance to learning  
attempts to prove it as a theorem were in vain 
to enjoy little credit 
coherent and conducive to sth 
clarity and  preciseness 
to invoke 
to find/obtain  a contradiction 
to lay mathematical foundations  
Skim reading for a general idea 
Read the text about Lobachevsky’s contribution to Non-Euclidean 
Geometry to understand the gist or main idea of the text: Why does 
the lion’s share of the credit for the development of non-Euclidean 
geometry consequently belong to Lobachevsky. Do not  worry about  
vocabulary for the first reading. Spend about 2-3 minutes for this 
reading. 

       Lobachevsky’s revolutionary view seems not to have come to 
him as a sudden inspiration. In an outline of geometry that he drew up 
in 1823, presumably for classroom use, Lobachevsky said of the 
parallel postulate simply that “no rigorous proof of the truth of this 
had ever been discovered.” Apparently, he did not then exclude the 
possibility that such a proof might yet be discovered. Three years later 
at Kazan University, he read in French a paper (now lost) on the 
principles of geometry. The year 1826 in which this paper was 
delivered may be taken as the unofficial birth date of Lobachevskian 
geometry, for it was then that the author presented many of the 
characteristic theorems of the new subject. Another three years later, 
in the Kazan Messenger for 1829, Lobachevsky published an article, 
“On the Principles of Geometry,” which marks the official birth of 
non-Euclidean geometry. Between 1826 and 1829, he had become 
thoroughly convinced that Euclid’s fifth postulate cannot be proved 
on the basis of the other four, and in the paper of 1829, he became the 
first mathematician to take the revolutionary step of publishing a 
geometry specifically built on an assumption in direct conflict with 
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the parallel postulate: Through a point C lying outside a line AB there 
can be drawn more than one line in the plane and not meeting AB. 
With this new postulate, Lobachevsky deduced a harmonious 
geometric structure having no inherent logical contradictions. This 
was in every sense a valid geometry, but so contrary to common sense 
did it appear, even to Lobachevsky, that he called it “imaginary 
geometry.”  

        Lobachevsky was well aware of the significance of his discovery 
of “imaginary geometry,” as is clear from the fact that during the 
score of years from 1835 to 1855, he wrote out three full accounts of 
the new geometry. In 1835 1838, his New Foundations of Geometry 
appeared in Russian; in 1840, he published Geometrical 
Investigations on the Theory of Parallels in German; and in 1855, his 
last book, Pangeometry, was published simultaneously in French and 
Russian. (All have since been translated into other languages, 
including English.) From the second of the three works, Gauss 
learned of Lobachevsky’s contributions to non- Euclidean geometry, 
and it was on his recommendation that in 1842, Lobachevsky was 
elected to the Go ̈ttingen Scientific Society. In letters to friends, Gauss 
praised Lobachevsky’s work, but he never gave it support in print, for 
he feared the jibes of “the Boeotians.” Partly for this reason, the new 
geometry became known only very slowly.  

        Gauss’s Hungarian friend Farkas Bolyai had spent much of his 
life trying to prove the parallel postulate, and when he found that his 
own son Janos Bolyai (1802 1860) was absorbed in the problem of 
parallels, the father, a provincial mathematics teacher, wrote to the 
son, a dashing army officer:  

      For God’s sake, I beseech you, give it up. Fear it no less than 
sensual passions because it, too, may take all your time, and deprive 
you of your health, peace of mind, and happiness in life.  

     The son, not dissuaded, continued his efforts until, in about 1829, 
he came to the conclusion reached only a few years earlier by 
Lobachevsky. Instead of attempting to prove the impossible, he 
developed what he called the “Absolute Science of Space,” starting 
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from the assumption that through a point not on a line, infinitely 
many lines can be drawn in the plane, each parallel to the given line. 
Janos sent his reflections to his father, who published them in the 
form of an appendix to a treatise that he had completed, bearing a 
long Latin title beginning with Tentamen. The elder Bolyai’s 
Tentamen bears an imprimatur dated 1829, the year of Lobachevsky’s 
Kazan Messenger article, but it did not actually appear until 1832.  

       Gauss’s reaction to the “Absolute Science of Space” was similar 
to that in the case of Lobachevsky—sincere approval, but lack of 
support in print. When Farkas Bolyai wrote to ask for an opinion on 
the unorthodox work of his son, Gauss replied that he could not praise 
Janos’s work, for this would mean self-praise, inasmuch as he had 
held these views for many years. The temperamental Janos was 
understandably disturbed, fearing that he would be deprived of 
priority. Continued lack of recognition, as well as the publication of 
Lobachevsky’s work in German in 1840, so upset him that he 
published nothing more. The lion’s share of the credit for the 
development of non-Euclidean geometry consequently belongs to 
Lobachevsky.( an excerpt from the book  A history of mathematics  by Carl B. Boyer and 
Uta Merzbach) 

Gap Filling Reading Read the text below. Choose from (A-H) the one 

which best fits each space (1- 8). 

A deal with points or lines or space in the ordinary sense 

B have been appointed as successor to Dirichlet in the chair 

C a global view of geometry as a study of manifolds 

D two right angles 

E as the sphere has constant positive curvature 

F   Riemann was brought up in very modest circumstances 

G  the consistency of the axioms 
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H  found in the interpretation of the “plane” 

Non-Euclidean geometry continued for several decades to be a fringe 
aspect of mathematics until it was thoroughly integrated through the 
remarkably general views of G. F. B. Riemann (1826 -1866). The son 
of a village pastor, (1)__________________________, always 
remaining frail in body and shy in manner. He nevertheless secured a 
good education, first at Berlin and later at Go ̈ttingen, where he took 
his doctorate with a thesis in theory of functions of a complex 
variable.  

In 1854, Riemann became a privatdozent at the University of 
Go ̈ttingen, and according to custom, he was called on to deliver a 
Habilitationsschrift before the faculty. The result, in Riemann’s case, 
was the most celebrated probationary lecture in the history of 
mathematics, for it presented a deep and broad view of the whole field 
of geometry. The thesis bore the title “On the Hypotheses which Lie 
at the Foundation of Geometry”, but it did not present a specific 
example. It instead urged (2)  ________________ of any number of 
dimensions in any kind of space. His geometries are non-Euclidean in 
a far more general sense than is Lobachevskian geometry, where the 
question is simply how many parallels are possible through a point. 
Riemann saw that geometry should not even necessarily 
(3)_____________, but with sets of ordered n-tuples that are 
combined according to certain rules.  

      There is a more restricted sense in which we today use the phrase 
“Riemannian geometry”: the plane geometry that is deduced from 
Saccheri’s hypothesis of the obtuse angle if the infinitude of the 
straight line is also abandoned. A model for this geometry is 
(4)______________found in the interpretation of the “plane” as the 
surface of a sphere and of a “straight line” as a great circle on the 
sphere. In this case, the angle sum of a triangle is greater than 
(5)______________, whereas in the geometry of Lobachevsky and 
Bolyai (corresponding to the hypothesis of the acute angle), the angle 
sum is less than two right angles. This use of Riemann’s name, 
however, fails to do justice to the fundamental change in geometric 
thought that his 1854 Habilitationsschrift (not published until 1867) 
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brought about. It was Riemann’s suggestion of the general study of 
curved metric spaces, rather than of the special case equivalent to 
geometry on the sphere, that ultimately made the theory of general 
relativity possible. Riemann himself contributed heavily to theoretical 
physics in a number of directions, and it was therefore fitting that in 
1859 he should (6)______________ at Go’ttingen that Gauss had 
filled.  

In showing that non-Euclidean geometry with angle sum greater than 
two right angles is realized on the surface of a sphere, Riemann 
essentially verified (7)______________ from which the geometry is 
derived. In much the same sense, Eugenio Beltrami (1835 1900), a 
colleague of Cremona’s at Bologna and later a professor at Pisa, 
Pavia, and Rome, showed that there was at hand a corresponding 
model for Lobachevskian geometry. This is the surface generated 
through the revolution of a tractrix about its asymptote, a surface 
known as a pseudosphere, inasmuch as it has constant negative 
curvature, (8)_______________. If we define the “straight line” 
through two points on the pseudosphere as the geodesic through the 
points, the resulting geometry will have the properties resulting from 
the Lobachevskian postulates. Inasmuch as the plane is a surface with 
constant zero curvature, Euclidean geometry can be regarded as an 
intermediary between the two types of non- Euclidean geometry. (an 
excerpt from the book A history of mathematics  by Carl B. Boyer and Uta Merzbach) 

LISTENING 
Listen to the lecture delivered by Professor Raymond Flood at 
Gresham College, note down the most interesting facts about it, 
answer the questions given below and then  make a short 
presentation. 
  
 https://www.gresham.ac.uk/lectures-and-events/from-one-to-many-
geometries    

- say what 13 books of the Elements by Euclid are about 
- give the definition of a regular solid 
- give the quotes about The Elements by Euclid ( Proclus, 

Thomas Hobbes, Bertrand Russell etc.) 
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- formulate general truths or assumptions which could be applied 
to many areas of investigation. 

- formulate some definitions given in the book (a line, a point, a 
straight line, a surface, extremities, etc.) 

- formulate the fifth  postulate  
- formulate the Pythagorean Theorem and explain it in terms of 

spherical geometry 
- which Euclid’s postulates does not satisfy spherical geometry 
- Gerolama Saccheri considered the system of the Elements but 

with the Parallel Postulate removed and replaced with some 
assumptions. What are these assumptions about? 

- What mistake did Saccheri make? 
- Specific features of Bolyai and Lobachevsky geometry. 
- Which mathematician obtained generalization of the idea of 

‘geometry’, both Euclidean and non-Euclidean. 
- Which mathematician developed a new view of space and time 

and laid the math foundations of the theory of relativity?  
 

LANGUAGE FOCUS 
1.Missing words 
Read the following text and think of the best word to fill each gap. 
The first one (0) is given as an example. Tip.1.Look carefully at the 
words before and after each gap and make sure your answers have 
the right meaning and fit grammatically in the text (e.g. article, 
auxiliary verb, preposition, pronoun, conjunction). 

 Nicholaus Ivanovitch Lobatchewsky (1793–1856) (0) was  born at 
Makarief, in Nischni-Nowgorod, Russia, studied (1)___ Kasan, and 
from 1827 to 1846 was professor and rector of the University of 
Kasan. His views (2)___ the foundation of geometry were first (3)___ 
public in a discourse before the physical and mathematical faculty at 
Kasan, and first printed in the Kasan Messenger for 1829, and then in 
the Gelehrte Schriften der Universit ̈at Kasan, 1836–1838, (4)____ the 
title, “New Elements of Geometry, with a complete theory of 
Parallels.” Being in the Russian language, the work remained 
unknown (5)___ foreigners, but even at home it attracted (6)___ 
notice. In 1840 he published a brief statement of his researches in 
Berlin. Lobatchewsky constructed an “imaginary geometry,” (7)__ he 
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called it, which has been described by Clifford as “quite simple, 
merely Euclid without the vicious assumption.” A remarkable part of 
this geometry is this, that through a point an indefinite number of 
lines can be drawn in a plane, (8)____of which cut a given line in the 
same plane. A similar system of geometry (9)___ deduced 
independently by the Bolyais in Hungary, (10)___ called it “absolute 
geometry.” (an excerpt from the book A history of mathematics  by Carl B. Boyer and 
Uta Merzbach) 

2. Gap filling 
Read the text. Choose the best word or phrase to fill each gap from 
the list. The first one (0) is given as an example.  Tip: look carefully 
at the words before and after the gap and decide what kind of word is 
missing. 
decade                                                   
to revise 
the trailblazer 
in vain 
revolutionized 
conclusion 
thereby 
elaborated  

        In non-Euclidean geometry, we find a startling case of 
simultaneity of discovery, for similar notions occurred, during the 
first third of the nineteenth century, to three men, one German, one 
Hungarian, and one Russian. During the second (0) decade of the  
century, Gauss had come to the (1)________ that the efforts to prove 
the parallel postulate made by Saccheri, Lambert, Legendre, and his 
Hungarian friend Farkas Bolyai were (2)______ and that geometries 
other than Euclid’s were possible. Yet he had not shared this view 
with others; he had simply (3)________ the idea, as he said, “for 
himself.” Hence, efforts to prove the parallel postulate continued, and 
among those attempting such a proof was young Nikolai Ivanovich 
Lobachevsky (1793 1856). Lobachevsky is regarded as the 
“Copernicus of geometry,” the man who (4)__________ the subject 
through the creation of a whole new branch, Lobachevskian 
geometry, (5)________ showing that Euclidean geometry was not the 
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exact science or the absolute truth it previously had been taken to be. 
Through the work of Lobachevsky, it became necessary (6)______ 
fundamental views of the nature of mathematics, but Lobachevsky’s 
colleagues were too close to the situation to see it in proper 
perspective, and (7)________ had to pursue his thoughts in lonely 
isolation. (an excerpt from the book A history of mathematics  by Carl B. Boyer and Uta 
Merzbach) 

3.Unnecessary words Read the text below and decide which lines of 
the text contain unnecessary words. Write the unnecessary word. 
(1)    The first significant departure from Euclidean geometry arose 
from it the very   
(2) practical issue of navigation. Over the short distances, the Earth is 
almost flat,  
(3) and its geographical features can be mapped out on a plane. But as 
ships made  
(4) ever longer voyages, the true shape of the planet had to be taken 
into account. 
(5) Several ancient civilizations knew that the Earth is round - there is 
ample 
(6)  the evidence, from the way ships seem to disappear over the 
horizon to the  
(7) shadow of the planet on the Moon during lunar eclipses. It was 
generally being 
(8) assumed that the Earth is a perfect sphere. In the reality, the sphere 
is slightly 
(9) flattened: the diameter at the equator is 12,756 km, whereas that at 
the poles it is 
(10) 12,714 km. The difference is relatively small – one part in 300. 
 
4.Unnecessary words Read the text below and decide which lines of 
the text contain unnecessary words. Write the unnecessary word. 
(11) Topology has had some surprises. The best known is the Mobius  
Band  

(12)  (or Mobius strip), which can be formed by taking a long strip of 
paper, 
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(13)     and joining the ends with a half-twist. Without a twist, we get 
a cylinder. 
(14)     The difference between these two surfaces becomes apparent 
if we will 
(15)    try to paint them together. We can paint the outer surface of a  
(16)     cylinder  red and the inner surface of  blue. But if you start 
painting 
(17)     a Mobius band red on along  one side, and keep going until 
every part 
(18)     of the surface that connects to the red region has been covered, 
you end  
(19)     up by coating the very entire band in red paint. The inside 
surface 
(20)   connects to the outside thanks to that half-twist. 
(21)   Another difference appears if you will cut the center line of the 
band. 
(22)    It falls into two pieces but they remain be connected. 

    (23)    It was Mobius who had made the role of continuous 
transformations explicit. 
(24)   Mobius was not the most productive of mathematicians, but he 
tended to  
(25)    think everything through very carefully and very thoroughly. In 
particular, he has 
(26)    noticed that surfaces do not always have two distinct sides, 
giving the celebrated 
(27)    Mobius band as an example. This surface was being discovered 
independently 
(28)    by Mobius and Listing in 1858. Listing was published it in Der 
Census Raumlicher Complexe. 
 
SPEAKING        
Tip: Make sure you have finished speaking before your audience has 
finished listening.  
(Dorothy Sarnoff) 
1. Improving your speaking skills 
In order to improve your discussion and presentation skills, use every 
opportunity both inside and outside the classroom to practise your 
speaking. 
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1. Practise speaking every day about a math-related topic. 
2. Expand your use of language for expressing your ideas and 

opinions. 
3. Record yourself speaking every day. 
4. Practise the pronunciation of difficult mathematical words. 
5. Listen to podcasts about mathematics, then try to recreate them. 
6. Create a weekly topics log and practice giving simple 

presentations. 
7. Read snippets about mathematical innovations and talk about 

them. 
8. Practise explaining several mathematical terms every day. 

Now, with a partner, discuss other ways of improving your speaking 
skills.  
Being an effective group member 

- Listen to other students and offer your comments.  
     Well, I hadn’t thought of that… 
- Include everyone in the group. 
      What do you think about that? 
- Show your agreement. 

Exactly… 
- Encourage the group to keep to the point. 

I’m not sure that’s relevant. 
- Add your comments to other people’s views. 

That’s interesting. 
- Encourage other speakers. 

That’s a good point. 
- Offer suggestions. 

Shall we…?  
- Stop interruptions? 

May I go on? 
- Sum up. 

Well, we are agreed on that, then. 
 
2. Discussion 
Talk to your partner about each of the topics below for two minutes. 
After two minutes your partner will continue the discussion. 

1. Euclid’s most important contribution to mathematics. 
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2. Euclid’s Elements, the postulates. 
3. Euclidean geometry. 
4. Non-Euclidean geometry. 
5. Lobachevski’s contribution. 
6. Riemann geometry. 

 
3. Responding to questions 
With a partner, ask and answer these questions in turn. Then discuss 
what you think would be the best answer for each question.  

- Is non-Euclidean geometry differential geometry? 
- Which Euclidean concepts are no longer appropriate in spherical 

geometry? 
- What are specific features of the Bolyai–Lobachevsky 

geometry? 
- What is Poincarre Disc? 

 
4. Five - minute presentation 
Choose one topic from Unit 2 and give a five-minute presentation on 
it. Tip 1: Speak clearly. Use the KISS principle. (Keep It Short and 
Simple). Provide a clear introduction, middle and end. Use clear 
signposting language to guide listeners through your presentation. 
 
WRITING  
Look at the topics in Unit 1 and, with a partner, write a report about 
one topic. Swap the reports you wrote above with a partner and edit 
them. Discuss your most common errors. 
 

WEB RESEARCH TASK  
Research “The Poincare  Conjecture, present your findings to the 
class. The Web search key words: Perelman, Topology, three-
dimensional manifold, four-dimensional space, continuous, 
homeomorphic, mapping, topological space. 
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Unit 2.  4000 years of algebra 
Before you read 

- Who is the father of algebra? 
- What was Omar Khayyam’s contribution to mathematics? 
- Do you know the origin of the word ‘algebra’? 
- Who obtained criteria for deciding which quintic and other 

equations can be solved? 
- Do you know the name of the mathematician who used letters 

for unknowns instead of writing them in words? 
- Do you know who proved 'Fermat's last theorem'? 

 
READING 
Skim reading for a general idea 
Read the short summary of the lecture delivered by Professor Robin 
Wilson  at Gresham college. Read the first sentence of each 
paragraph to understand the gist or main idea of the lecture. Do not  
worry about  vocabulary for the first reading. Spend about 2-3 
minutes for this reading. 
Scan reading 
Scan reading involves reading a text quickly to locate a number, date, 
name, place etc. 
Scan the text to find the following: 
-  How old  was Diophantus when he died? 
-  Who translated Diophantus book into French? 
-  Whose  is the following quote: 'Nevertheless we will operate with      

them, putting aside the mental tortures involved'. 
-  What did Fermat write in the margin of the book Arithmetic? 
-  Briefly characterize Chinese mathematics 
-  the origin of the word ‘algebra’ 
-  who introduced the Hindu-Arabic numerals to his compatriots 
-  when and where did determinants arise? 
-  which mathematician was involved in politics? 
-  what is the difference between Abelian and 'Lie type' groups. 
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      The Greeks were more concerned with proving things, 
particularly in arithmetic and geometry, than with such algebraic 
pursuits as solving equations. But in Book II of his Elements, Euclid 
presents some propositions that are often described as 'geometrical 
algebra'. For another type of Greek algebra we turn to Diophantus of 
Alexandria. We don't know when he lived, possibly around 250 AD, 
but we do have a later puzzle from the Greek Anthology: Diophantus 
spent 1/6 of his life in childhood, 1/12 in youth, and 1/7 more as a 
bachelor. Five years after his marriage there was a son who died four 
years before his father, at ½ his father's final age. From this you can 
work out that he lived to be 84. Diophantus wrote an important 
Arithmetic. Here's the title page of the 17th-century French translation 
by Bachet, which Fermat famously annotated in the margin, claiming 
to have a proof of what we now know as 'Fermat's last theorem'. 
      An important early text in China was the Nine Chapters on the 
Mathematical Art, an impressive work containing 246 questions with 
answers but with no working shown. It deals with practical matters 
(agriculture, business, surveying and engineering) and theoretical 
ones (areas and volumes of geometrical objects, calculating square 
and cube roots, the study of right-angled triangles, and solving 
simultaneous equations).  
       Moving on to India, around the 10th century Bhaskara asked: 
Tell me,  mathematician, what is that square which multiplied by 8 
becomes -together with unity - a square. Here, 8x2	+	1	=	y2 , which has the 
easy solution x = 1, y = 3. This can then be used to find other 
solutions, such as x	=	6	(so	8x2	+	1	=	289), giving y = 17. More generally, 
Indian mathematicians looked at equations of the form Cx2	+	1	=	y2, where 
C is a given constant and x and y are integers; this is now called Pell's 
equation, even though John Pell had nothing to do with it. The hardest 
case they came across involved C = 67, but amazingly they still found 
solutions: the simplest is x = 5967 and y = 48,842.  
Islamic mathematics  
     In Baghdad the caliphs promoted mathematics and astronomy- in 
particular, Caliph Harun al-Rashid and his son al-Ma'mun established 
the 'House of Wisdom', a scientific academy with its own extensive 
library and observatory. One of its earliest scholars was Muhammad 
ben Musa al-Khwarizmi (c.780-850), the author of a number of 
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influential treatises. He's remembered mainly for his books on 
arithmetic and algebra, which later had great influence in the West 
when translated into Latin. The title of his algebra book is Kitab al-
jabr wal-muqabala (the compendious book on calculation by 
completion and reduction). This is the origin of the word 'algebra': the 
Arabic word 'al-jabr' essentially refers to the operation of transposing 
a term from one side of an algebraic equation to the other.  
    The poet and mathematician Omar Khayyam (1048-1131) 
discussed equations in general, going from roots and squares to cubes, 
and then to square squares (quartic equations), square cubes, and so 
on. He systematically classified cubic equations and tried to solve one 
of the forma solid cube plus squares plus edges equal to a number(x 3 
+ ax 2 + bx =c) geometrically, by intersecting a conic with a 
hyperbola. But, cubic equations weren't solved in general for a further 
500 years, as we'll see.  
Europe  
      Over the centuries the Islamic world expanded along North Africa 
and up into Spain and Italy. In Pisa, Leonardo Fibonacci produced his 
Liber Abaci, designed to introduce the Hindu-Arabic numerals to his 
compatriots.  
      There had been little progress in solving cubic equations, even 
though they arose in two of the ancient Greek classical problems -
doubling the cube and trisecting the angle. Niccolo of Brescia, known 
as Tartaglia claimed that he solved it . But it was solved by del Ferro.  
      Gerolamo Cardano was determined to get Tartaglia's method from 
him. He succeeded in doing so one evening in 1539 after promising to 
give him an introduction to Spanish Governor of the city: Tartaglia 
hoped that the Governor would fund his researches, and in turn 
extracted from Cardano a solemn oath not to reveal his methods. But 
when Cardano discovered in 1542 that Tartaglia's method was 
originally due to del Ferro, and felt free to break his oath. He 
published the method for solving cubics in his Ars Magna of 1545 - 
and also a method for quartics that had been found in the meantime. 
The Ars Magna became one of the most important algebra books of 
all time, but Tartaglia was outraged and spent the remaining ten years 
of his life writing increasingly vitriolic letters and pamphlets to 
Cardano. Thus, after a struggle lasting many centuries, cubic 
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equations had at last been solved, together with quartic equations. 
One difficulty that arose in the solution of cubic equations was the 
appearance of the square roots of negative quantities. Cardano noticed 
these, saying 'Nevertheless we will operate with them, putting aside 
the mental tortures involved'.  
England and France  
      Thomas Harriot appeared on the scene, possibly the greatest 
English mathematician before Newton, with extensive writings on 
geometry and exciting new work on algebra - in particular, 
developing notation and solving equations. Harriot has been called the 
founder of the English algebra school. 
       Algebraic developments were also taking place in France. 
François Viète pioneered an improvement in notation, using letters for 
unknowns, rather than writing them in words. His use of letters was 
later extended by Descartes, who wrote powers in the modern way. 
Descartes also investigated geometrical ways of representing square 
roots and roots of quadratic equations. Descartes also produced his 
'rule of signs', which was later developed by Newton. Another French 
mathematician of the time was Pierre de Fermat, who made 
spectacular advances in number theory and analytic geometry, 
although he didn't publish his results. In number theory he's 
remembered for his 'little theorem'. He's also remembered for his 
famous claim to have proved what is now known as 'Fermat's last 
theorem'. He indeed proved this result in the special case n = 4, but a 
full proof had to wait until 1995, when it was obtained by Andrew 
Wiles.  
      There were also other important developments in France 
concerning the solution of equations. We've already discussed 
quadratic, cubic and quartic equations, and shown that there are 
general methods that can be used to solve them involving only 
arithmetical operations and extracting roots. But how about equations 
of degree 5 or more? The search for a general solution or formula for 
these had occupied the finest mathematicians, such as Descartes and 
Euler, but little progress was made until Lagrange attempted the 
problem, laying the groundwork for the eventual solution.  
      The idea of permuting the solutions and counting the number of 
different values was taken up by Paolo Ruffini, who published the 
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bold claim that: The algebraic solution of equations of degree greater 
than 4 is always impossible. Behold a very important theorem which I 
believe I am able to assert... The immortal Lagrange, with his sublime 
reflections, has provided the basis of my proof. Unfortunately, 
Ruffini's proof contained a gap, and it was left to others to continue 
the work. It was not until the 1820s that a proof finally emerged, that 
there is nogeneral method, or formula, for solving equations of degree 
5 or more. This was obtained by the Norwegian mathematician Niels 
Henrik Abel, developing Lagrange's ideas. Abel had a short and tragic 
life. Growing up in Norway, he was desperate to study in the centres 
of mathematical life, France and Germany. He was eventually able to 
spend a little time in both countries, and contributed several works to 
a new mathematical journal founded in Germany by his friend Crelle; 
among these was his proof of the impossibility for solving the quintic 
equation. He returned to Norway where he contracted tuberculosis 
and died at the age of only 26. Two days later a letter arrived at his 
home offering him a professorship at Berlin. Abel's work was 
continued by the brilliant young French mathematician Évariste 
Galois, who obtained criteria for deciding which quintic and other 
equations can be solved. These ultimately led to whole new areas of 
algebra, now known as group theory and Galois theory. Galois also 
had a short and tragic life, dying in a duel of honour at the age of 20. 
A firebrand who became involved following the July Revolution of 
1830, he threatened the life of the king, Louis-Phillippe, but was 
acquitted. A month later he appeared on Bastille Day in the uniform 
of the banned Artillery guard and carrying several weapons, 
whereupon he was thrown into jail. The night before his duel, arising 
from his supposed involvement with a young lady, he frantically 
wrote out his mathematical achievements for posterity, but it was 
some years before anyone appreciated what they meant and what a 
genius the world had lost.  
    The topic of matrices was developing around this time, arising from 
the concept of a determinant. Determinants arose in the 17th century 
in Japan with Takakazu Seki and later in Europe with Leibniz. 
Determinants arise in the solution of  Charles Dodgson (Lewis 
Carroll), in particular, invented a method for doing so. Around this 
time, the English mathematician Arthur Cayley studied the algebraic 
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properties of matrices - rectangular arrays of numbers used to 
represent transformations of the plane and of space - and in 1858 
wrote a pioneering paper on the algebra of matrices.  
     The ideas of Lagrange, Cauchy, Galois and others led to the area 
of algebra known as group theory, which has been called the 
mathematics of symmetry.  
     In the 20th century, algebraists were concerned with classifying 
groups of various types - such as Abelian groups. Amazingly, we can 
obtain any Abelian group by taking cyclic groups and combining 
them in a simple way: this is called the classification theorem for 
Abelian groups. The ultimate goal is to classify all groups by showing 
how they can be constructed from basic 'building blocks' - just as all 
natural numbers can be formed by multiplying prime numbers, and all 
Abelian groups can be formed by combining cyclic groups. The basic 
building blocks for groups in general are called simple groups - these 
are groups that essentially contain no smaller groups inside them 
(technically, they have no non-trivial 'normal subgroups' - a concept 
introduced around 1830 by Galois). But which groups are simple?    
Much of the 20th century was spent in trying to classify all the simple 
groups, and this quest was ultimately successful - a major 
achievement involving thousands of pages of detailed work! To cut a 
long story short, there are several infinite classes of simple groups - 
such as all the cyclic groups with a prime number of elements (for 
example, C5, C37, C101, ...), or the rotations of a dodecahedron, or 
the set of all even permutations of a set of five or more elements, or 
various groups of 'Lie type' arising from matrices - together with 26 
individual so-called 'sporadic groups' that don't fit into any of these 
infinite categories. The largest of these sporadic groups is called 'the 
Monster group', which has: 
808,017,424,794,512,875,886,459,904,061,710,757,005,754,368,000,
000,000 elements. (an excerpt from the lecture delivered by Professor Robin Wilson) 
Key terms Give definitions of the following terms and expressions 
equation – a mathematical expression stating that two or more 
quantities are the same as one another 
quintic equation 
prime number 
natural number 
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group theory 
permutations  
Abelian group  
determinant - scalar value that is a function of the entries of a square 
matrix  
quartic equations   
equations of degree greater than 4 
to permute solutions 
simultaneous equations  
 
Key expressions 
vitriolic - full of  violent hate and anger 
ultimate goal  
detailed work 
contribute to 
sublime reflections 
to lay the groundwork for the eventual solution 
Skim reading for a general idea 
Read the text  about    Tartaglia and Cardano  to understand the gist 
or main idea of the text: What was the reason of their quarrel?                                             
Do not  worry about  vocabulary for the first reading. Spend about 2-
3 minutes for this reading. 

Little is known about Scipione del Ferro, the discoverer of the first 
solution to cubic equations, other than his dates (1465–1526) and the 
fact that he was a professor of arithmetic and geometry at Bologna 
from 1496. This has possibly resulted in Tartaglia and Cardano 
receiving more mathematical credit than they deserve. On the other 
hand, there is no denying that Tartaglia’s and Cardano’s personalities, 
their contrasting lives, and their quarrel make a story that is 
fascinating in its own right. Niccolo` Tartaglia  was born in Brescia in 
1499 or 1500 and died in Venice in 1557. The name “Tartaglia” 
(meaning “stutterer”) was actually a nickname; his real name is 
believed to have been Fontana. Tartaglia received five serious head 
wounds, including one to the mouth, which left him with his stutter. 
His life was saved only by the devoted nursing of his mother. Around 
the age of 14 he went to a teacher to learn the alphabet, but he ran out 
of money for his lessons by the letter K. so he stole a copybook and 
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taught himself to read and write, sometimes using tombstones as 
slates for want of paper. By 1534 he had a family and, still short of 
money, he moved to Venice. There he gave public mathematics 
lessons  and published scientific works. The famous disclosure of his 
method for solving cubic equations occurred on a visit to Cardano’s 
house in Milan on March 25, 1539. When Cardano published it in 
1545, Tartaglia angrily accused him of dishonesty. Tartaglia (1546) 
claimed that Cardano had solemnly sworn never to publish the 
solution and to write it down only in cipher. Ferrari, who had been an 
18-year-old servant of Cardano at the time, came to Cardano’s 
defense, declaring that he had been present and there had been no 
promise of secrecy. In a series of 12 printed pamphlets, known as the 
Cartelli (reprinted by Masotti (1960)), Ferrari and Tartaglia traded 
insults and mathematical challenges; the two finally squared off	in a 
public contest in the church of Santa Maria del Giardino, Milan, in 
1548. (an excerpt from the book A history of mathematics  by Carl B. Boyer and Uta 
Merzbach) 

LISTENING 
 Listen to the lecture delivered by Professor Professor Robin Wilson  
at Gresham College“4000 years of Algebra”, note down the most 
interesting facts about it, answer the questions given below and then  
make a short presentation. 
  
https://www.gresham.ac.uk/lectures-and-events/4000-years-of-
algebra 

- What was mathematics like in Egypt? 
 

- What did you find out about Mesopotamian mathematics? 
 

- Give an example from the early text in China called  the Nine 
Chapters on the Mathematical Art. 
 

- When did the Chinese remainder theorem originate in China? 
 

- What is Omar Khayyam’s contribution to algebra? 
 

- The role of printed texts in the history of mathematics  



 

 25 

 
- The  story about the Scipione del Ferro, a professor at the 

University of Bologna and his pupil Antonio Fior 
 

- Why is Thomas Harriot considered the greatest English 
mathematician before Newton? 
 

- Lagrange's  approach to solving quintics 
 

- What is meant by the mathematics of symmetry 
 

- What is the English art of bell-ringing and which part of algebra 
can it be used to introduce? 
 

LANGUAGE FOCUS 
1. Missing words 
Read the following text and think of the best word to fill each gap. 
Tip.1.Look carefully at the words before and after each gap and make 
sure your answers have the right meaning and fit grammatically in 
the text (e.g. article, auxiliary verb, preposition, pronoun, 
conjunction). 

While a student in Christiania (now Oslo), Abel thought he (1)____ 
discovered how to solve the general quintic algebraically, but soon 
corrected himself in a famous pamphlet published in 1824.(2)____ 
this early paper, Abel showed the impossibility (3)____ solving the 
general quintic (4)____ means of radicals, thus laying to rest a 
problem that had perplexed mathematicians (5)_____ the 
midsixteenth century. Abel, chronically poor throughout his life, 
(6)_____ granted a small stipend (7)_____ the Norwegian 
government that allowed him to go (8)____ a mathematical tour of 
Germany and France. In Berlin he met Leopold Crelle (1780–1856) 
and in 1826 helped him found the first journal in the world devoted 
(9)____ mathematical research. (10)____ first three volumes 
contained 22 of Abel’s papers, ensuring lasting fame (11)____ both 
Abel and Crelle. Abel revolutionized the important area of elliptic 
(12)_______ with his theory of elliptic functions, contributed 
(13)____ the theory of infinite series, and founded (14)____ theory of 
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commutative groups, known today as Abelian groups. Yet his work 
(15)_____ never properly appreciated during his life, and, 
impoverished and ill, he returned to Norway (16)_______ to obtain a 
teaching position. Two days after his death, a delayed letter was 
delivered in which Abel was offered a post (17) ____ the University 
of Berlin. (Darling, David J. The universal book of mathematics : from abracadabra to 
Zeno’s paradoxes ) 

2.Missing words  For questions 18 –33, read the following information 
about Andrew Wiles and think of the word which best fits each gap. 
Use only one word in each gap.  

   Andrew Wiles was born in 1953 in Cambridge, England. (18)____ 
the age of 10 he read about Fermat’s Last Theorem and resolved to 
become a mathematician and proved it. At the time of his PhD he 
(19)_____ pretty much abandoned this idea, because the theorem 
seemed so intractable, so he worked (20)____ the number theory of 
‘elliptic curves’, an apparently different area. He moved to the USA 
and became a Professor at Princeton. 
   By the 1980s it (21)_____ becoming clear that (22)……might be an 
unexpected link between Fermat’s Last Theorem an a deep and difficult 
question about elliptic curves. Gerhard Frey (23)___ this link explicit, 
by (24)____of the so-called Taniyama-Shimura conjecture. When 
Wiles heard of Frey’s idea he stopped all of his other work to 
concentrate (25)___ Fermat’s Last Theorem, and after seven years of 
solitary research he convinced himself that he (26)___found a proof 
based on a special case of the Taniyama-Shimura conjecture. This 
proof turned out (27)___have a gap, but Wiles and  Richard Taylor 
repaired the gap and a complete proof (28)____published in 1995. 
   Other mathematicians soon extended the ideas to prove the full 
Taniyama-Shimura conjecture, pushing the new methods further. 
Wiles received many honours (29)____ his proof, including the Wolf 
Prize. In 1998, being just (30)___old for a Fields Medal, traditionally 
limited to people (31)____ 40, he (32)____ awarded a special silver 
plaque by the International Mathematical Union. He (33)____ made a 
Knight Commander of the Order of the British Empire in 2000.  

3.Gap filling For questions 34-43, read the text below and choose the 
most appropriate word from the list A-L for each gap.  There are two 
extra words that you do not need to use. 
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The night before the duel Evariste Galois wrote a long summary of his 
mathematical ideas, including a description of his proof that all (34) 
______ of (35) ______cannot be solved by (36)_____.In this work he 
developed the (37) ______of a group of (38)_____, and took the first 
important steps towards (39)_____. His (40)______was nearly lost, but 
it made its way to Joseph Liouville, a member of the Academy. In 
1843 Liouville addressed the Academy, saying that in Galois papers he 
had found a (41) ____’as correct as it is deep of this lovely problem: 
given an (42) _______equation of prime (43) ____, decide whether or 
not it is soluble by radicals’. Liouville published Galois papers in 
1846, finally making them accessible to the mathematical community 
A  coefficients                        E concept                 I solution                     

  B  degree  5 or higher            F  group theory        J  equations 
  C degree                                 G impossibility        K irreducible 
  D radicals                               H permutations        L manuscript 
4.Vocabulary Read the  excerpt from the lecture ‘Differential 
equations’ by Arthur Mattuck  and find synonyms in the text for the 
following:  

a) an answer to a problem                                    
b) curved outward  
c) curved inward                                                  
d) vanish 
e) a course of study offered in a school, college, etc.  
d) a line of which no part is straight and which contains no 
angles   

… Then it's a curve. Well, the critical question is, is it curved? Is the 
solution? So, here's a solution. Let's call it y1(x), and let's say here was 
the starting point. Here, the solution is convex. And, here the solution 
is concave, right? Concave up or concave down, if you learn those 
words, but I think those have, by now, I hope pretty well disappeared 
from the curriculum. Call it, if you haven't up until now, what 
mathematicians call it, convex is that, and the other one is concave. 
Well, how do Euler's solutions look? Well, I'll just sketch. I think from 
this you can see already, when you start out on the Euler's solution; it's 
going to go like that…   

5. Vocabulary  Read the passage and answer the questions that 
follow: 
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Every measurement of quantities implies a vague notion of real 
numbers. From the math point of view, the origins of the theory of 
real numbers can be traced back to the progressive formation by the 
Babylonians of a system of numeration which was (in principle) 
capable of representing arbitrarily close approximation to any real 
number. The possession of such a system, and the confidence in 
numerical calculation which naturally resulted from it , inevitably led 
to a “naïve’  notion of real number which differs hardly at all from 
that which is current today (linked with the decimal system of 
numeration) in elementary education and among physicists and 
engineers. 

1. the passage is about (circle the correct answer) 
a) real numbers; b) the Babylonians;  c) the history of the theory of 

real numbers. 
2. According to the passage, every measurement of quantities  

implies  
a) a clear definition of real number; b) a peculiar notion of real 

number; c) a loose definition of real number 
3. It can be inferred from the passage that  
a) a conventional notion of real number is “naïve” b) a notion of 

real number in elementary education is totally different from 
that which is current today among physicists; c) a  notion of real 
number  in elementary education and among physicists and 
engineers is almost the same now 

4. the underlined word  approximation could best be replaced by 
which of the following: 

a) roughness ; b) accuracy; c) rigor 

5.   the underlined word   confidence  could best be replaced by 
which of the following: 

a) trust  ; b) reliance  c) relevance 

6. the underlined word hardly could best be replaced by which of 
the following: 
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a) vigorously; b) badly; c) barely  

7. the underlined word inevitably could best be replaced by which 
of the following: 

a) certainly; b) immediately; c) consequently 

8. the underlined word arbitrarily could best be replaced by which 
of the following 

a) randomly; b) approximately; c) roughly             

SPEAKING 
 1. Discussion 
Talk to your partner about each of the topics below for two minutes. 
After two minutes your partner will continue the discussion. 
-  Chinese remainder theorem 
-  Omar Khayyam’s contribution to algebra 
-  Galois and his role in the history of algebra 
-  Fermat’s Last Theorem and its proof. 
2. Five - minute presentation 
Choose one topic from Unit 3 and give a five-minute presentation on 
it. Tip 1: Speak clearly. Use the KISS principle. (Keep It Short and 
Simple). 

WRITING 
Work in two teams. You are members of a conference committee. You 
are going to organize a conference on the topic “History of Algebra”. 
As a group make a list of  questions to be discussed within different 
workshops or an information bulletin containing a brief summary of all 
the workshop discussion points to attract prospective participants. 
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Unit 3. Probability and its limits 
 
Before you read 

- Do you know who began the modern probability theory? 
- What are two frequently taken approaches to probability? 
- What is the role of gambling problems in the development of 

probability theory? 
- Which principle did Pascal use to solve the problem of the 

interrupted game? 
- Was the Pascal Triangle  known many centuries before Pascal?  

 
READING 
Skim reading for a general idea 
Read the short summary of the lecture “Probability and its limits” 
delivered by Professor Raymond Flood  at Gresham college. Read the 
first sentence of each paragraph to understand the gist or main idea 
of the lecture. Do not  worry about  vocabulary for the first reading. 
Spend about 2-3 minutes for this reading. 
     The idea of probability or randomness or chance is very old and 
goes back centuries and its study started with investigating gambling 
and games of chance. However its rigorous mathematical formulation 
only happened just over 80 years ago in 1933 and was due to the 
Russian mathematician Andrey Kolmogorov. Probability is a subject 
that has many applications in science, engineering, finance and the 
social sciences and it underlies the subjects of statistics and quantum 
mechanics. 
      There are two frequently taken approaches to probability. The first 
is the equally likely approach which is based on symmetry. The other 
is based on frequency and if a fair coin is tossed repeatedly it will in 
the long run give the same proportion of heads and tails 
        Random processes have been used in many fields: ecology, 
economics, psychology, computer science, physics, chemistry, and 
biology. It is a process where what happens next is not determined but 
depends on probabilities such as the result you get if you keep tossing 
coins. Another example is if there is slow queuing traffic on the 
motorway and when you choose which lane to stay in, it always 
seems to be the wrong choice and the other lanes go faster. 
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      The modern theory of probability is frequently considered to 
begin with correspondence between the two French mathematicians 
Pierre de Fermat and Blaise Pascal. Fermat is mainly remembered for 
his contributions to number theory, even though he often stated his 
results without proof and did not publish his conclusions. Perhaps his 
most famous contribution to number theory was Fermat’s Last 
Theorem which was only proved by Andrew Wiles in the mid-1990s. 
Blaise Pascal wrote an influential treatise on the array of numbers 
now known as ‘Pascal’s triangle’. Although it was known to Islamic, 
Indian and Chinese mathematicians many centuries earlier it is 
justifiable to credit Pascal with it because he carried out the first 
systematic investigation into its properties. Their work on probability 
arose out of gambling problems. 
          What is the fair division of stakes in a game which is 
interrupted before its conclusion? Example: suppose that two players 
agree to play a certain game, say tossing a coin, repeatedly to win 
£64; the winner is the one who first wins four turns. If the game is 
interrupted when one player has won two turns and the other player 
has won one turn, how should the £64 be divided fairly between the 
players? So, for example you, and I toss a coin. If it is heads you win 
and tails I win. We agree that we will keep tossing the coin until one 
of has four wins. But the fire alarm goes off when you have won 
twice and I have won once and we have to stop the game. What is the 
probability that each of us would have won if we had been able to 
continue?  
          Fermat’s approach was to imagine that another four tosses did 
take place and he listed out all the possibilities and the crucial thing is 
that all these different outcomes for the next four tosses are equally 
likely. Also the game would be decided after at most the next four 
tosses because one of us must reach four wins. Four is the maximum 
number of tosses needed to decide. For example: I win the next two 
tosses so we are at two for you and three for me. Then you win the 
next two tosses and win the game. So it takes four tosses to get a 
winner. It never takes more but it could take less. For example if you 
win the next two tosses you win and the game is over after two tosses 
only. 
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         Pascal took a different approach, which made use of what is 
now called Pascal’s triangle. What Pascal called his Arithmetical 
triangle had been used in various cultures for more than 500 years. To 
build the triangle, start with one at the top, and down both sides. Each 
other number in the triangle is the sum of the two numbers above it. 
The triangle has several interesting features. For example the first 
diagonal sloping down and to the left contains only 1s, the next the 
natural numbers 1, 2, 3, … and the next the triangular numbers 1, 3, 6, 
10. To solve the problem of the interrupted game Pascal used the 
principle of mathematical induction, and, in fact, gave the first 
explicit statement of this principle of mathematical induction. For 
example, he uses it to prove that the sum of any row in the triangle is 
a power of two, as you can see written down the right hand side. He 
did this by showing that the sum of the numbers in any row is twice 
the sum of the numbers in the row above. So starting at any row the 
sum of its numbers is twice that of the row above which is twice that 
of the row above it and so on, each time multiplying by two until you 
get to the top row which has sum one.  
Scan reading 
Scan the text to find the following: 

- Who first introduced the idea of insurance? 
- The synonym of the word ‘probability’ in a mathematical sense. 
- Who introduced the concept of probability? 
- What is the law of large numbers? 
- What was the first recorded result in the history of mathematical 

probability theory and who did it belong to? 
- What can be regarded as the mark of the birth of classical 

probability theory.  
In ancient times, Plato (428-348 BC) and his famous student, 
Aristotle (384-322 BC) used to discuss the word chance 
philosophically. In 324 BC, a Greek person, Antimenes (530-510 BC) 
first developed the system of insurance which guaranteed a sum of 
money against wins or losses of certain events. In view of many 
uncertainties of everyday life such as health, weather, birth, death and 
game that led to the concept of chance or random variables as output 
of an experiment (for example, the length of an object, the height of 
people, the temperature in a city in a given day). Almost all 
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measurements in mathematics or science have the fundamental 
property that the results vary in different trials. In other words, results 
are, in general, random in nature. Thus, the quantity we want to 
measure is called a random variable. 
     Historically, the word probability was associated with the Latin 
word ‘probo’ and the English words, probe and probable. In other 
languages, this word used in a mathematical sense had a meaning 
more or less like plausibility. In ancient times, the concept of 
probability arose in problems of gambling dealing with winning or 
losing of a game. It began with famous physician, mathematician and 
gambler, Gerolamo Cardano (1501-1576) who became Professor and 
Chair of mathematics at the University of Bologna in Italy. 
During the fifteenth century, the pragmatic approach to problems of 
games of chance with dice began in Italy. During that time, references 
to games of chance were more numerous, but no suggestions were 
made how to calculate probabilities of events. Cardano wrote a short 
manual, Liber de Ludo Aleae (Games of Chance) which contained the 
first mathematical treatment of probability dealing with problems of 
mathematical expectation (or mean), addition of probability, 
frequency tables for throwing of a dice, n successes in n 
independent trials, and the law of large numbers. However, his work 
attracted a little attention and did not provide any real development of 
probability theory. Cardano’s manual was published in 1633 about a 
century later. In this published manual, Cardano introduced the idea 
of probability p between 0 and 1 to an event whose outcome is 
random, and then applied this idea to games of chance. He also 
developed the law of large numbers which states that when the 
probability of an event is p, then after a large number of trials n, the 
number of times it will occur is close to np. 
      During the sixteenth and seventeenth centuries, a great deal of 
attention was given to games of chance, such as tossing coins, 
throwing dice or playing cards, in particular, and to problems of 
gambling, in general. An Italian nobleman suggested a problem of 
throwing dice to Galileo Galilei (1564-1642), a great Italian 
astronomer and physicist, a solution of which was the first recorded 
result in the history of mathematical probability theory. A decade 
after Galileo’s death, a French nobleman and gambling expert, 
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Chevalier de Mére (1610-1685) proposed some mathematical 
questions on games of chance to Blaise Pascal (1623-1662), 
French mathematician, who communicated these to another French 
mathematician, Pierre de Fermat (1601-1665). From 1654, both 
Pascal and Fermat began a lively correspondence about questions and 
problems dealing with games of chance, arrangements of objects, and 
chance of winning a fair game. Their famous correspondence 
introduced the concept of probability, mean (or expected) value and 
conditional probability and hence, can be regarded as the mark of the 
birth of classical probability theory.  ( an excerpt from  A short history of 
probability theory and its applications by Lokenath Debnath, Kanadpriya Basu) 
 
Key terms Give definitions of the following terms  
fair coin                    
heads and tails 
Pascal’s triangle 
mean  
mode 
median 
random variables 
mean deviation 
normal distribution  
random variables 
bell curve 
probability density function 
variance 
LISTENING 
Listen to the lecture delivered by Professor Raymond Flood 
“Probability and its limits”, note down the most interesting facts 
about it, answer the questions given below and then  make a short 
presentation.  
https://www.gresham.ac.uk/lectures-and-events/probability-and-
its-limits 

- What is the difference between Fermat’s and Pascal’s approach 
to probability? 

- Name two frequently	taken	approaches	to	probability	and	
explain	the	difference	between	them.	 



 

 35 

- What is the problem of interrupted game? 
- Applications of Probability theory. 

LANGUAGE FOCUS 
1. Missing words 
Read the following text and think of the best word to fill each gap. 
Tip.1.Look carefully at the words before and after each gap and make 
sure your answers have the right meaning and fit grammatically in 
the text (e.g. article, auxiliary verb, preposition, pronoun, 
conjunction). 
Laplace’s Notable Contributions (1)____ the Theory of Probability 
Laplace’s masterpiece treatise entitled Analytical Theory of Probability 
was published in 1812. It contained all of his own discoveries and all 
other results that (2)____ then known in probability and (3)____ 
applications (4)___ mathematical and social sciences including life 
insurance, mortality, and life tables of mortality which provided the basis 
of insurance statistics. He is the first one (5)____ made major attempts to 
develop the theory of probability (6)____ a new subject beyond the 
theory of games of chance. He also first recognized the real significance 
of analysis of results of observations or measurements involved (7)___ 
mathematical physics, astronomy, and social sciences. Although his 
major research work was (8)____ celestial mechanics, Laplace (9)____ 
the modern rigorous treatment of probability and statistical inference. His 
great synthesis led (10)___ bringing together many basic mathematics 
and philosophical ideas and results which (11)____ emerged from 
classical problems of games of chance, on the one hand, and from 
statistical analysis of experimental errors of measurements, on the 
(12)____ hand. It was inevitable at that time that developments in any 
fields of philosophical, logical, mathematical experimental, financial, 
industrial, actuarial and statistical nature (13)____bound to affect one 
another, and to grow from the same broad general principles. 
In 1810, Laplace investigated the problem of finding the (14)____ 
value from a large number of observations which he interpreted as the 
problem of probability that the mean value lies between certain limits. 
Assuming that the positive and negative errors in a large number of 
observations (15)____ equally likely, he proved a law of large 
numbers, and then showed that their mean value converges 16)___ a 
precise limit. Based on some general assumptions, he discovered the 
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Method of Least Squares of Errors. He introduced the most 
appropriate mean (or average) (17)____ for a series of astronomical 
observations or measurements, and determined how the limits of the 
errors have (18)____ associated with the number of observations of 
different kinds. At the same time, a new major subject, the so called 
the theory of errors, arose associated with a set of observations or 
measurements of a trials of experiments in physical science, and 
astronomy. He also proved that distribution of the average random 
observational errors which (19)____ uniformly distributed in an 
interval symmetric about the origin tends to the normal distribution as 
the number of observations increases (20)____ infinity. This is a 
celebrated result which became known as the central limit theorem. 
2.Unnecessary words 
For questions 21-36 , read the text below and decide which lines of the 
text contain UNNECESSARY words. Write the unnecessary word in the 
box. Indicate the correct lines with a tick (V).   
(21)  Cardano is known as the gambling scholar because of both    
activities played 
(22)  a prominent role in his life. He was both as genius and rogue. His 

life consists 
(23)  of a bewildering series of a very high highs and very low lows. 

His mother  
(24)  tried to abort him, his son was beheaded for killing his (the son’s) 

wife, 
(25)  and he (Cardano) gambled away the family fortune. He was 

accused of 
(26)  heresy for casting the horoscope of Jesus. Yet in between he also 

has became 
(27)  Rector of the University of Padua, was elected to the College of 

Physicians, 
(28)  gained 2000 gold crowns for curing the Archbishop of St Andrews’ 

asthma, 
(29)  and has received a pension from Pope Gregory XIII. He invented 

the    
(30)  combination lock and gimbals to hold a gyroscope, and he had 

wrote a  
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(31) number of books, including an extraordinary autobiography De 
Vita Propria.  

(32) In 1545 he wrote the Ars Magna. The title means ‘great art’, and 
refers to 

(33) algebra.  In it, Cardano has assembled the most advanced algebraic 
(34)  ideas of his day, including new and dramatic methods for solving 

equations, 
(35)  some invented by a student of his, some were obtained from others 
(36)  in a controversial circumstances. 
SPEAKING 
1.Expressing opinion. Read the following quotes. Which statement 
do you most agree with? Explain why. 
“It is remarkable that a science (Probability) which began with 
consideration of games of chance, should have become the most 
important object of human knowledge. …Probability has reference 
partly to our ignorance, partly to our knowledge. … The Theory of 
chances consists in reducing all events of the same kind to a certain 
number of cases equally possible, that is, such that we are equally 
undecided as to their existence; and determining the number of these 
cases which are favourable to the event sought. The ratio of that 
number to the number of all the possible cases is the measure of the 
probability . … “P.S. Laplace  
“The true logic of this world is to be found in theory of probability.”  
James Clark Maxwell 
2. Two - minute presentation. 
Give a two-minute presentation on one of the following topics: 

- Einstein and Brownian motion  
- Random walks and bad luck  
- Birthday problem 
- Founders of Modern Probability 
- Interrupted game. Pascal’s triangle 
- The arcsine law 

       
WRITING 
Research the theme  “Statistics. The applied wing of Probability 
theory”. Prepare an essay and make a presentation in class featuring 
a worldwide impact of Statistics.  
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Unit 4. Computer Science 
Before you read 

- Who are the founders of computer science? 
- Do you know who founded the subject of game theory? 
- When was the idea of an algorithm formalised?  
- Have you ever heard about the fly puzzle? 
- Can machines think? 
- Do you know what contributions Turing and Neumann made  to 

the Second World War? 
- Is mathematics complete, consistent, decidable? Do you know 

the mathematicians who answered these questions? 

READING  

Skim reading for a general idea 
Read the following text to understand the gist or main idea of it. 

    Since the time of Leibniz, and perhaps earlier, attempts have been 
made to mechanize mathematical reasoning. Little success was 
achieved until the late 19th century, when the subject matter of 
mathematics was clarified by defining all mathematical objects in 
terms of sets. The reduction of the many concepts of number, space, 
function, and the like, to the single concept of set brought with it a 
corresponding reduction in the number of axioms that seemed to be 
necessary for mathematics. At about the same time, investigation of 
the principles of logic by Boole (1847), and particularly Frege (1879), 
led to a system of rules by which all logical consequences of a given 
set of axioms could be inferred. These two lines of investigation 
together offered the possibility of a complete, rigorous, and, in 
principle , mechanical system for the derivation of all mathematics.

        The most thorough attempt to realize this possibility was the

massive Principia Mathematica of Whitehead and Russell (1910). 
Principia used axioms of set theory, together with a small collection 
of rules of inference, to derive a substantial part of ordinary 
mathematics in a completely formal language. The purpose of the 
formal language was to avoid the vagueness and ambiguity of natural 
language, so that proofs could be checked mechanically. Mechanical 
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proof-checking was not then regarded as a goal in itself but rather as a 
guarantee of rigor. When Whitehead and Russell began writing their 
Principia in 1900, they believed that they were about to reach the 
19th-century goal of a complete and absolutely rigorous mathematical 
system. They did not realize that the rigor of their system—the 
possibility of checking proofs mechanically—was in fact 
incompatible with completeness. Gödel	(1931) showed that there are 
true sentences that can be expressed in the language of Principia 
Mathematica but that do not follow from its axioms.  

Gödel’s theorem created a sensation when it first appeared. Not only 
did it shatter previous conceptions of mathematics and logic, but its 
proof was of a new and bewildering kind. Gödel	 exploited the 
mechanical nature of proof in Principia to define the relation “the nth 
sentence of Principia is provable” within the language of Principia 
itself. Using this, he was able to concoct a sentence that says, in 
effect, “This sentence is not provable.” The Gödel	 sentence, if true, is 
therefore not provable. And if false, it is provable, and so Principia 
proves a false sentence. Either way, provability in Principia is not the 
same as truth. (an excerpt from the book Mathematics and Its History by John Stillwell) 

Scan reading. Scan reading involves reading a text quickly to locate 
a number, date, name, place etc. 

Scan the text to find the following: 

- Where can early ideas of game theory be found? 
- When did game theory come of age? 
- Why did Neumann leave Hungary? 
- When	was	the	book	Theory of Games and Economic Behavior 

published? 

A mathematical formalism used to study human games, economics, 
military conflicts, and biology. The goal of game theory is to find the 
optimal strategy for one player to use when his opponent also plays 
optimally. A strategy may incorporate randomness, in which case it is 
referred to as a mixed strategy.  
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Early ideas of game theory can be found in writings  throughout 
history as diverse as the Bible and works by  René Descartes, Sun Tzu 
(author of the 2,400-year-old  The Art of War), and Charles Darwin. 
The basis of modern game theory is an outgrowth of several books 
that deal with related subjects such as economics and probability. 
These include Augustin Cournot’s Researches into  

the Mathematical Principles of the Theory of Wealth (1838), which 
gives an intuitive explanation of what would  eventually be 
formalized by John Nash as Nash equilibrium; Francis Edgeworth’s 
Mathematical Psychics, which explored the notion of competitive 
equilibria in a two- type (or two-person) economy; and Emile Borel’s 
Algebre et calcul des probabilites (1927), which gave the first insight 
into so-called mixed strategies. Game theory finally came of age 
through the efforts of two European immigrants to the United States 
working at the Institute of Advanced Studies in Princeton. Around 
1940, the idea of the utility function was taken up by John von 
Neumann, who had been forced to flee his native Hungary when the 
Nazis invaded, and the economist Oskar Morgenstern (1902–1976), 
who had left Austria because he loathed the National Socialists. In 
Princeton the two immigrants worked together on what they initially 
thought would be a short paper on the theory of games, but that kept 
growing until it finally appeared in 1944 as an opus of 600 pages with 
the title ( an excerpt from The universal book of mathematics : from abracadabra to 
Zeno’s paradoxes by Darling David )  

Key terms 

Match these terms with their definitions 

1) categorical game           a) A game in which each player has a    
finite number of moves and a finite number 
of choices at each move.                   

2) finite game                     b) A game that allows a tie when played 
properly by both players. 

3) futile game                    c) A game in which a tie is impossible. 
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4) impartial game              d) A game for which each player has a     
different set of moves in any position.  

5) mixed strategy              e)An m × n matrix that gives the possible 
outcome of a two-person zero-sum game 
when player A has m possible moves and   
player B has n moves.		

6) partisan game                 f) A game in which the possible moves are         
the same for each player in any position.  

  

7) payoff matrix                 g) A game in which players make 
payments only to each other. One player’s 
loss is the other player’s gain, so the total 
amount of “money” available is constant.    

    8) strategy                          h) A set of moves that a player plans to     
follow while playing a game. 
 

9) zero-sum game               i) A collection of moves together with a 
corresponding set of weights which are 
followed probabilistically in the playing 
of a game 

LISTENING 
Listen to the lecture “Turing and Neumann” delivered by Professor 
Raymond Flood at Gresham College, note down the most interesting 
facts about it, answer the questions given below and then  make a 
short presentation. 
https://www.gresham.ac.uk/lectures-and-events/turing-and-von-
neumann 

- Von Neumann’s solution of the fly puzzle? 
- 	What were two	Neumann’s	main	interests	at	the	end	of	the	
20s? 

- What  did Neumann prove analyzing zero-sums games? 
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- What is payoff matrix? 
- What is an equilibrium point for the game? What type of 

equilibrium point is  sometimes called a saddle point? 
-  Give the definitions of a risk-averse strategy, a pure strategy, a 

mixed strategy 
- Formulate the Minimax Theorem 
- What is Nash equilibrium? 
- When and where did Neumann and Turing meet? 
- What book did Turing’s grandfather give him for Christmas? 
- What can be considered the foundation of the theory of 

computation? 
- Who  obtained the resolution of the decision problem 

simultaneously with Turing? 
- What are Neumann’s contributions to the war? 
- What are  the Enigma’s  drawbacks? 
- What is The Imitation Game? 

 
1.Information Gap filling Listening 
Listen to the lecture “Turing and Neumann” for the second time,  
complete the sentences with a word or short phrase in the text given  
below and then  make a short presentation. 
 
John von Neumann was born in 1903 in Budapest. Budapest at the turn 
of the century produced many fine mathematicians and physicists but 
von Neumann’s brilliance stood out.  He was (1)__________ learning 
several languages and showing early exceptional ability in, and 
enthusiasm for, mathematics. By age six he could divide two eight digit 
numbers in his head, by age eight he was studying the calculus and by 
age twelve he had read and understood Borel’s Theory of Functions. 
He also had an amazing memory and was supposed to be able to 
memorize at a glance the names, addresses and telephone numbers in a 
column in a telephone directory. He retained this ability of (2)_______ 
all his life. 
 
Von Neumann’s father was not keen on him becoming a mathematician 
for financial reasons and they compromised on a career in chemistry. 
He studied chemistry first of all in Berlin from 1921 to 1923 and then 
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in Zurich for the next two years. Simultaneously he was registered to 
study mathematics in Budapest although he never attended any lectures 
there. Nevertheless, in 1926 he received a diploma (3)________ from 
Zurich and a doctorate in mathematics from Budapest!  
 
Von Neumann’s doctoral thesis was entitled The Axiomatic Deduction 
of General Set Theory  and was very influential and he kept an interest 
in set theory and logic for the rest of his life. Towards the end of the 
1920s he had academic positions at Berlin and Hamburg.  
 
Two of his main interests during this time were (4)__________. His 
basic insight was that the geometry of the vectors in certain infinite 
dimensional spaces, called Hilbert spaces, has the same formal 
properties as the structure of the states of a quantum-mechanical 
system. Von Neumann’s book on Quantum Mechanics appeared in 
German in 1932 and has been widely translated. The Nobel physics 
prize winner Eugene Wigner said that Von Neuman’s contributions to 
quantum mechanics alone “would have secured him a distinguished 
position in present day theoretical physics.” 
 
In 1928 he published a paper establishing the subject (5)_________. 
Von Neumann’s work on games is characteristic of a lifelong approach 
of using mathematics in practical situations. The consequences of his 
work go far beyond its applications to games of chance, such as poker, 
and have been important in economics, psychology, sociology, politics 
and military strategy. 
 

 
Neumann’s work on games is characteristic of his lifelong approach of 
using mathematics in practical situations. He published his minimax 
theorem in 1928 and subsequently collaborated with the economist 
Oskar Morgenstern.  
 
Their 1944 book Theory of Games and Economic Behaviour 
revolutionised the field of economics. 
In the late 1920s von Neumann lectured at Berlin and Hamburg. He 
then taught for three years at Princeton University until he was 
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appointed as one of the founding professors at the newly created 
Princeton Institute for Advanced Study, a position he held for 
(6)________. 
 
Von Neumann was appointed at the age 30, and was the youngest 
professor at the Institute, in the School of Mathematics, where he was 
frequently mistaken for a graduate student. To date 33 Nobel Laureates 
and 41 (out of 56) Fields Medallists have been affiliated with Princeton 
Institute for Advanced Study. Another founding professor was Albert 
Einstein.  
 
By 1936 von Neumann was well established in the Institute for 
Advanced Study when Alan Turing visited Princeton University. 
Turing, aged 24, arrived in September 1936 and was to spend most of 
the years 1937–38 there, leaving after he (7)_______ in June, 1938. 
During this time he renewed contact with von Neumann whom he had 
met in Cambridge in 1935.  
 
Turing was born in Paddington, in June 1912 and went to Sherbourne 
Boarding School at the age of 13. He was too independently minded to 
be (8)________. Instead he studied modern ideas such as Einstein’s 
Special theory of Relativity on his own.  
His grandfather gave him, probably for Christmas 1927, a book on the 
theory of special relativity. Alan wrote showing his working and 
understanding of the book, apparently giving directions to his mother 
on how to read Einstein’s book. 
 
Turing won a scholarship to King’s College, Cambridge and went up 
in 1931. While an undergraduate one of the prizes he won was a copy 
of von Neumann’s Mathematical Foundations of Quantum Mechanics, 
which he described as: 
 

very interesting, and not at all difficult reading, although the 
applied mathematicians seem to find it rather strong. 
 

In one of his lecture courses he met the Central Limit Theorem which 
is (9)_________.  



 

 45 

 
While still an undergraduate – he was in his third year - Turing 
provided a rigorous mathematical proof of the Central Limit Theorem. 
Unfortunately he then found out (10)___________! He was 
nevertheless encouraged to submit the work in support of an 
application to become a Fellow of King’s. He was successful and at the 
age of 22 was elected a Fellow of King’s College, Cambridge in 1935.  
 
While waiting for the results of the Fellowship election Turing attended 
a lecture course on the foundations of mathematics.  
 
In 1928 David Hilbert, during the International Congress of 
Mathematicians, had posed three questions:  

 
Is mathematics (11)_______, that is, can every statement in 
the language of number theory be either proved or disproved?  
Is it (12)_____ , that is, is mathematics free from 
contradiction?  
Is it (13)_______, that is, does there exist an algorithm for 
deciding whether or not a specific mathematical assertion does 
or does not have a proof? 

 
Kurt Gödel had shown in 1931 that the answer to the first question is 
no - the so-called "first incompleteness theorem". There are statements 
which can be neither (14)_________.  
He also proved that if number theory is consistent, then a proof of this 
fact does not exist using the methods of the first-order predicate 
calculus - the "second incompleteness theorem".  
The last question is called the decision problem and was still an open 
problem when Turing was attending the lecture course.  
Turing was intrigued by this problem in mathematical logic. 
     In 1936, in the paper, Computable Numbers, Turing answered the 
decision question in the negative: there are mathematical propositions 
that are (15)________ — no algorithm can decide whether they are true 
or false.  
An example that Turing gave was that there was no algorithm that 
could decide for any given program and its input whether the program 
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will continue running for ever or will stop. This became known as the 
(16)________. 
The idea of a Turing machine became the foundation of the theory of 
computation.  
    In 1938 Turing was initially unsure that his Fellowship at King’s 
would be renewed and encouraged by his father explored the possibility 
of an academic job in America. There were not many available and 
there was fierce competition for those that there were, from among 
others mathematicians fleeing pre-war Europe. Then von Neumann 
offered Turing a position as his research assistant at the Institute for 
Advanced Studies.  It was a big opportunity but Turing heard that his 
Fellowship was being renewed and preferred to return to Cambridge. 
The subsequent careers of von Neumann and Turing were to be 
strongly influenced by their involvement (17)______ which was soon 
to begin.  
     After the war von Neumann led a team at Princeton in the 
development of a computer, very much based on the ideas behind the 
Universal Turing Machine. Numbers in the machine were represented 
(18)_____, so that any device holding a digit needed to have only two 
states. 
The machine was completed in 1952. It had 3600 vacuum tubes and a 
memory(19)_____. It was the first stored program computer, unlike 
previous computers that were programmed by (20)_________. 
Although it had its drawbacks, von Neumann’s design model was very 
influential in the subsequent development of computers. 
Turing job was to try and crack the machine irrespective of the system 
being used to transmit keys. How this was done is explained very well 
in both these excellent books:  Simon Singh’s The Code Book and 
Andrew Hodges Alan Turing: The Enigma. 
Both Turing and von Neumann were recognised for their contributions 
to the war effort with Turing receiving an OBE (Order of the British 
Empire) and von Neumann the Presidential Medal of Freedom. 
Apart from their other common interests they also had a shared interest 
in (21)_____.  
     Turing had a lifelong interest in the development of pattern and form 
in living organisms. He looked at how biological systems that are 
(22)_______ at the start can lose that symmetry, and wondered how 
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this could be caused by the dynamics of the way that the chemicals 
(23)_______. Using a computer, he carried out pioneering work in 
modelling these chemical reactions, and published his results in his 
1952 paper, The Chemical Basis of Morphogenesis.  
Another major contribution Turing made was his paper on Computing 
Machinery and Intelligence in the journal Mind. Turing started: 
I propose to consider the question, ‘Can machines think?’ 
     He refined this question by introducing what he called The Imitation 
Game. In this game there is a machine, a woman and an interrogator.  
The object of the game, called the Turing test, is for the interrogator 
(24)________. They can communicate with the interrogator, but only 
in a manner that gives no clue to their identities. In his previous work 
with Turing machines, Turing concentrated on what machines 
(25)______. Now his focus was on what they can do, and in particular 
whether the behaviour of the brain can be replicated by a computer. 
The Turing test remains important in philosophy and artificial 
intelligence. 
     After the war was over, Turing went to the National Physical 
Laboratory in London to work on (26)________, the Automatic 
Computing Engine (ACE). His final university position was as Deputy 
Director of the Manchester Computing Laboratory. Turing continued 
to be consulted by GCHQ, the successor to Bletchley Park, but lost his 
security clearance when he was (27)_______ for homosexual activities 
in 1952. He came under (28)_______ by the intelligence services, who 
regarded him as a security risk. He died of cyanide poisoning, aged 41, 
a half-eaten apple beside his bed, and the inquest brought in a verdict 
of (29)____. Von Neumann also died young – in his case at the age of 
53. He left unfinished his research program on a new information and 
computation theory for biological systems, especially the brain. 
Inspired  by Turing’s universal machine he was developing his theory 
of (30)_________ five years before the work of Watson and Crick on 
the structure of DNA and its role in biological self-reproduction. 
     Von Neumann and Turing made massive contributions to 
mathematics, computer science and the times in which they lived and 
their work continues to have an important impact on our world 
today.( an excerpt from the lecture delivered by by Professor Raymond Flood) 
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LANGUAGE FOCUS 
1.Missing words Read the following text and think of the best word to 
fill each gap. Tip.1.Look carefully at the words before and after each 
gap and make sure your answers have the right meaning and fit 
grammatically in the text (e.g. article, auxiliary verb, preposition, 
pronoun, conjunction). 

In a nutshell: All consistent axiomatic systems contain undecidable 
propositions. What (1)__ this mean? An axiomatic system consists 2)__ 
some undefined terms, a number of axioms that refer 3)____ those terms 
and partially describe their properties, and 4)___ rule or rules 5)___ 
deriving new propositions 6)____ already existing propositions. 
Axiomatic systems are powerful because they reduce large bodies of 
math 7)____ a simple description. Also, because they’re very abstract, 
they allow all, and only, the results 8)_____ follow from things having 
the formal properties specified by the axioms 9)___ be derived. An 
axiomatic system is consistent if, given the axioms and the derivation 
rules, it doesn’t lead 10)____ any contradictions. One of the first modern 
axiomatic systems was a formalization 11)___ simple arithmetic (adding 
and multiplying whole numbers) by Giuseppe Peano and now known as 
Peano arithmetic. Kurt Gödel showed that every syntactically correct 
proposition in Peano arithmetic can be represented 12) _____ a unique 
integer, called its Gödel number. The trick is to replace each symbol in 
the proposition, including numerals, by a different string of digits. If we 
represent “1” by 01, “2” by 02, “+” by 10, and “=” by 11, then the Gödel 
number of “1 + 1 = 2” is 0110011102. This allowed Gödel 13)____ 
write down, unambiguously, propositions about propositions. In 
particular, he was able to write down self-referential  propositions—ones 
that include their own Gödel number. Gödel was then 14)____ to prove 
that, either the system of Peano arithmetic is inconsistent, or there are 
true propositions that can’t be reached from the axioms by applying the 
derivation rules. The system is 15)_____ incomplete, and the truth of 
those propositions is undecidable (within that system). Such undecidable 
propositions are known as Gödel propositions or Gödel sentences. 
Nobody knows what the Gödel sentences for Peano arithmetic are, 
though people have their suspicions about the Goldbach conjecture 
(every even number is the sum of two prime numbers).  
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2.Missing words Read the following information and think of the word 
which best fits each gap. Use only one word in each gap. 
If breaking RSA is as difficult 1)__ factoring, then we believe that 
RSA 2)___ secure, only 3)____ we believe that it is difficult 4)___ 
factor... Is it? No 5)___ knows. Certainly we 6)____ not know  any 
very efficient ways 7)___ factor large numbers, but that does 
8)____necessarily 9)____that 10)____ is no quick way to do so. So 
why 11)____ we put our faith (and secrets and fortunes) in 12)____ 
difficulty of factoring? The security of a cryptographic protocol must 
evidently 13)____ based on the difficulty of resolving some 
mathematical problem, but we do not know how to prove that any 
particular mathematical problem is necessarily difficult to solve. 
However the problem of factoring efficiently has 14)____ studied by 
many of the greatest minds in history, from Gauss onwards, who have 
looked 15)____ an efficient factoring algorithm and failed. Is this a 
good basis to have faith in RSA? Probably not, but we have no better.  

 Gap filling Read the text and fill in the gaps with the following words 
and expressions: 

a) can be constructed from them. 
b) and are incomplete 
c) they apply to all kinds of things that satisfy the axioms. 
d) touch directly on the most important sense of completeness and 

incompleteness 
e) on knowledge, science, and mathematics. 

The results of an axiomatic system pertain to more than just Peano 
arithmetic, 1)_________________. There are an immense number of other 
axiomatic systems, which either include Peano numbers among their basic 
entities or 2)_______________. It follows that these systems, too, contain 
undecidable propositions,3)_______. A common misconception is that 
Gödel’s theorem imposes some profound limitation 4)__________ In the 
case of science, this ignores that Gödel’s theorem applies to deduction 
from axioms, which is only one source of knowledge and not even a very 
common mode of reasoning in science. More generally, Gödel’s 
incompleteness result doesn’t 5)_________, namely, descriptive 
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completeness and incompleteness—the sense in which an axiom system 
describes a given field. In particular, the result represents no threat to the 
notion of truth. (an extract from The universal book of mathematics: from abracadabra to 
Zeno’s paradoxes by Darling, David ) 

Unnecessary words 
For questions 1-9, read the text below and decide which lines of the 
text contain UNNECESSARY words. Write the unnecessary word in the 
box. Indicate the correct lines with a tick (V).   

Lonely Runner Conjecture  

(1) This comes from an abstruse area of the mathematics known as  
(2) Diophantine approximation theory, and was then formulated by 

Jörg Wills in 1967. 
(3)  Luis Goddyn has coined the name in 1998. Suppose that 
(4)  n runners run round along a circular track of unit length at  
(5) uniform speed, with each runner’s speed being different one.   
(6) Will every runner be lonely – that is, be more than a distance 

1/n  
(7) from all other runners – at some instant of time? At different  
(8) times for the  different runners, of course. The conjecture is   
(9) that the answer is always ‘yes’, and it has been proved when n 

= 4, 5, 6, and 7.  
(10) SPEAKING 

1. Discussion Talk to your partner about each of the topics below for 
two minutes. After two minutes your partner will continue the 
discussion. 

- The founders of computer science 
- Game theory 
- Gödel’s theorem of incompleteness 

 
2. Five - minute presentation Choose one topic from Unit 4 and give 
a five-minute presentation on it. Tip 1: Speak clearly. Use the KISS 
principle. (Keep It Short and Simple). 
WEB RESEARCH TASK 
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Find out as much as you can about Numerical analysis and its 
applications. Web search key words: P vs NP, Clay Institute, RSA 
cryptosystem, binary notation 
https://www.youtube.com/watch?v=Ml3-kVYLNr8  
 
WRITING  With a partner write a report about Gödel  
incompleteness theorem. Swap the reports you wrote above with a 
partner and edit them. Discuss your most common errors. 
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Unit 5. Unsolved math problems 
Before you read 

- Do you know who  announced  23 unsolved problems that are  
designed to set the mathematical agenda for the next hundred 
years? 

- Do you know where and when so called “millennium problems” 
were announced? 

READING 

Skim reading for a general idea 
Read  Hilbert’s short biography to understand the gist  of the text. Do 
not  worry about  vocabulary for the first reading. Spend about 2-3 
minutes for this reading. 

     David Hilbert was born in 1862 in Konigsberg and died in 
Gottingen in 1943. His father, Otto, was a judge, and David may have 
inherited his mathematical ability from his mother, about whom we 
know little except that her maiden name was Erdtmann. Konigsberg 
was in the remote eastern part of Prussia, but with a strong 
mathematical tradition dating back to Jacobi. When Hilbert attended 
university there in the 1880s he became friends with Hermann 
Minkowski, a former child mathematical prodigy two years his junior, 
and Adolf Hurwitz, who was three years older and a professor in 
Konigsberg from 1884. The three used to discuss mathematics on 
long walks, and Hilbert seems to have picked up his basic 
mathematical education in this way. In later life he made 
“mathematical walks” an important part of the education of his own 
students.  

      Hilbert’s first research interest was in the theory of invariants, an 
algebraic topic then held in high esteem. By Hilbert’s time, invariant 
theory had become a jungle, with success depending mainly on the 
ability to hack through formidable calculations. The “king of invariant 
theory,” Paul Gordan of Erlangen, was notorious for papers consisting 
almost entirely of equations— in fact, the story goes that he had 
assistants fill in any words that were necessary. In 1888 Hilbert swept 
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all this away by solving the main problem of invariant theory, in a 
simple and purely conceptual manner: the Hilbert basis theorem 
showed the existence of the invariants above the quadratic level, 
without needing to calculate them!  

      Gordan was at first incredulous and exclaimed, “This is not 
mathematics, it is theology!” but eventually Hilbert’s idea was 
developed further, to calculate the invariants, and Gordan had to 
concede that it was mathematics after all. Hilbert, for his part, moved 
on to conquer other worlds. In fact, this became his modus operandi 
for most of his career: investigate a topic thoroughly for a few years, 
turn it upside down, then do something completely different.  

      Hilbert’s triumph in invariant theory secured his position in 
Konigsberg. Hilbert was commissioned by the German Union of 
Mathematicians in 1893 to write a report on algebraic number theory, 
and the report became a 300- page book (Hilbert (1897)), looking 
back to quadratic forms and Fermat’s last theorem, and forward to 
class field theory, a major topic of the 20th century. The mathematical 
public saw the point, and Klein invited Hilbert to assume a chair in 
mathematics at Gottingen, which he held from 1895 until the end of 
his life.  

       Hilbert turned to the foundations of geometry. Again he scored 
several triumphs—finally filling the gaps in Euclid, discovering the 
algebraic meaning of the Pappus and Desargues theorems. Hilbert 
realized that modeling Euclid’s geometry by real-number coordinates 
is not exactly a proof that geometry is consistent; one still needs to 
prove that the theory of real numbers is consistent. Hilbert found this 
far from obvious and made it second on his list of mathematical 
problems presented in Paris in 1900. Then he dropped the subject in 
favor of mathematical physics.  

       However, no one found a consistency proof for the theory of real 
numbers, and by the 1920s Hilbert felt compelled to return to the 
subject. Hilbert’s program, as it became known, called first for a 
formal language of mathematics, in which the concept of proof itself 
was mathematically definable, by precise rules for manipulating 
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formulas. This phase of the program was in fact feasible, and was 
essentially carried out by Whitehead and Russell in their Principia 
Mathematica of 1910. The hard part, however, was proving that the 
rules of proof could not lead to a contradiction. This is where 
Hilbert’s program stalled, and in 1931 Godel showed that it could 
never be completed.    To his credit, Hilbert was among the first to 
publicize Godel’s work. The eclipse of Gottingen began in 1933, 
when the Nazis came to power in Germany and began dismissing 
Jewish professors. In a few years, most of Germany’s mathematical 
talent had fled, leaving the elderly and frail Hilbert in Gottingen 
virtually alone. He died on 14 February 1943. (an excerpt from the book  
Mathematics and its story by John Stillwell ) 

Scan reading 
Scan the text to find the following: 

- What contribution to mathematics did Hilbert make in 1900? 
- What did Hilbert’s talk consist of? 
- Who advised Hilbert to cut the spoken version of the talk? 
- Who translated the complete version of Hilbert’s talk? 
- What were the most notable achievements of  the nineteenth 

century? 
- What does Zermelo’s axiom assert?  
- Which ideas  seem to preclude a clear-cut solution to Hilbert’s 

first problem?  

     Perhaps no contribution to an international congress has been as 
celebrated as the one that Hilbert made in his address to the second 
congress, held in Paris in 1900. Hilbert’s talk was titled 
“Mathematical Problems.” It consisted of an introduction that has 
become a classic of mathematical rhetoric, followed by a list of 
twenty-three problems designed to serve as examples of the kind of 
problem whose treatment should lead to a furthering of the discipline. 
In fact, on the advice of Hurwitz and Minkowski, Hilbert cut the 
spoken version of the talk so that it contained only ten of the twenty-
three problems. Yet the complete version of the talk, as well as 
excerpts, were soon translated and published in several countries. For 
example, the 1902 volume of the Bulletin of the American 
Mathematical Society carried an authorized translation by Mary 
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Winston Newson, a specialist in partial differential equations, who 
had been the first American woman to obtain a Ph.D. degree in 
mathematics at Gottingen. Although Hilbert objected to the view that 
the concepts of arithmetic alone are susceptible of a fully rigorous 
treatment, he admitted that the development of the arithmetic 
continuum by Cauchy, Bolzano, and Cantor was one of the two most 
notable achievements of the nineteenth century—the other being the 
non-Euclidean geometry of Gauss, Bolyai, and Lobachevsky—and 
thus the first of the twenty-three problems concerned the structure of 
the real number continuum. 

      The question is made up of two related parts: (1) is there a 
transfinite number between that of a denumerable set and the number 
of the continuum; and (2) can the numerical continuum be considered 
a well-ordered set? The second part asks whether the totality of all 
real numbers can be arranged in another manner so that every partial 
assemblage will have a first element. This is closely related to the 
axiom of choice named for the German mathematician Ernst Zermelo 
(1871 1956), who formulated it in 1904. Zermelo’s axiom asserts that 
given any set of mutually exclusive nonempty sets, there exists at 
least one set that contains one and only one element in common with 
each of the nonempty sets. As an illustration of a problem involving 
Zermelo’s axiom, consider the set of all real numbers n such that 0 # n 
# 1; let us call two of these real numbers equivalent if their difference 
is rational. There obviously are infinitely many classes of equivalent 
real numbers. If we form a set S made up of one number from each of 
these classes, is S denumerable or nondenumerable? The axiom of 
choice, indispensable in analysis, was in 1940 proved by Kurt Godel 
to be consistent with other axioms of set theory, but in 1963, it was 
demonstrated by Paul Cohen  that the axiom of choice is independent 
of the other axioms in a certain system of set theory, thus showing 
that the axiom cannot be proved within this system. This seems to 
preclude a clear-cut solution to Hilbert’s first problem. (an excerpt from 
the book A history of mathematics  by Carl B. Boyer and Uta Merzbach) 

LISTENING 
Listen to the lecture “From Hilbert’s problems to the future” 
delivered by Robin Wilson at Gresham College, note down the most 
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interesting facts about it, answer the questions given below and then  
make a short presentation. 
https://www.gresham.ac.uk/lectures-and-events/from-hilberts-
problems-to-the-future 

- When was the Clay Mathematics Institute set up? 
- What is the Clay Mathematics Institute’s mission? 
- How many problems are there in Hilbert’s list? 
- Which problems are analyzed in the lecture? 
- Choose one problem and make a short presentation. 

LANGUAGE FOCUS 
1.Gap filling 
Read the text and fill in the gaps with the following words:  
split second 
compute 
Roughly speaking 
Plausible 
depend on  
unsolved  
replace 
In contrast 
                            
   Mathematics has aided computer science, but in return computer 
science has motivated some fascinating new mathematics. The notion 
of algorithm – a systematic procedure for solving a problem – is one. 
An especially interesting question is: how does the running of an 
algorithm (1) ____ the size of the input data? For example, Euclid’s 
algorithm for finding the highest common factor of two whole 
numbers m and n, with m<n ,m=n, is as follows: - Divide n by m to 
get remainder r.  If r=0 then the highest common factor is m: STOP. -  
If r>0 then  
(2) _____ n by m and m by r and go back to the start. It can be shown 
that n has d decimal digits (a measure of the size of the input data to 
the algorithm) then the algorithm stops after at most 5d steps. That 
means, for instance, that if we are given two 1000-digit numbers, we 
can (3) _____ their highest common factor in at most 5000 steps – 
which takes a( 4) _____on a modern computer.  
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    The Euclidean algorithm has linear running time: the length of the 
computation is proportional to the size (in digits) of the input data. 
More generally, an algorithm has polynomial running time, or is of 
class P, if its running time is proportional to some fixed power (such 
as the square or cube) of the size of the input data. (5) ____, all 
known algorithms for finding the prime factors of a number have 
exponential running time – some fixed constant raised to the power of 
the size of the input data. This is what makes the RSA cryptosystem 
(conjecturally) secure.      
     (6) ____, algorithms with polynomial running time lead to 
practical computation on today’s computers, whereas algorithms with 
exponential running time do not – so the corresponding computations 
cannot be performed in practice, even for quite small sizes of initial 
data. This distinction is a rule of thumb: a polynomial algorithm 
might involve such a large power that it is impractical, and some 
algorithms with running time worse than polynomial still turn out to 
be useful.  
      The main theoretical difficulty now arises. Given a specific 
algorithm, it is fairly easy to work out how its running time depends on 
the size of the input data and to determine whether it is class P or not. 
However, it is extraordinary difficult to decide whether a more efficient 
algorithm might exist to solve the same problem more rapidly. So, 
although we know that many problems can be solved by algorithm in 
class P, we have no idea whether any sensible problem is not-P. 
      Sensible here has a technical meaning. Some problems must be not-
P, simply because outputting the answer requires non-P running time. 
For example list all possible ways to arrange n symbols in order. To rule 
out such obviously non-P problems, another concept is needed: the class 
NP of non-deterministic polynomial algorithms. An algorithm is NP if 
any guess at an answer can be checked in a time proportional to some 
fixed power of the size of input data. For example, given a guess at a 
prime factor of a large number, it can quickly be checked by a single 
division sum.  
      A problem in class P is automatically NP. Many important 
problems, for which P algorithms are not known, are also known to be 
NP. And now we come to the deepest and most difficult (7) ______ 
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problem in this area, the solution of which will win a million-dollar 
price from Clay Math Institute. Are P and NP the same? The most  
(8) ______answer is no, because P=NP means that a lot of apparently 
very hard computations are actually easy – there exists some short cut 
which we’ve not yet thought of.  
     The P=NP? problem is made more difficult by a fascinating 
phenomenon, called NP-completeness. Many NP problems are such 
that if they are actually class P, then every NP problem is class P as 
well. Such a problem is said to be NP-complete. If any particular NP-
complete problem can be proved to be P, then P=NP. On the other 
hand, if any particular NP-complete problem can be proved to be not-
P, then P is not the same as NP.(an excerpt  from the book The story of 
mathematics by  Ian Stewart) 

2. Gap filling  Chose a missing word and fill in the blanks: 

emphasis     granted       light          scope       conclusions           
account         lack  

1. ________of consistency in obtained data has led to their wrong       
interpretation. 

2. Practical consequences of the research lie outside the ________of 
this paper. 

3. The data he has found will shed _______on theoretical 
assumptions. 

4. Mathematicians   lay_____ on  the consequences of the solution 
P=NP? problem.  

5. When studying Computer science, researchers take into ______ 
mathematical knowledge . 

6. For the purposes of this research, this theorem will be taken for 
_________. 

7. The appearance of just one of the non-trivial zeros off the central 
line will allow mathematicians to draw ______about havoc in 
number theory and throughout mathematics.                                    

    
3.Missing words Read the following text and think of the best word to 
fill each gap. Tip.1.Look carefully at the words before and after each 
gap and make sure your answers have the right meaning and fit 
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grammatically in the text (e.g. article, auxiliary verb, preposition, 
pronoun, conjunction). 

A great German mathematician (1)__ was one of the colossi in the field in 
the twentieth century. His most important discovery was of what (2)__ 
now called Hilbert space. He (3)__ also a master of mathematical 
organization. During the early phase of his career, Hilbert reorganized 
number theory, crystallizing his conclusions in the classic book Der 
Zahlbericht (The theory of algebraic number fields, 1897). He then moved 
into geometry and performed a similar service (4)__ setting forth the first 
rigorous set of geometrical axioms in his Grundlagen der Geometrie 
(Foundations of geometry, 1899). He invented a simple space-filling curve 
now known (5)__ the Hilbert curve and also proved Waring’s conjecture. 
(6)__ the Paris International Congress of 1900, Hilbert proposed 23 
outstanding problems in mathematics to (7)___  solutions he believed 
twentieth-century mathematicians should devote themselves. These 
problems have come (8) __be known as Hilbert’s problems, and a number 
still remain unsolved today. Hilbert’s mathematical philosophy is partly 
revealed (9)__ a couple of remarks, one of which he (10)___ after learning 
that a student in his class had dropped the subject in (11)___ to become a 
poet. “Good,” he said. “He did not have enough imagination (12)___ 
become a mathematician.” Whether he really believed the second is open 
to question: “Mathematics is a game played according to certain simple 
rules with meaningless marks on paper.” ( an excerpt from The universal book of 
mathematics: from abracadabra to Zeno’s paradoxes by Darling  David ) 

4. Missing words Read the following text and think of the best word 
to fill each gap. Tip.1.Look carefully at the words before and after 
each gap and make sure your answers have the right meaning and fit 
grammatically in the text (e.g. article, auxiliary verb, preposition, 
pronoun, conjunction). 

Existence of Perfect Cuboids  

This takes as its starting point the existence of, and formula for, 
Pythagorean triples, and it moves the problem into the (1)_____ 
dimension. An Euler brick is a cuboid – a brick-shaped block – with 
integer sides, all of whose faces (2)_____ integer diagonals. The smallest 
Euler brick (3)_____ discovered in 1719 by Paul Halcke. Its edges are 
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240, 117, and 4; the face diagonals are 267, 244, and 125. Euler found 
formulas for such bricks, analogous (4)____ the formula for Pythagorean 
triples, but these (5)___ not give all solutions.  

It is (6)___ known whether a perfect cuboid exists: that is, whether 
(7)___ is an Euler brick (8)___ main diagonal, cutting through the 
interior of the brick from one corner to an opposite one, also has integer 
length. (There are four such diagonals but they all have the same 
length.) It is known (9)___ Euler’s formulas cannot provide an 
example. Such a brick, (10)___ it exists, must satisfy several conditions 
– for instance, (11)___ least one edge must be a multiple of 5, one must 
be a multiple of 7, one must be a multiple of 11, and one must be a 
multiple of 19. Computer searches (12)___ shown that one of the sides 
must be at least one trillion. There are some near-misses. The brick 
with sides 672, 153, and 104 has an integer main diagonal and two of 
the three lengths for face diagonals are (13)___ integers. In 2004 Jorge 
Sawyer and Clifford Reiter proved that perfect parallelepipeds exist. A 
parallelepiped (the word comes from parallel-epi-ped, but is often 
misspelt ‘parallelopiped’) is like a cuboid but (14)___ faces are 
parallelograms. So it (15)___ tilted. The edges have lengths 271, 106, 
and 103; the minor face diagonals have lengths 101, 266, and 255; the 
major face diagonals have lengths 183, 312, and 323; and the body 
diagonals have lengths 374, 300, 278, and 272. 

WEB RESEARCH TASK Find out as much as you can about the  
Millennium problems. Web search key words:  the Riemann 
hypothesis (on prime numbers); the P = NP? problem (on the 
efficiency of algorithms for solving problems); the Poincaré 
conjecture (relating to surfaces in four-dimensional space) - this is the 
only one of the seven that's been solved ; the Navier-Stokes equation 
(solving a partial differential equation arising from fluid motion); 
Yang-Mills theory (creating a mathematical theory of an area of 
quantum physics); the Birch-Swinnerton-Dyer conjecture (another 
problem from number theory).  
 
SPEAKING 
Your Mathematics and Mechanics Faculty is trying to choose a new 
course for the coming year. The dean’s office narrowed the list of 
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suggestions down to two possibilities.  You are part of the student 
committee that has been asked to recommend one of the courses. 
Course 1. Millennium problems. 
Course 2. Hilbert’s list.  Discuss these courses in small groups of 
three or four. Choose a person from your group for a brief summary 
of your discussion. 
 
WRITING  
Look through “millennium problems”, choose one  and, with a 
partner, write a report about it. Swap the reports you wrote above 
with a partner and edit them. Discuss your most common errors. 
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Unit 6. Mathematics and Art 
Before you read 

- Do you think there is some connection between mathematics 
and art? 

- Does the drawing of a man's body in a pentagram (Da Vinci’s 
Vitruvian  man) suggest relationships to the golden ratio? 

- What do you know about mathematical art of Escher? 
- Have you ever heard about the book by Douglas R. Hofstadter  

“Godel, Escher Bach: an eternal golden braid”?  

READING 

Skim reading for a general idea 

Read  the text   to understand the gist  of the text. Do not  worry about  
vocabulary for the first reading.  

If we line up the traditional sequence of math instruction, we get arithmetic, 
algebra, geometry, trigonometry, calculus, and a dozen more branches that 
excite math enthusiasts. While getting lost in the formulas and concepts, we 
easily forget—or perhaps were never told—that entire branches of 
mathematical discovery were driven by the urge to figure out how the world 
around us works. Isaac Newton invented the basics of calculus just to solve 
a problem of planetary orbits for which the mathematics of his day was 
inadequate. 

And occasionally the reverse is true. Branches of mathematics have 
arisen, just out of curiosity, that would be wholly lifted into physics 
once the need revealed itself. Non-Euclidean geometry, which is 
basically geometry on curved surfaces, was codified in the early 
1800s, a century before Albert Einstein needed it, and was thus 
available on the shelf for him and others to describe the mass-induced 
curvature of space-time in his general theory of relativity. 

Yes, we conjure symbols in our heads and manipulate them, in an 
effort to abstract what is real into expressions of pure logic. If we 
believe that numbers and circles exist only in our heads, then this 
exercise is stunningly, yet unreasonably, effective at describing the 
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behavior of nature at all scales, from atomic nuclei to the contents and 
structure of the cosmos itself. 

Taking this thought a philosophical step further, we might wonder 
what numbers and circles are. Where do they come from? Perhaps 
mathematics does not simply describe the universe, but is the 
universe. Like the invented worlds of immersive video games, 
generated by thousands of lines of computer code, if we could part the 
curtains of the cosmos, might we find only equations, furiously 
calculating all the phenomena we experience? 

The value of mathematics to the scientist is clear and present. Given 
its potency and ubiquity in granting access to the operations of nature, 
should we be surprised that mathematics has served (and continues to 
serve) as an irresistible muse for philosophers and artists alike? Isn’t it 
one of the jobs of the artist to help non-artists interpret the world 
around us, and the world within us? As long as mathematics is what 
shapes those worlds, the observant artist cannot help but embrace and 
express this influence on us all. (By Neil deGrasse Tyson From Mathematics and 
Art: A Cultural History by Lynn Gamwell. November 2015) 

1. Scan reading  
Scan the text to find the following:		

- When and  where was Escher born? 
- Where did Escher create his first woodcuts? 
- What do  lino cuts, woodcuts and etching have in common? 
- What formed the main part of Escher’s first exhibition? 
- When and where was Escher’s first exhibition held? 
- When did Escher begin experimenting with lithography? 
- When did he become interested in perspective and geometry? 
- What was Escher’s artistic development most influenced by? 
- What is the most distinctive feature  of Moorish art? 

Escher was born on 17th June 1898 in Leeuwarden, Holland, the youngest 
of five brothers. The family moved to Arnhem when he was five, and that 
is where he was brought up and educated. His father was a civil engineer, 
and all his older brothers became scientists.  
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In 1919 he was admitted to the School for Architecture and Decorative  
Arts in Haarlem; this was where he produced his first woodcuts. He had 
intended to study architecture but soon switched to graphic arts. He joked 
that it was only by a hair’s breadth that he escaped becoming a useful 
member of society. At any rate he learnt and refined here some of the 
technical skills that he would use in his work – the making of lino cuts and 
woodcuts, as well as etching. Many of these processes require a huge level 
of skill. For example the woodcut produced must be the mirror image of 
the final intended picture; the printing process itself is also very delicate 
and precise.  

Escher travelled around Italy and Spain in the summer of 1922, and 
woodcuts featuring Italian landscapes formed part of his first exhibition, 
in Holland in 1924. He began experimenting with lithography in 1929, 
still producing mostly landscapes. However in 1936 his work started to 
take a different direction. He began experimenting with more abstract 
designs (he said he had replaced landscapes by ‘mindscapes’), as well as 
work playing with the ideas of perspective and geometry. Escher’s work 
became more and more well-known. His repeating designs based on 
tilings of the plane, often featuring animals, were very popular, along 
with his ‘false perspective’ work, such as the impossible staircases of his 
1953 lithograph Relativity. A major influence on Escher’s artistic 
development was the Alhambra palace in Granada, Spain, which he first 
visited in the summer of 1922. It is a place of pilgrimage for lovers of 
symmetry and pattern. The first building there was a small fortress in 
889AD, but the buildings we know today were constructed in the mid-
11thcentury by the Moorish king Mohammed ben Al-Ahmar. One feature 
of Moorish art is highly decorative geometric designs which are very 
symmetrical and often comprise repeating patterns of tiles which are 
tesselations that could repeat continually. Escher was struck with the 
Moorish style of decoration, and visited the Alhambra again in 1936. He 
was fascinated by the order and symmetry of the tiling patterns he saw 
there. Work incorporating regular tilings of the plane became a major 
focus, and he wanted to know all the possible forms his designs could 
take. (an excerpt from the lecture delivered  by Professor Sara Hart) 

2. Scan reading  
Scan the text to find the following: 
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-    When and where was Donald Coxeter born? 
-    Where did Coxeter study? 
-    Where did Coxeter live for the rest of his life? 
-    What is Coxeter well-known for? 
-    Where and when did Escher and Coxeter meet for the first time? 
-    What is the name of a well-known mathematician who visited   

Escher’s exhibition?  

    Donald Coxeter was born on the 9th of February 1907, in London. 
His full name was Harold Scott Macdonald Coxeter – in fact 
originally the plan had been ‘Harold Macdonald Scott’ but they 
realised just in time that he’d then be HMS Coxeter, which sounds 
more like a ship than a baby. He is widely regarded as having been 
the greatest geometer of the 20th century with a career that spanned 
almost nine decades.  

     Coxeter was interested in mathematics, and particularly geometry, 
from early childhood.  At school he was spending so much time on 
his geometry that his other subjects were starting to suffer – so much 
so that a teacher said he was only allowed to think in four dimensions 
on Sundays! Coxeter studied at Cambridge, where he became Senior 
Wrangler (the name given to the person scoring the top marks on the 
mathematics final examinations). He took up a post at the University 
of Toronto in 1936, and lived in Canada for the rest of his life. 

      Coxeter became a prominent mathematician, well-known for his 
work on geometry and symmetry, for example studying and 
classifying symmetries of higher dimensional figures. He published 
several  influential and important papers and books; many 
mathematicians came to geometry through his work. The seeds for 
Coxeter’s interaction with Escher were sown in 1954, when the 
International Congress of Mathematicians was held in Amsterdam. 
This is the largest mathematical conference in the world, held once 
every four years, at which the famous Fields medal is awarded. In 
1954, to coincide with the Congress, a major exhibition of Escher’s 
work was held at the Stedelijk Museum in Amsterdam. It was here 
that Coxeter met Escher for the first time, and he bought a couple of 
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prints from the exhibition. Another mathematician who visited the 
exhibition was Roger Penrose, who came up with his ‘Penrose 
triangles’ after seeing an impossible staircase in Escher’s Relativity 
print.(an extract from the lecture delivered  by Professor Sara Hart) 

1.LISTENING  
Listen to the lecture delivered by Professor Marcus  du Sautoy “The 
Secret Mathematicians”, note down the most interesting facts about 
it, answer the questions given below and then  make a short 
presentation. 
 
https://www.gresham.ac.uk/lectures-and-events/the-secret-
mathematicians 

- How many so called  secret mathematicians are mentioned in 
the lecture? Name them. Who is the first secret mathematician 
mentioned in the lecture? What did he do to use mathematics? 

- Which numbers are key to things growing in the natural world? 
Who first discovered these numbers before Fibonacci? 

- What artists, musicians, architects are mentioned in the lecture  
who deliberately or undeliberately used Fibonacci numbers and 
Golden Ratio in their works?  

- The lecturer considers  Salvador Dali to be the artist who puts 
scientific ideas into his art. Explain why. 

- What artist exploited the fractal world without realizing it? 
- What  connections between  mathematics and  the world of 

literature are analysed in the lecture? 
- “A mathematician, like a painter or poet, is a maker of patterns. 

I am only interested in mathematics as a creative art.” Who does 
this quote belong to? 

- Can we write  prime number as two square numbers added 
together? Give an example. 

- What conclusion is made at the end of the lecture? 

2.LISTENING  
Listen to the lecture delivered by Professor Sara Hart “Escher and 
Coxeter – a mathematical conversation”, note down the most 
interesting facts about it, answer the questions given below and then  
make a short presentation. 
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https://www.gresham.ac.uk/lectures-and-events/escher-and-coxeter-a-
mathematical-conversation  
 

- Which Escher’s tilings of the plane are mentioned in the lecture? 
Can an infinite tiling be fully depicted on the plane? 

- Compare the version from 1942 of the Angels and Devils tiling 
carved on  a sphere with its copy on the plane. Is the surface 
area of a  sphere finite? 

- explain why  the woodcut  Circle Limit I created by  
M.C.Escher in 1958 is the perfect way to represent infinity in 
hyperbolic geometry 

- explain why Escher considered Circle Limit III to be his best 
woodcut 

- give an example of mutually beneficial cooperation between  
Escher and Coxeter 

 
LANGUAGE FOCUS 
 
1.Gap filling Read the text and fill in the gaps with the following 
words:  

(a) the theme enters in the first voice and 
(b) enters carrying the theme 
(c) by having "copies" of the theme played by the various 

participating voices 
(d) are three canonical voices 
(e) to work as a canon theme  

 
The idea of a canon is that one single theme is played against itself. 
This is done (1)_________. But there are means' ways to do this. The 
most straightforward of all canons is the round, such as "Three Blind 
Mice", "Row, Row, Row Your Boat", or " Frere Jacques". Here, 
(2)______, after a fixed time-delay, a "copy" of it enters, in precisely 
the same key. After the same fixed time-delay in the second voice, the 
third voice (3)_______, and so on. Most themes will not harmonize 
with themselves in this way. In order for a theme (4)______, each of 
its notes must be able to serve in a dual (or triple, or quadruple) role: 
it must firstly be part of a melody, and secondly it must be part of a 
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harmonization of the same melody. When there (5)________are three 
canonical voices, for instance, each note of the theme must act in two 
distinct harmonic ways, as well as melodically. Thus, each note in a 
canon has more than one musical meaning; the listener's ear and brain 
automatically figure out the appropriate meaning, by referring to 
context. (an excerpt from book  by Douglas R. Hofstadter  “Godel, Escher Bach: an 
eternal golden braid”) 
 
2.Gap filling Read the text and fill in the gaps with the following 
words:  
    a)  to describe a system 
    b)  by moving upwards (or downwards) through the levels of some     

hierarchical system 
    c)  will be out in the open 
 
In this canon, Bach has given us our first example of the notion of 
Strange Loops. The "Strange Loop" phenomenon occurs whenever, 
(1)_______, we unexpectedly find ourselves right back where we 
started. (Here, the system is that of musical keys.) Sometimes I use 
the term Tangled Hierarchy (2)________ in which a Strange Loop 
occurs. As we go on, the theme of Strange Loops will recur again and 
again. Sometimes it will be hidden, other times it (3)_______; 
sometimes it will be right side up, other times it will be upside down, 
or backwards. "Quaerendo invenietis" (seek and you shall find) is my 
advice to the reader. (an excerpt from book  by Douglas R. Hofstadter  “Godel, Escher 
Bach: an eternal golden braid”) 
 
3.Gap filling Read the text and fill in the gaps with the following 
words:  
    a) they often are based on mathematical principles of symmetry or 

pattern 
    b) than just symmetry or pattern 
    c) who lived from 1902 to 1972 
    d) of vision is remarkable 
    e) the most recurrent themes in Escher's work 
 
To my mind, the most beautiful and powerful visual realizations of 
this notion of Strange Loops exist in the work of the Dutch graphic 
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artist M. C. Escher,(1)________ . Escher was the creator of some of 
the most intellectually stimulating drawings of all time. Many of them 
have their origin in paradox, illusion, or double-meaning. 
Mathematicians were among the first admirers of Escher's drawings, 
and this is understandable because (2)______... But there is much 
more to a typical Escher drawing (3)_________; there is often an 
underlying idea, realized in artistic form. And in particular, the 
Strange Loop is one of (4)_______. Look, for example, at the 
lithograph Waterfall , and compare its six-step endlessly falling loop 
with the six-step endlessly rising loop of the "Canon per Tonos". The 
similarity (5)_______. Bach and Escher are playing one single theme 
in two different “keys”: music and art. (an excerpt from book  by Douglas R. 
Hofstadter  “Godel, Escher Bach: an eternal golden braid”) 
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Missing words  Read the following text and think of the best word to 
fill each gap. Tip.1.Look carefully at the words before and after each 
gap and make sure your answers have the right meaning and fit 
grammatically in the text (e.g. article, auxiliary verb, preposition, 
pronoun, conjunction). 
   As a teenager, number theorist Hendrik Lenstra (1)___ fascinated by 
the mathematical themes of M.C. Escher’s artwork. A few years later, 
however, he lost his early enthusiasm (2)___ the Dutch artist, finding 
real mathematics "(3)___ more exciting." 
    Using the theory of elliptic curves, Lenstra has shown (4)___ the 
distortion of the quayside scene depicted in "Print Gallery" can be 
described (5)___ a complex exponential function. This quirky finding 
has (6)___ featured in The New York Times, (7)___ Dutch television, and 
(8)___ several Dutch newspapers. The lithograph depicts a view, through 
a row (9)___ arching windows, of a man looking (10)___ a picture 
(11)___ the wall of a gallery. (12)___ the picture, a row of 
Mediterranean-style buildings (13)___a quay looms larger and larger 
(14)___ it extends right out of the picture frame and curves around 
(15)___ include the gallery and the man (16)___ it. The picture 
continuously expands (17)___ scale as the eye moves clockwise about 
the center. (18)___ the same time, the lines of the picture curve, as 
(19)___ someone had reached into the center and pulled it outward with 
a twist of the wrist. 
But the vision is incomplete: Smack in the center of the picture is a 
large, circular patch that Escher left blank. Lenstra was bothered 
(20)___ the apparent blemish in the otherwise consistent structure of the 
picture. ….. he formulated two precise mathematical questions. "First," 
he says, "I wondered (21)___, when you try to continue the arcs and 
lines, there is a mathematical problem you cannot solve." His second 
question was: "What is the overall mathematical structure of this 
picture?"( an extract  from the article by Sara Robinson  “M.C. Escher: More Mathematics 
Than Meets the Eye”) 
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WEB RESEARCH TASK  
1. Find out as much as you can about the use of Golden Mean in art. 
2. Find out as much as you can about the book  by Douglas R. 
Hofstadter  “Godel, Escher Bach: an eternal golden braid”.  
  
SPEAKING 
Your Mathematics and Mechanics Faculty is trying to choose a new 
course for the coming year. The dean’s office narrowed the list of 
suggestions down to two possibilities.  You are part of the student 
committee that has been asked to recommend one of the courses. 
Course 1. The use of Golden Ration in art. 
Course 2. The secret mathematicians.  
Course 3. Mathematical art of Escher. 
 Discuss these courses in small groups of three or four. Choose a 
person from your group for a brief summary of your discussion. 
 
Discussion 
Leibniz, one of the inventors of the calculus, once wrote: “Music is 
the pleasure the human mind experiences from counting, without 
being aware that it is counting.” Do  you agree  with this quote? 
 
WRITING  
Choose the work of Escher "Print Gallery"  and, with a partner, 
write a mathematical interpretation  of it using the information given 
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in Sara Robinson’s article. “M.C. Escher: More Mathematics Than 
Meets the Eye”.  Swap the reports you wrote above with a partner 
and edit them. Discuss your most common errors. 

https://www.msri.org/people/members/sara/articles/siamescher.
pdf 
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GLOSSARY		

algebraic number. A real number that is the root of a polynomial 
equation with integer coefficients. All rational numbers are algebraic, 
since a/b is the root of the equation bx − a = 0. Some irrational 
numbers are algebraic; for example, √ 2 is the root of the equation x2 
− 2 = 0. An irrational number that is not algebraic (such as π) is called 
a transcendental number.  
algebraic variety. A multidimensional space defined by a set of  
algebraic equations.  

algorithm. A specified procedure to solve a problem, guaranteed to stop 
with an answer.  

angular momentum. A measure of how much spin a body has.  

arithmetic sequence. A sequence of numbers in which each successive 
number is the previous one plus a fixed amount, the common difference. 
For example, 2, 5, 8, 11, 14, . . . with common difference 3. The older 
term is ‘arithmetic progression’.  

asymptotic. Two quantities defined in terms of a variable are asymptotic if 
their ratio gets closer and closer to 1 as the variable becomes arbitrarily 
large.  

axis of rotation. A fixed line about which some object rotates.  

ball. A solid sphere – that is, a sphere and its interior.  

blowup time. The time beyond which a solution of a differential 
equation fails to exist.  

boundary. The edge of a specified region.  

chaos. Apparently random behaviour in a deterministic system.  

class E. An algorithm whose running time, for an input of size n, 
resembles the nth power of some constant.  
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class P. An algorithm whose running time resembles some fixed 
power of the input size. Class not-P. Not class P. 
 

class NP. A problem for which a proposed solution can be checked 
(but not necessarily found) by a class P algorithm. 

cohomology group. An abstract algebraic structure associated with a  
topological space, analogous to but ‘dual’ to the homology group.  

complex analysis. Analysis – logically rigorous calculus – carried out 
with complex-valued functions of a complex variable. 
 

complex number. A number of the form a þ bi where i is the square 
root of minus one and a, b are real numbers. 
 

composite number. A whole number that can be obtained by 
multiplying together two smaller whole numbers.  

congruent number. A number that can be the common difference of 
a sequence of three squares of rational numbers.  

continuous transformation. A transformation of a space with the 
property that points that are very close together do not get pulled a 
long way apart.  

curvature. A measure of how space curves near a given point. A 
sphere has positive curvature, a plane has zero curvature, and a 
saddle- shaped space has negative curvature.  

cyclotomic integer/number. A sum of powers of a complex root of 
unity with integer/rational coefficients.  

dimension. The number of coordinates required to specify the location 
of a point in a given space. For example the plane has dimension 2 and 
the space we live in (as modelled by Euclid’s geometry) has dimension 
3.  
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Diophantine equation. An equation for which solutions are required 
to be rational numbers.  

Dirichlet L-function. A generalisation of the Riemann zeta function.  

eigenvalue. One of a set of special numbers associated with an operator. 
If the operator applied to some vector yields a constant multiple of that 
vector, the multiple concerned is an eigenvalue.  

Euler characteristic. F =E + V where F is the number of faces in a 
triangulation of some space, E is the number of edges, and V is the number 
of vertexes. For a torus with g holes it equals 2 - 2g, whatever the 
triangulation may be.  

fundamental group. The group formed by homotopy classes of loops in 
some topological space, under the operation ‘travel along the first loop 
and then along the second’.  

gauge symmetry. A group of local symmetries of a system of 
equations: transformations of the variables that can vary from point to 
point in space, with the property that any solution of the equations 
remains a solution provided a compensating change with a sensible 
physical interpretation is made to the equations.  

genus. The number of holes in a surface.  

ideal (number). A number that is not contained in a given system of 
algebraic numbers, but is related to that system in a way that restores 
unique prime factorisation in cases when that property fails. Replaced 
in modern algebra by an ideal, which is a special kind of subset of the 
system concerned. 

lattice. In the plane: a set of points that repeats its form along two 
independent directions, like wallpaper patterns. In space: a set of 
points that repeats its form along three independent directions, like the 
atoms in a crystal.  

loop. A closed curve in a topological space. 

manifold. A multidimensional analogue of a smooth surface.  
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modular arithmetic. A system of arithmetic in which multiples of 
some specific number, called the modulus, are treated as if they are all 
zero.  

non-Euclidean geometry. An alternative to Euclid’s geometry in 
which all of the usual properties of points and lines remain valid, 
except for the existence of a unique line parallel to a given line and 
passing through a given point. There are two kinds: elliptic and 
hyperbolic.  

NP-complete. A specific class NP problem, with the property that if 
there exists a class P algorithm to solve it, then any NP problem can 
be solved using a class P algorithm.  

polygon. A flat shape whose boundary consists of a finite number of 
straight lines.  

polyhedron. A solid whose boundary consists of a finite number of 
polygons.  

polynomial. An algebraic expression  in which powers of a variable x 
are multiplied by constants and added together.  

projective geometry. A type of geometry in which parallel lines do not 
exist: any two lines meet at a single point. Obtained from Euclidean 
geometry by adding a new ‘line at infinity’. 

regular solid. A solid whose boundary is composed of identical regular 
polygons, arranged in the same manner at every corner. Euclid proved 
that exactly five regular solids exist.  

symmetry. A transformation of some object that leaves its overall 
form unchanged. For example, rotating a square through a right angle.  

topological space. A shape that is considered to be ‘the same’ if it is 
subjected to any continuous transformation.  

transcendental number. A number that does not satisfy any 
algebraic equation with rational coefficients. Examples are p and e.  
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translation. A transformation of space in which all points slide 
through the same distance and in the same direction.  

vortex. Fluid flowing round and round like a whirlpool. May be any 
size, including very small.  

wave. A disturbance that moves through a medium such as a solid, 
liquid, or gas without making any permanent change to the medium.  

winding number. The number of times that a curve winds anticlockwise 
round some chosen point.  
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APPENDICES 

Appendix 1. Table of common ordinary differential equations and 
solutions:  
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Appendix 2. Table of convergence tests for series:  
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Appendix 3. Table of symbols  
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Appendix 4. Table of Greek letters  

 

Appendix 5. Table of Roman numerals  

If smaller numbers follow larger numbers, then the numbers are 
added, but if a smaller number comes before a larger number it is 
subtracted, so CM is 900 and MC is 1 100.  
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The basic values are I = 1, V = 5, X = 10, L = 50, C = 100, D = 500 
and M = 1 000.  
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Appendix 6. Reading mathematical symbols, signs, and 
operations      
 
+ plus        
- minus        
± plus or minus       
x multiplied by      
÷ divided by       
= is equal to / equals       
¹ is not equal to         
@ is approximately equal to     
> is greater than       
>> is much greater than       
< is less than       
<< is much less than      
³ is greater than or equal to     
£ is less than or equal to     
Î is an element of      
Û is equivalent of      
Þ implies        
( ) parentheses       
[ ] brackets      
{ } braces        
¥ infinity       
Ö¯     (square) root of      
3Ö¯ cube root of       
║ parallel to       
^ perpendicular to      
° degrees       
’ minutes       
” seconds       
dx differential of x      
dy/dx derivative of y with respect to x    
¶u/¶x partial derivative of u with respect to x   
ú x ê absolute value of x      
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  x mean value of x                 
ò        integral of   
òba integral of, between limits b and a    
n! factorial n       
A x B vector product of A and B     
A × B scalar product of A and B      
s del; nabla       
s2 Laplacian operator      
å summation of       
sin sine        
cos cosine        
tan tangent 
       
ADDITION ( + )       
                                                                        SUBTRACTION( - ) 
plus         minus 
add        subtract 
and        take away 
sum        difference 
  
MULTIPLICATION ( *, x )    DIVISION ( /, : ) 
 
times        divided by 
multiplied by              divide 
product       quotient 
        dividend 
  
Examples  Spoken form 
 
1 + 2 = 3  “1 plus 2 equals 3” or   “1 and 2 is 3” 
3  - 1 = 2  “3 minus 1 equals 2” or   “3 take away 1 equals 2”  
or   “1 from 3 equals 2” 
2 x 3 = 6  “2 multiplied by 3 = 6” or “2 times 3 = 6” or “two 
threes are 6” 
6 : 2 = 3  “6 divided by 2 = 3” or “6 over 2 = 3” or “2 into 6 
is/goes 3” 
22 = 4  “2 squared is 4” 
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Ö 4 = 2  “(the square) root (of) 4 is 2” 
23 = 8  “2 cubed is 8” 
3Ö 8 = 2  “the cube root of 8 is 2” 
24 = 16  “2 to the power 4 is 16” 
16-4 = 2  “16 to the minus 4 is 2” 
25%   “25 per cent” 
90°   “90 degrees” 
½   “a half” or “one half” 
1/3   “a third” of “one third” 
¼   “a quarter” or “one quarter” 
¾   “three quarters 
3/5   “three fifths” 
3¾   “three and three quarters” 
0.1 “naught point 1” or “point 1” 
3.15   “three point one five”  
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KEYS 
Unit 1. Language focus: Missing words (1)at;(2)on; (3)made; 
(4)under; (5)to; (6)no; (7)as; (8)none; (9)was; (10)who. 
Gap filling reading (1)F; (2)C; (3)A; (4)H; (5)D;(6) B; (7)G; (8)E. 
Language focus.1.Gap filling: (1) conclusion; (2) in vain; (3) 
elaborated; (4) revolutionized; (5) thereby; (6) to revise; (7) the 
trailblazer. 
2.Unnecessary words: 1) it; 2) the(1); 3) out;4) correct; 5) correct; 6) 
the(1);7) being;8) the (2);9)correct; (10) correct. 3.Unnecessary 
words: 
11) had; 12)correct; 13)correct; 14)will; 15)together; 16)of; 17)along; 
18) correct; 19)very; 20) correct; 21) will; 22) be; 23) had; 24) 
correct;25)has; 26) correct;27)being; 28) was 
 
Unit 2. Language focus.1.Missing Words: (1)had; (2)In; (3) of; 
(4)by; (5)since; (6)was; (7) by; (8)on; (9)to; (10)Its; 4(11)for;(12) 
integrals; (13) to; (14) the; (15) was; (16) unable; (17) at. 2. Missing 
words. (18) at; (19) had ;(20)on ;(21) was; (22)there; (23) made; (24) 
means; (25) on ;(26) had ;(27)to; (28)was; (29) for; (30)too; (31) 
under; (32)was;  (33) was. 3.Gap filling (34) J equations; (35) B 
degree 5 or higher; (36)D radicals; (37)E concept; 38)H permutations; 
(39)F group theory; (40) L manuscript; (41) I solution; (42) K 
irreducible; (43) C degree.  
4.Vocabulary. a) solution b) convex c) concave d) disappear  
e) curriculum f) curve 
5.Vocabulary 1c  2c  3c  4a  5b  6c  7a  8a 
  
Unit 3. Language focus. 1.Missing words. (1) to; (2) were; (3) its; 
(4) to; (5) who; (6) as; (7)in; (8) on;(9) made; (10)to; (11) had; (12) 
other; (13) were; (14) mean; (15) are; (16)to; (17) value; (18) been; 
(19) are; (20) to. 
2.Unnecessary words: (21) of; (22) as; (23) a(2); (24) √;  (25) √; (26) 
has; (27) √; (28) √; (29) has; (30) had; (31) √; (32) √; (33) has; (34) 
√ ; (35) were; (36) a. 
 
Unit 4. Listening.(1) a child prodigy; (2) absolute recall; (3) in 
chemical engineering: (4) quantum mechanics and operator theory; 
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(5) of game theory; (6) the rest of his life; (7) was awarded his 
doctorate; (8) a conventionally successful student; (9) a result 
describing the behaviour of averages; (10) that it had been proved 
twelve years earlier; (11) complete; (12) consistent; (13) decidable; 
(14) proved nor disproved; (15) undecidable; (16) halting problem; 
(17) in the war; (18) in binary form; (19) of five kilobytes; (20) 
altering their circuitry; (21) biology; (22) symmetrical; (23) diffuse 
and react; (24) to determine which of the others is the machine and 
which is the woman; (25) cannot do; (26) the design of an electronic 
computer; (27) brought to trial; (28) intense scrutiny; (29) suicide; 
(30) self-reproduction of automata. Key terms.  
1) c; 2) a; 3) b; 4) f; 5) i; 6) d; 7) e; 8) h; 9) g. Language 
focus.1.Missing words. 1) does; 2)of; 3)to;4)a; 5)for; 6)from; 7)to; 
8)that; 9)to; 10)to; 11)of;12)by; 13) to; 14) able; 15) thus. 2.Missing 
words. 1) as; 2) is; 3) if ; 4) to;  5) one;  6) do;  7) to; 8) not;  9)mean; 
10) there;  11) do;  12) the;  13) be;  14) been; 15)for. 
2.Gap filling.1)c; 2)a; 3)b; 4)e; 5)d. Unnecessary words. 1) the; 2) 
then; 3) has; 4) along; 5) one; 6)correct; 7) At; 8)the(1); 9)correct 
 
Unit 5. Language focus.1.Gap filling. 1)depend on; 2)replace; 
3)compute; 4)split second; 5)In contrast; 6)Roughly speaking; 
7)unsolved; 8)plausible. 2. Gap filling.  
1.lack2.scope.3.light.4.emphasis5. account.6.granted 7. conclusions. 
3.Missing words1)who; 2) is; 3) was; 4) by; 5) as; 6) At; 7) whose; 
8)to: 9) by; 10)made; 11) order; 12) to.  Missing words 4. 1) third; 2) 
have; 3) was; 4) to; 5) do; 6) not; 7) there; 8) whose; 9) that; 10) if; 
11) at; 12) have; 13) also; 14) its; 15)is. 
Unit 6. Language focus.1.Gap filling.  1) c; 2) a; 3)b; 4)e: 5) d. 
2.Gap filling 1) b; 2)a; 3) c. 3. Gap filling.1) c; 2) a; 3) b; 4)e; 5)d. 
Missing words.1)was ; 2)for; 3)much ; 4)that; 5)by; 6)been; 7) on; 8) 
in; 9) of; 10) at;11) on; 12) In; 13) along;14) until; 15) to; 16) within; 
17) in; 18) At;19) if; 20) by; 21) if. 
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